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Anders Lindquist 
Shanghai Jiao Tong University (SJTU) 
P.R. China 
and 
Royal Institute of Technology 
Stockholm, Sweden 

Wednesday September 21 – 10.30-11.30  

 
On moment problems in robust control, spectral estimation, 
image processing and system identification 
 

Abstract: Moment problems are ubiquitous in both mathematics and engineering. Such problems 
are typically underdetermined and give rise to families of particular solutions. Therefore finding a 
solution that also satisfies a natural optimality criterion or design specification is an important 
general problem. Many problems in circuit theory, power systems, robust control, signal processing, 
spectral estimation, statistical modeling, image processing and identification lead to a nonclassical 
version of the moment problem reflecting the importance of rational functions in engineering 
applications. Although this version of the problem is nonlinear, there exists a natural, universal 
family of strictly convex optimization criteria defined on the convex set of particular solutions. This 
provides a powerful paradigm for smoothly parameterizing, comparing and shaping the solutions 
based on various additional design criteria and enables us to establish the smooth dependence of 
solutions on problem data. 

Anders Lindquist biosketch: Anders Lindquist received the Ph.D. degree in 1972 from the Royal 
Institute of Technology, Stockholm, Sweden. From 1972 to 1974 he held visiting positions at the 
University of Florida and Brown University. In 1974 he became an Associate Professor, and in 
1980 a Professor at the University of Kentucky, where he remained until 1983. He is now a 
Professor at the Royal Institute of Technology (KTH), where in 1982 he was appointed to the Chair 
of Optimization and Systems Theory. Between 2000 and 2009 he was also the Head of the 
Mathematics Department at KTH. Presently, Anders Lindquist is the Director of the Strategic 
Research Center for Industrial and Applied Mathematics (CIAM) at KTH. He is a Member of the 
Royal Swedish Academy of Engineering Sciences, a Foreign Member of the Russian Academy of 
Natural Sciences, a Fellow of IEEE, an Honorary Member the Hungarian Operations Research 
Society, a Fellow of SIAM, a Fellow of IFAC, and a Life Fellow of IEEE. He was awarded the 
2009 W.T. and Idalia Reid Prize in Mathematics from SIAM and the 2003 George S. Axelby 
Outstanding Paper Award of the IEEE Control Systems Society (CSS). He received an Hororary 
Doctorate (Doctor Scientiarum Honoris Causa) from Technion (Israel Institute of Technology), 
Haifa, in June 2010. Lindquist has served on many editorial boards of journals and book series. 
Presently he is on the editorial boards of SIAM Review and Acta Automatica Sinica. 
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Alexander Kurzhanski 
Distinguished Professor 
Lomonosov Moscow State University 
Faculty of Computational Mathematics & 
Cybernetics 
Russia 

Wednesday September 21 – 11.30-12.30  

 
Closed-loop control under realistic information 

Abstract: The problems of closed-loop control are at the heart of modern control theory and were 
investigated throughout the history of control under well-known “classical” information conditions. 
However rapid progress in technology generates demand in problem solutions under realistic 
information. Indeed the description of system models, the disturbances, the measurement outputs 
and other items may be incompletely or imperfectly known and the problem settings may be 
different from conventional. In particular, the observers may be generated through new types of 
communication schemes and require new models, while the controls could belong to newer type of 
inputs, such for example, like impulsive, hybrid or coordinated feedback. The overall control 
system may also be treated as being immersed, using recent terms, into a “cyber- physical field”. 
Many of such problems may be quite known, but are not yet theoretically approached due to 
mathematical difficulties and also perhaps the necessity of coordinating different mathematical and 
software tools within one framework. This presentation describes an array of such problems and the 
related possible solution tools. 

Alexander Kurzhanski biosketch: Born in 1939. Fulfilled his undergraduate studies in Electrical 
Engineering at the Technical University of Ural and in Mathematics (including graduate studies) at 
the University of Ural, (both at Yekaterinburg, former Sverdlovsk). Received the “candidat” (PhD 
equivalent) and his habilitation “doctorate” from the University of Ural, where he became full 
professor. In 1967-1984 he worked at the Institute of Mathematics and Mechanics of the Ural 
Branch of the Academy of Sciences of USSR — as Senior Researcher, Head of Department and 
Director. Within 1984-1992 Professor Kurzhanski was the Chairman of the Systems and Decision 
Sciences Program and since 1987 also Deputy Director of IIASA (the International Institute of 
Applied Systems Analysis) , located in Laxenburg, Austria. From 1992 till present — organizer and 
head of Department of Systems Analysis at the Moscow State (Lomonosov) University (MSU), 
Faculty of Computational Mathematics and Cybernetics, Distinguished Professor of MSU(1999). 
Since 1998 also Visiting Research Scholar at the University of California at Berkeley. Kurzhanski 
was elected Associate Member of the Russian (former Soviet) Academy of Sciences in 1981 and 
Full Member in 1990. He is the Chairman of the Russian National Committee on Automatic 
Control ( the IFAC NMO). Council Member of IFAC since 2005, Fellow of IFAC (2008). His 
research interests and achievements are in the field of estimation and control under incomplete 
(realistic) information, closed-loop control of complex systems, new dynamic programming 
techniques, inverse problems of mathematical physics, computational methods and set-valued 
models in dynamics and control, feedback strategies for impulse control and fast controls, team 
(group) control under external constraints and mathematical modeling for applied systems analysis. 
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A necessary condition of the exponential stability of time delay linear
systems via the delay Lyapunov matrix

A.V. Egorov

Abstract— Application of Lyapunov-Krasovskii approach to
the exponential stability analysis of linear time-invariant sys-
tems of retarded type is considered. Necessary condition of
stability in terms of the Lyapunov functional matrix is found.
It is shown that this condition is the sufficient one at least in
some cases.

I. INTRODUCTION

There are different methods of exponential stability anal-
ysis of linear delay systems. For example, one can study the
location of characteristic quasi-polynomials roots. For this
purpose such instruments as the method of D-subdivision,
the Pontryagin theorem, the argument principle, and so on
([2], [3], [4]) can be applied. But it is a difficult task to
determine the location of the roots of quasi-polynomials.

There is another approach to determine the exponen-
tial stability of delay systems. It is based on Lyapunov
functionals (the second Lyapunov method). The problem
of generalizing of this method to delay systems has been
considered in [5], [6], [7], [8]. In [1] Lyapunov functionals,
admitting a quadratic lower bound, have been introduced. It
has been demonstrated that the functionals allow to compute
exponential estimates for the solutions of time delay systems,
and some robust stability bounds.

In this contribution we consider an application of Lya-
punov functionals to determine a necessary condition of
exponential stability of time delay systems. This condition is
given in terms of Lyapunov matrices. It is demonstrated that
in some cases this condition becomes sufficient, as well.

II. PRELIMINARIES

We consider a linear time-invariant system of the form

ẋ(t) =
m∑
j=0

Ajx(t− hj), t > 0, (1)

where x ∈ Rn, Aj ∈ Rn×n, j = 0,m. Delays are ordered
as follows: 0 = h0 < h1 < . . . < hm = H .

We take t0 = 0 as the initial instant, and initial functions
are assumed to belong to the space of the piecewise contin-
uous functions, i.e.,

φ ∈ D = PC0([−H, 0], Rn),

x(θ) = φ(θ), θ ∈ [−H, 0]. (2)

A.V. Egorov is with the Saint-Petersburg State University, Saint-
Petersburg, Russia alexey3.1416@gmail.com

It is known [2] that the initial value problem (1)-(2) has
a unique solution, defined on [−H,∞).

Let us introduce the following notation:

xt(φ) = {x(t+ θ, φ)|θ ∈ [−H, 0]},

where x(t, φ) is the solution of (1) with a given initial vector-
function φ. If a symmetric matrix S is positive definite, we
write S > 0. If a symmetric matrix T is positive semidefinite,
we write T > 0. Let us define the norm

∥φ∥H = sup
θ∈[−H,0]

∥φ(θ)∥.

The system (1) is said to be exponentially stable if there
exist constants γ > 1 and σ > 0, such that

∥x(t, φ)∥ 6 γe−σt∥φ∥H , φ ∈ D, t > 0.

Turn now to the case of delay free systems of the form

ẋ(t) = Ax(t) (3)

with an initial vector φ0 ∈ Rn. The following theorem holds.
Theorem 1 ([2]): Let us set a matrix W > 0 and introduce

the Lyapunov equation

ATV + V A = −W. (4)

System (3) is exponentially stable if and only if there exists
a matrix V, satisfying (4), such that there exists β > 0 for
which the following inequality holds:

φT
0 V φ0 > β∥φ0∥2, φ0 ∈ Rn. (5)

Condition (5) is equivalent of the condition V > 0.
Let us return to the case of delay systems. It has been

shown in [1] that the true counterpart of the Lyapunov matrix
equation (4) for the systems (1) is the following set of matrix
equations:

U(−τ) = UT (τ), τ > 0, (6)

U ′(τ) =

m∑
j=0

U(τ − hj)Aj , τ > 0, (7)

m∑
j=0

[
U(−hj)Aj +AT

j U
T (−hj)

]
= −W. (8)

Matrix U(τ) that satisfies (6)-(8) is known as Lyapunov
matrix for system (1) associated with matrix W > 0. The
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counterpart of function φT
0 V φ0 is the following functional,

called the Lyapunov-Krasovskii functional:

v(φ) = φT (0)U(0)φ(0) +
m∑
i=1

0∫
−hi

φT (θ)Wiφ(θ) dθ+

+2φT (0)

m∑
i=1

0∫
−hi

UT (θ+hi)Aiφ(θ) dθ+

m∑
i=1

m∑
j=1

0∫
−hi

φT (θ1)

×AT
i

 0∫
−hj

U(θ1 + hi − θ2 − hj)Ajφ(θ2) dθ2

 dθ1,

where Wj > 0 (j = 1,m), W0 = W −
m∑
j=1

Wj > 0. The

derivative of this functional along the solutions of system (1)
is −w(xt) with

w(φ) = φT (0)W0φ(0) +
m∑
i=1

φT (−hi)Wiφ(−hi).

The proof of the following theorem can be found in [1].
Theorem 2 ([1]): System (1) is exponentially stable if and

only if the set of equations (6)-(8) admits a unique continuous
solution, and for any (there exist) matrices Wj > 0, j =

1,m, satisfying the inequality W −
m∑
j=1

Wj > 0, there exists

a constant β > 0, such that the following inequality holds:

v(φ) > β∥φ(0)∥2, φ ∈ D. (9)

Phrase ”for any (there exist)” means that the theorem remains
true if we use ”for any”, or ”there exist”.

III. MAIN RESULTS

A. Modification of Theorem 2

Let us prove an auxiliary assertion.
Lemma 1: For any real A,B, such that B > 0, the

following conditions are equivalent:
1) there exists a constant γ > 0, such that A−B > γB;

2)

{
A−B > 0, if A ̸= 0,
A−B = 0, if A = 0.

Proof. Show that condition 1 implies condition 2. Obvi-
ously, A − B > 0. If A = 0, then there exists a constant
γ > 0, such that (1+γ)B 6 0, therefore B = 0. Let A ̸= 0,
but A−B = 0. So γB 6 0, hence B = 0 and A = B = 0.
We arrive at a contradiction.

Now, let the second condition holds. If A = B = 0, then
condition 1 is evident. Let A − B > 0. If B = 0, then we
can take any γ > 0. If B > 0, then we take γ 6 A−B

B .
Therefore, the second condition implies the first one.
�
Let us introduce the function

χ(θ) =


m∑
j=p

Ajφ(θ − hj), θ ∈ [hp−1, hp),

p = 1,m.
(10)

If matrix Am is nondegenerate, then expression (10) gives
one-to-one correspondence between functions φ(θ) and χ(θ).
And indeed, in this case we can express φ(θ), θ ∈ [hm−1−
hm, 0) from the last equality (p = m). And then we can
similarly express φ(θ) for other θ by steps.

Define the subset O of the set D, consisting of the
functions, satisfying the equality

H∫
0

H∫
0

χT (θ1)U(θ1 − θ2)χ(θ2) dθ2 dθ1+

+
m∑
i=1

0∫
−hi

φT (θ)Wiφ(θ) dθ = 0.

Let us introduce the matrix

R(θ1, θ2) = U(θ1 − θ2)− U(θ1)U
−1(0)UT (θ2).

Theorem 3: System (1) is exponentially stable if and only
if the set of equations (6)-(8) has a unique solution U(τ),
such that U(0) > 0, and for any (there exist) matrices Wj >

0, j = 1,m, satisfying the inequality W −
m∑
j=1

Wj > 0, the

following conditions hold:

1)

H∫
0

H∫
0

χT (θ1)R(θ1, θ2)χ(θ2) dθ2 dθ1+

+

m∑
i=1

0∫
−hi

φT (θ)Wiφ(θ) dθ > 0, φ ∈ D \ O, (11)

2)

H∫
0

H∫
0

χT (θ1)R(θ1, θ2)χ(θ2) dθ2 dθ1+

+
m∑
i=1

0∫
−hi

φT (θ)Wiφ(θ) dθ = 0, φ ∈ O. (12)

Proof: Theorem 2 states that inequality (9) holds for all
φ ∈ D, in particular, for the following function: φ(0) =
µ, φ(θ) = 0, θ ∈ [−H, 0), i.e., µTU(0)µ > β∥µ∥2. This
implies that U(0) > 0. In other words, if U(0) ≯ 0, then
the system is not exponentially stable. Now we address the
case U(0) > 0. In this case the right-hand side of (9) can
be replaced by βφT (0)U(0)φ(0) with some new β > 0.
Without any loss of generality, we suggest that this new
β ∈ (0, 1). Inequality (9) takes the new form

v(φ)− βφT (0)U(0)φ(0) > 0, φ ∈ D. (13)

The partial derivatives of the left-hand side of (13) with
respect to the components of vector φ(0) vanish, if

φ(0) = −U−1(0)

1− β

m∑
i=1

0∫
−hi

UT (θ + hi)Aiφ(θ) dθ. (14)
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Matrix of the second derivatives is 2(1−β)U(0) > 0, so the
value (14) minimizes the left-hand side of (13). Upon the
substitutions β =

γ

1 + γ
(γ > 0), θ1 = ξ1−hi, θ2 = ξ2−hj ,

and straightforward computations we obtain

m∑
i=1

m∑
j=1

i∑
p=1

j∑
q=1

hp∫
hp−1

hq∫
hq−1

φT (ξ1 − hi)A
T
i Rγ(ξ1, ξ2)Aj

× φ(ξ2 − hj) dξ2 dξ1 +
m∑
i=1

0∫
−hi

φT (θ)Wiφ(θ) dθ > 0,

where

Rγ(ξ1, ξ2) = U(ξ1 − ξ2)− (1 + γ)U(ξ1)U
−1(0)UT (ξ2).

This is equivalent to the next one:

m∑
i=1

0∫
−hi

φT (θ)Wiφ(θ) dθ+

+

H∫
0

H∫
0

χT (ξ1)Rγ(ξ1, ξ2)χ(ξ2) dξ2 dξ1 > 0. (15)

It remains to show that conditions (11)-(12) are equivalent
to the assertion that there exists a constant γ > 0, such that
condition (15) holds. We can apply lemma 1 with

A =

m∑
i=1

0∫
−hi

φT (θ)Wiφ(θ) dθ+

+

H∫
0

H∫
0

χT (θ1)U(θ1 − θ2)χ(θ2) dθ2 dθ1,

and

B =

H∫
0

H∫
0

χT (θ1)U(θ1)U
−1(0)UT (θ2)χ(θ2) dθ2 dθ1 =

=

 H∫
0

UT (θ)χ(θ) dθ

T

U−1(0)

 H∫
0

UT (θ)χ(θ) dθ

 .

It is obviously that B > 0, because U(0) > 0.
�

B. Necessary condition

Theorem 4: If the matrix Am is nondegenerate and sys-
tem (1) is exponentially stable, then the set of equations (6)-
(8) has a unique solution U(τ), such that U(0) > 0, and the
following condition holds:

U(0)− U(τ)U−1(0)UT (τ) > 0, τ ∈ [0,H].

Proof: Conditions (11) and (12) imply the inequality

m∑
i=1

0∫
−hi

φT (θ)Wiφ(θ) dθ+

+

H∫
0

H∫
0

χT (θ1)R(θ1, θ2)χ(θ2) dθ2 dθ1 > 0.

Let λ = max
j=1,m

{λmax(Wj)}, where λmax(Wj) is the

largest eigenvalue of Wj . Then

H∫
0

H∫
0

χT (θ1)R(θ1, θ2)χ(θ2) dθ2 dθ1+

+ λ
m∑
i=1

0∫
−hi

∥φ(θ)∥2 dθ > 0, λ > λ, φ ∈ D.

As λ can be chosen arbitrary small, the above inequality
remains true for any λ > 0. Hence, the first term in the above
inequality is non negative. Since matrix Am is nondegener-
ate, then expression (10) gives one-to-one correspondence
between φ and χ. Therefore,

H∫
0

H∫
0

χT (θ1)R(θ1, θ2)χ(θ2) dθ2 dθ1 > 0, χ ∈ D. (16)

Now, assume that there exists a point τ ∈ [0,H], such
that R(τ , τ) � 0, then there is a vector µ, such that
µTR(τ , τ)µ < 0. Matrix R(θ1, θ2) is continuous in the two
arguments. Hence, there exists an interval [τ1, τ2], such that
τ ∈ [τ1, τ2] and µTR(τ1, τ2)µ < 0 for any τ1, τ2 ∈ [τ1, τ2].
This means that for the function

χ(θ) =

{
µ, θ ∈ [τ1, τ2],

0, θ /∈ [τ1, τ2],
(17)

we obtain the inequality
H∫
0

H∫
0

χT (θ1)R(θ1, θ2)χ(θ2) dθ2 dθ1 < 0

that contradicts with (16).
�
Corollary 1 (scalar case): Let us consider the scalar case,

and without any loss of generality assume that Am ̸= 0.
If the equation (1) is exponentially stable, then the set of
equations (6)-(8) has a unique solution U(τ), such that
U(0) > |U(τ)|, τ ∈ [0,H].

Remark 1: The condition det(Am) ̸= 0 can be reduced to
requirement that for any τ ∈ [0,H] there exists a function
φ ∈ D, satisfying (10) with χ = χ from (17). We can take
as the vector µ eigenvector of R(τ , τ), corresponding to any
negative eigenvalue.

Remark 2: It is worth to be noted that in some cases
the necessary condition of Theorem 4 becomes sufficient, as
well. See the next section.

14th International Student Olympiad on Automatic Control 
Saint Petersburg, Russia, 21-23 September, 2011

BOAC 2011 10



C. Scalar delay equation

Let us consider the scalar equation

ẋ(t) = ax(t) + bx(t− 1), t > 0. (18)

For convenience, we take W = 2. The Lyapunov matrix in
this case (scalar function u(τ)) is a solution of the system

u̇(τ) = au(τ) + bu(1− τ), τ ∈ [0, 1], (19)

au(0) + bu(1) = −1. (20)

After differentiation of the former equation we obtain

ü(τ) = (a2 − b2)u(τ).

The initial conditions can be found from equations (19)-(20).
Let λ =

√
a2 − b2, λ̃ =

√
b2 − a2. After all computations

we obtain:
1) if |a| > |b|, a+ b coshλ ̸= 0, then

u(τ) =
b sinhλ(1− τ)− a sinhλτ − λ coshλτ

λ(a+ b coshλ)
;

2) if |a| > |b|, a+ b coshλ = 0, a < 0, then

u(τ) =
coshλ(1− τ)

λ sinhλ
;

3) if a = b, a ̸= 0, then

u(τ) =
a− 1

2a
− τ ;

4) if |b| > |a|, a+ b cos λ̃ ̸= 0, then

u(τ) =
b sin λ̃(1− τ)− a sin λ̃τ − λ̃ cos λ̃τ

λ̃(a+ b cos λ̃)
;

5) if |b| > |a|, a+ b cos λ̃ = 0, b sin λ̃ > 0, then

u(τ) = −cos λ̃(1− τ)

λ̃ sin λ̃
.

In other cases, the Lyapunov matrix does not exist.
It is known [3] that the exact exponential stability domain

in parameter space is({
a+ b < 0

}
∩
{
a− b 6 0

})
⊕
({

|a|+ b < 0
}
∩

∩
{
a+ b cos

√
b2 − a2 < 0

}
∩
{√

b2 − a2 < π
})

. (21)

Theorem 5: System (18) is exponentially stable if and only
if the Lyapunov matrix exists and

u(0) > |u(τ)|, τ ∈ [0, 1]. (22)

Proof. Condition (22) is equivalent to{
u(0) > u(τ), τ ∈ [0, 1],
u(0) > −u(τ), τ ∈ [0, 1].

(23)

Consider the above five cases.

1) If a < 0, then system (18) is exponentially stable. In this
case condition (22) holds by Corollary 1. Let a > |b| > 0.
Hence, b+ a coshλ > 0. Take τ = 1:

(u2(0)− u2(1))λ2(a+ b coshλ)2 =

= (b sinhλ− λ)
2 − (a sinhλ+ λ coshλ)

2
=

= b2 sinh2 λ+ a2 − b2 − 2bλ sinhλ− a2 sinh2 λ−
− a2 cosh2 λ+ b2 cosh2 λ− 2aλ sinhλ coshλ =

= 2(b2 − a2) sinh2 λ− 2bλ sinhλ− 2aλ sinhλ coshλ =

= −2λ sinhλ (λ sinhλ+ b+ a coshλ) < 0.

It implies u2(0)− u2(1) < 0. Therefore u(0) < |u(1)|.
2) It is evident that u(τ) > 0, τ ∈ [0, 1], so condition (22)

is equivalent to u(0)−u(τ) > 0. It is correct, because coshx
is the increasing function for x > 0. Hence, system (18) is
exponentially stable.

3) Obviously, if a < 0 then both inequalities (23) are true.
But if a > 0, then the second inequality is false for τ = 1.

4) Let b < 0. In this case system (18) is exponentially
stable if and only if λ̃ < π and a+ b cos λ̃ < 0 by (21). Let
us consider a point τ = 1 − α

λ̃
, where α = arccos

(
−a

b

)
.

As this takes place, sinα = − λ̃

b
and cosα = −a

b
. In the

domain without the exponential stability we have τ ∈ (0, 1).
Substitute this point in function g(τ) = (u(0)− u(τ))λ̃(a+
b cos λ̃):

g(τ) = (u(0)−u(τ))λ̃(a+b cos λ̃) = b sin λ̃−λ̃−b sinα+

+ a sin(λ̃− α) + λ̃ cos(λ̃− α) = b sin λ̃− λ̃+ b
λ̃

b
−

− a2

b
sin λ̃+

aλ̃

b
cos λ̃− aλ̃

b
cos λ̃− λ̃2

b
sin λ̃ = 0.

Calculate the derivative of g(τ) at the point τ :

g′(τ) = −(au(τ) + bu(1− τ))λ̃(a+ b cos λ̃) =

= −ab sinα+ a2 sin(λ̃− α) + aλ̃ cos(λ̃− α)−
−b2 sin(λ̃−α)+ab sinα+bλ̃ cosα = −λ̃(a+b cos λ̃) ̸= 0

This means that at the point τ the function has no extremum,
i.e., changes sign. But τ ∈ (0, 1), so we can find a point at
which the function takes a negative value.

Now, let b > 0. We take a point τ = 1 − α

λ̃
, where α =

arccos
(a
b

)
. Obviously, this point belongs to the interval

(0, 1), when either λ̃ > π or a − b cos λ̃ > 0. Consider
the function

g(τ) = (u(0) + u(τ))λ̃(a+ b cos λ̃).

We can find the point at which u(0) > −u(τ) as in the
previous case.
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Consider the case with λ̃ < π and a − b cos λ̃ 6 0. Take
τ = 1.

(u2(0)− u2(1))λ̃2(a+ b cos λ̃)2 =
(
b sin λ̃− λ̃

)2

−

−
(
a sin λ̃+ λ̃ cos λ̃

)2

= 2λ̃ sin λ̃(λ̃ sin λ̃− b− a cos λ̃).

Inequality b + a cos λ̃ > 0 holds for any a, b, such that
b > |a|. Let us demonstrate that λ̃ sin λ̃ − b − a cos λ̃ < 0.
Consider

(b+ a cos λ̃)2 − (λ̃ sin λ̃)2 =

= b2 + a2 cos2 λ̃+ 2ab cos λ̃− b2 sin2 λ̃+ a2 sin2 λ̃ =

= b2 cos2 λ̃+ a2 + 2ab cos λ̃ = (a+ b cos λ̃)2 > 0.

It implies u2(0)− u2(1) < 0.
5) Consider τ = 1. Both inequalities (23) are true only if

either cos λ̃ = 1 or cos λ̃ = −1, i.e., sin λ̃ = 0. We arrive at
the contradiction with b sin λ̃ > 0.

All these results are agree with (21), i.e., if the system (18)
is not exponentially stable, then there exists a point τ ∈ [0, 1],
such that u(0) < |u(τ)|.
�

IV. CONCLUSION

Necessary condition, given in Theorem 4, can be used in
conjunction with the method of D-subdivision to determine

the stability region in parameter space. After we make the
space partition, we can discard the subsets in which the
system is instable and check the remaining domains with
other methods.

A similar result can be generalized to time delay systems
of neutral type and with distributed delay.
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Estimating parameters of periodic signals

Alexey Vedyakov

Abstract— This work is dedicated to the problem of estima-
tion the parameters of periodical signals. By periodic signals
we mean signals that have a clearly-expressed maxima on the
frequency response. Parameters are estimated by allocating the
main harmonics of the signal. Known approaches of estimation
the parameters of harmonic signals are extended to quasi-
harmonic signals and signals with a continuous spectrum.

I. INTRODUCTION

Online identification of periodic components is a very im-
portant issue in control theory due to the number of practical
applications in active noise control, vibration suppression,
on-line health monitoring, radar, sonar, and seismic applica-
tions. For example, estimates can be used to construct active
suspension vehicle [1], increased the recording density on
hard drive [2] and correctly configured the system on-
line compensation pitching ship [3]. This paper focuses on
the problem of on-line identifying of sinusoidal components
from signal, namely the amplitude and frequency, of a signal
that is a combination of many sinusoids. Specifically, given
signal y(t) defined as

y(t) =
N∑
i=1

ai sin(ωit) (1)

where N is the number of sinusoidal components, t is
time, ai and wi are the amplitude and the frequency of
the ith component respectively. For signals such as saw,
square, triangle (1) is an infinite series, and the frequencies
are multiples. Signal with a continuous spectrum, such as
irregular pitching, has a continuous range of frequencies from
a certain interval. The goal is to design a globally stable on-
line identification algorithm to identify a1 and w1. Based on
the parameter estimates for the first sinusoidal component
are estimated parameters of the original signal.

There are many works devoted to on-line estimation of
periodic signals. The main ones are [4]–[8]. Their disad-
vantages are: consideration of only harmonic signals and
the absense of data on the precision of the algorithm in the
presence of noise in the measurements. It is put into question
the applicability of the developed algorithms.

Paper is based on an adaptive algorithm for estimating
the parameters of the harmonic and multi-harmonic signals
[9]. The accuracy of the estimation scheme in the presence
of noise in the measurements was considered in [10]. The
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advantages of this algorithm are the possibility of regulation
accuracy and speed of convergence. The purpose of this
paper is research the possibilities of application of these
algorithms in cases of non-harmonic signals.

II. THE SAW, SQUARE, TRIANGLE

The saw, square and triangle is a periodic signals of special
form. They give an infinite series of multiple frequencies in
the Fourier series decomposition:

1) Saw

ysw(t) =
∞∑
k=1

aswk sin(kωt). (2)

2) Square

ysq(t) =
∞∑
k=1

asqk sin((2k − 1)ωt), (3)

3) Triangle

ytr(t) =
∞∑
k=1

atrk sin((2k − 1)ωt) (4)

where frequency ω = 2π
T , T is a signal period. Amplitudes

ak are determined according to expressions:
1) Saw

aswk =
2

π

A

k
(5)

2) Square

asqk =
4

π

A

2k − 1
(6)

3) Triangle

atrk =
8

π2

(−1)k−1

(2k − 1)2
A (7)

where A is the amplitude of the signal. For all periodic
signals it is possible to get similar expressions. The formulas
(2)-(7) show that the parameters of each of the harmonics are
uniquely determined by the parameters of the signal. Hence
if we define the parameters of the first harmonic, we can
estimate the signal parameters.

A. Filtering the first harmonic

The complexity of estimating the parameters of the first
harmonic is that it is not available directly. In the input signal
we have the sum of all harmonics.

To select the first harmonic we can use linear low-pass
filter:

ξ(s) =
λ4

(s+ λ)4
y(s) (8)
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where s is complex variable, ξ(s) = L {ξ(t)} is Laplace
transform filter output, y(s) = L {y(t)} is Laplace transform
filter input, λ is parameter that determines the bandwidth of
the filter: lambda equals to the frequency after which the
amplitude decreases at 80 dB/decade. This means that the
amplitude of the second harmonic will be decreased by 16
times.

When λ is equal ωmin the lower boundary of the frequency
ω, then the first harmonic can be filtered.

Assumption 1. The lower bound of the frequency ωmin
is known.

If the frequency is greater than ωmin, then the amplitude
of the desired signal will also decrease. Taking acceptable
decrease in the amplitude of up to 10%, the maximum
frequency for the measurement will be equal to

ωmax ≈ 1.78ωmin,

hence the range of measured frequencies is

∆ω ≈ 0.78ωmin.

This approach does not fit to measure low frequencies, as
in this case, we should know too accurate frequency value.
For mids and high frequencies, this range is acceptable. To
overcome this limitation, we can use an adaptive filter.

B. Estimation of the parameters of the first harmonic

Based on the results obtained in [9] to estimate the param-
eters of the first harmonic, we use the following identification
scheme

ω̂(t) =

√
Θ̂(t), (9)

Θ̂(t) = χ(t) + kξ1(t)ξ2(t), (10)
χ̇(t) = −kξ21(t)Θ̂(t)− ξ22(t), (11)

α̂(t) =
µ̂(t)

L̂f (t)
, (12)

µ̂(t) =

√
ξ21(t) +

(
ξ2(t)

η(t)

)2

(13)

η(t) =

{
ωmin, ω̂(t) < ωmin,

ω̂, ω̂(t) ≥ ωmin
(14)

where α̂(t) is an estimation for the amplitude of the first
harmonic, k is positive parameter, ξ1(t) and ξ2(t) are low-
pass filter outputs:

ξ1(s) =
sλ4

(s+ λ)4
y(s) (15)

ξ2(s) = sξ(s), (16)

µ̂(t) is an estimation of the amplitude of the first harmonic
after passing the filter, L̂f = |Wf (jŵ)| is a estimation of
the positive transfer coefficient Lf = |Wf (jw)| for the
frequency ω, Wf (jw) is a complex transfer function of
the filter (8). This scheme guarantees that the error of the
estimation of frequency ω exponentially converges to zero
for harmonic signal. Our input signal except for the first
harmonic of the signal also has a lot of harmonics with

higher frequency. In [10] was shown that in this case, the
error of the frequency estimation is bounded by a constant

|ω̂(t)− ω| ≤ ρe−βt + C (17)

where ρ, β are a parameters depending on the algorithm
parameters and properties of the input signal, C is constant
depending on the high-frequency harmonics.

C. Estimation the parameters of the signal

After estimating the parameters of the first harmonic,
we can estimate the parameters of the signal. The angular
frequency of the signal and the first harmonic are the same.
We can obtain estimation from the expressions (18)-(20):

1) Saw

Âsw(t) =
πα̂(t)

2
, (18)

2) Square

Âsq(t) =
πα̂(t)

4
, (19)

3) Triangle

Âtr(t) =
π2α̂(t)

8
. (20)

The curve of the transfer coefficient has a very steep slope,
which affects the estimation accuracy of the amplitude. It is
enough to filter out an estimate of the amplitude of the first
harmonic in order to solve this problem. Linear filter tuned
to a frequency less than the minimum frequency shown good
results:

ᾱ(s) =
λf

s+ λf
α̂(s) (21)

where ᾱ(s) is Laplace transform for filtered value of the
α̂(s), λf = ωm/2 is bandwidth parameter of the filter.

D. Illustrative simulation

Example 1. Figs. 1-3 show the responses of the fre-
quency identifier, amplitude estimator and the time histories
of the given signal for the three types of input: saw, square,
triangle. For the frequency identifier, the filter parameter is
taken as λ = ωmin = 0.6, parameter k is equal to 2.

In all cases the frequency was equal to ω = 1. The signal
amplitude was chosen as A = 5 for saw signal, A = 3 for
square signal and A = 5 for triangle signal.

It can be observed that the estimations are accurate for
square and triangle signal. These signals does not contain
the second harmonic, so the first harmonic is filtered out
better. The simulation results shows the effectiveness of
the proposed algorithm for the problem of estimating the
parameters of periodic signals.

III. IRREGULAR PITCHING

Signal of type irregular pitching ϑ(t) is a colored noise. It
is generated from white noise ν(t) using a band-pass filter
with transfer function

Wbpf (s) =
1

1 + 2ςs
q + s2

q2

(22)
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Fig. 1. Estimate frequency and amplitude for saw signal

Fig. 2. Estimate frequency and amplitude for square signal

Fig. 3. Estimate frequency and amplitude for triangle signal

where s is the complex variable, ς ∈ (0; 1) is the damping
coefficient, q is the undamped angular frequency of the
oscillator. Maximum on the frequency response corresponds
to the frequency ωm = q

√
1− 2ς2, which called dominant

frequency, and amplitude Am.
Assumption 2. Lower bound ω0 for the frequency ωm is

known.
The purpose is to obtain estimates ωm and Am based on

measurements of input signal ϑ(t):

|ω̂ − ωm| ≤ ∆ω, |Â−Am| ≤ ∆A,∀t > t0 (23)

where ω̂ is an estimate of the dominant frequency ωm, Â is
a estimation of the amplitude A, ∆ω and ∆A are the desired
accuracies of the estimates, t0 is the settling time.

A. Estimation algorithm

Estimation scheme is constructed as follows: the input
signal enters the linear filter

ξ(s) =
λ

s+ λ
ϑ(s) (24)

where λ is positive parameter. Filter output ξ1 is formed
according to the

ξ1(s) =
λs

s+ λ
ϑ(s). (25)

Signals ξ and ξ1 is inputs for estimation scheme:

ω̂(t) =

√
Θ̂(t), (26)

Θ̂(t) = χ(t) + kξ(t)ξ1(t), (27)
χ̇(t) = −kξ2(t)Θ̂(t)− ξ21(t), (28)

Â(t) =

√
−kψ2(t)ω̂2(t) + ψ2

1(t)

η(t)
, (29)

η(t) =

{
ω0, ω̂(t) < ω0,

ω̂, ω̂(t) ≥ ω0

(30)

where k is a positive parameter, ψ(t) and ψ(t) are bandpass
filter outputs:

ψ(t) =
4γη(t)

√
1− γ2(

1 + γs
η(t) + s2

η2(t)

)
(s+ 2η(t))

, (31)

ψ1(t) = sψ(t) (32)
(33)

where γ determines the bandwidth of the filter.

B. Illustrative simulation

Example 2. The simulation results of amplitude and fre-
quency estimators are obtained for two examples k = 0.1,
λ = 30 and k = 0.1 and λ = 30.

For the band-limited white noise generator the noise power
is equal to 100 and sample time is chosen as 0.001s.

The parameters of band-pass filter: ς = 0.01, q = 10. The
dominant frequency ωm is equal to 9.9999rad/s.

For the frequency identifier, the bandwidth parameter is
taken as γ = 0.05 and lower bound for the frequency is
equal ω0 = 1.
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Figs. 4, 5 and 6 show the responses of the dominant
frequency identifier and amplitude estimator for the irregular
pitching signal. Estimates converge to the real values. Figs.
4 and 6 shows the dependence of the rate of convergence
and accuracy on the parameters k and λ. We can see that
fast and accurate estimation in this case is impossible. For
fast and accurate estimate algorithm with adaptive system of
setting can be used.

Fig. 4. Frequency estimation for k = 0.1 and λ = 30

Fig. 5. Amplitude estimation for k = 0.1 and λ = 30

Fig. 6. Frequency estimation for k = 0.001 and λ = 20

C. Adaptive law estimation the signal parameters

The parameter lambda determines the frequency response
of the linear filter, therefore, it should be chosen so that the
dominant frequency was included in the bandwidth of the
filter. At lower values there are an amplification of lower
frequencies and the change in spectral power of the signal.
As a result, estimation has the static error.

Assumption 3. The upper bound ω1 for the frequency ωm
is known.

Based on the assumption 3 and in view of frequency
response of the filter lambda should be taken as

λ ≥ 2ω1.

To change the accuracy and performance we can use
parameter k. During the transition process speed is desirable

speed of a convergence, in the static mode - accurate. Then
the adaptation law can be written as follows:

Step 1. Initialize k sufficiently large for fast estimates ωm.
Step 2. Reduce the parameter k for increasing the accuracy

of estimation.
Example 3. Fig. 7 show the responses of the frequency

identifier for the simple line 1 and for adaptive algorithm line
2. For the first example, parameters are taken as k = 0.001
and λ = 20. For the second example, the parameter k is
adaptively tuned according to the law k = 10e−3t + 0.001.
Adaptive identifier provides high performance and accuracy
estimates.

Fig. 7. Adaptive and simple estimation

The disadvantages of this approach:
1) Approach is not applicable if ωm is changing over

time.
2) To configure the adaptive law it is necessary to know

the settling time.
Parameter should decreases after the preliminary estimation.
Otherwise, time of the estimation increases. To configure the
algorithm we can use the expression for the dependencies of
the settling time:

t0 ∝
ω2
m

kς2N2λ2
. (34)

To overcome these limitations non-linear filters can be used.

D. Non-linear filtering

In paper [11] proposed the idea of using a non-linear filter
to increase performance and accuracy of the algorithm. Fig. 8
shows the block diagram for this filter. The output variable
is given by

ωf1(t) =

∫ t

0

ϑ(τ)dτ (35)

where ϑ is the output signal of the saturation plant:

ϑ =

{
c
d (ω̂ − ωf1), |ω̂ − ωf1| ≤ d,
csign(ω̂ − ωf1), |ω̂ − ωf1| > d

(36)

The saturation plant in the filter limits the rate of change
the variable ωf1. This limitation corresponds the maximum
rate of change of the gradient signal and is defined by the
parameters c and d. Consequently, for their settings it is
necessary to know the dynamic properties of the signal.

In this paper, we propose to use ”n th root” instead of
the saturation block. The realization of this mathematical
operation more difficult, but can increase the rate of the
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Fig. 8. Block diagram for the saturation non-linear filter.

estimation, that may be necessary in certain cases. Filter
performance increases due to the fact that this element
reduces the value of the input signal in proportion to its
amplitude, but does not limit the value of the input signal.
The parameter n defines filter properties. The output variable
is given by

ωf2(t) =

∫ t

0

n

√
ω̂(τ)− ωf2(τ)(τ)dτ (37)

Example 4. Fig. 9 shows the responses of the frequency
identifier without and with non-linear filtration. For the non-
linear filter, the degree of the root is taken as n = 2. The use
of non-linear filtering can significantly improve the accuracy
of estimates at the same performance.

Fig. 9. Without (single line) and with non-linear filtration (bold line)

IV. CONCLUSIONS

We considered the issue of applying the algorithm of es-
timating the parameters of harmonic signals for periodically
signals with line and band spectrum. For these cases estima-
tion algorithm has been extended. The developed algorithm
has a finite accuracy of assessment, ie estimation error is not
zero. New approaches are proposed to improve the accuracy
and performance of the estimations. The efficiency of the al-
gorithms demonstrated by MatLab/SIMULINK simulations.
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Abstract— In this talk the visualisation and control 

structure selection problem for complex industrial processes 
will be addressed. Visualization of complex processes 
facilitates the understanding of processes and their behavior 
from a dynamical point of view, which is of large importance 
when it comes to the decision making on control structure 
selection. Control structure selection aims at determining the 
control structure of least complexity that fulfills the 
performance requirements on the controlled process. 
 
The visualization concept makes use of the signal flow graph 
concept and results in a software environment that can be 
used to collect process model information, visualize the 
process at hand and enables analysis of the process in order 
to determine a feasible control structure. Some of the control 
structure selection tool which are the result of previous and 
recently proposed tools will be presented. 
Namely, a tool for the reconfiguration of currently used 
control structures. Using an example the usefulness of the 
software environment and the tool will demonstrated. 
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Abstract—The problem of robust synchronization of a 
network of interconnected dynamical subsystems with a 
leader is considered. Each local subsystem of network is 
described by a linear time-varying parametrically and 
functionally uncertain differential equation with time delay. 
Only scalar inputs and outputs of local subsystems are 
supposed to be measured. A simple decentralized controller 
ensuring the tracking of the local subsystems by the leader 
under matching conditions is designed. The method is 
illustrated by an example: synchronization of the network 
with four nodes. 
 

I. INTRODUCTION 
HE compensation of uncontrolled disturbances is an 
important problem in control theory. There are many 

publications proposing various solutions. In [1, 2] the 
method of internal model of disturbances and adaptive, 
robust approaches are used for compensation of unknown 
perturbation. In [3] the method of adaptive and robust 
control are used for compensation of multi-harmonic 
disturbances. Control systems based on compensation of 
disturbance estimates is considered in [4]. It is proposed 
to introduce the auxiliary plant which allows to identify, 
estimate and compensate disturbances. On the basis of the 
algorithm in [4, 5] a compensation of parametric, 
functional and structural uncertainties is proposed. The 
principles of the suboptimal compensation of 
disturbances of uncertain plants are proposed in [6]. It 
was proposed to decompose the input of plant as a sum of 
the optimal and compensation signals for solving. The 
problem of suboptimal control. The idea of creating the 
optimal control [6] and the compensation signal [4] 
allowed to solve the problem of suboptimal control for 
time-varying parametrically and functionally uncertain 
plant in [7]. 

An interest in control of networks has increased 
recently, see [8-11]. One of the approaches to solving 
these problems is the decentralized control [12], solved 
when the state vector of plant was available for 
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measurement. The relative degree of subsystems is 
assumed in [13-15]. In most papers the problem was 
equal to one in the problems of network synchronization 
on outputs [16]. Moreover, the goal is to make state 
vector of the local subsystem close to the state of the 
leader when the time tends to infinity. Therefore, there is 
an interest to solve the problem of synchronization of the 
network by an output feedback with compensation of 
disturbances if each local subsystem has an arbitrary 
relative degree. 

In this paper an algorithm for synchronization of 
network of non-identical time-varying parametrically and 
functionally uncertain nodes with time delay is proposed. 
Only scalar outputs of the local subsystems are available 
to measurement. The goal condition is synchronization of 
network with leader. The auxiliary plant allows to 
estimate disturbances and guarantee the closeness of 
outputs of each local subsystems to the output of the 
leader and the output of the leader reaches the output of 
the nominal plant. The behavior of this nominal plant is 
optimal according to integral performance index. The 
results of simulations illustrate the efficiency of the 
proposed algorithm. 

II. PROBLEM STATMENT 
Consider a network S  with a nonempty finite set of k  

nodes { }kvvV ...,,1=  and set of links VVE ×⊆ . Let the 
digraph ( )EVG ,=  of the networks be simple, e.g. there 
is no repeated arcs and ( ) Evv ii ∉,  (no self loops). In the 
graph the node i  corresponds to the i -th local 
subsystem. If the arc of the node j  is directed to the node 
i  then 0)( ≠tcij , where )(tcij  are the directed couplings 

from nodes i  to j , the matrix ( ) kk
ij RtctC ×∈= )()(  is 

the matrix of the network. The sum ∑
≠=

k

jij
ij tc

,1
)(  defines 

the weighted incoming degree of a node i . 
Let the dynamics of the node i  of network S  be 

defined by the following differential equation 

( )

,,1,)0(),()(

),()()()(

)()()()()()()(

0

,1

kixxtLxty

txtcttxtF

tftDtutBtxtAtx

iiii

k

jij
jijiii

iiiiiii

===

+−+

+++=

∑
≠=

τ

&

 (1) 
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where n
i Rtx ∈)(  is state vector of the node i , )(tui , 

)(tfi  and )(tyi  are the scalar input, uncontrollable 
disturbance and output respectively, the elements of 
matrixes nn

i RtA ×∈)( , nn
i RtF ×∈)(  and vectors 

n
i RtB ∈)( , n

i RtD ∈)(  are unknown functions, 

[ ] nRL ×∈= 10,...,0,1 , ix0  are unknown initial 
conditions, 0)( >tiτ  is unknown time delay and 

1/)( <dttd iτ . 
The leading node of network S  is described by the 

equation 

.0)0(
),()(),()()(

=
=+=

L

LLLLLLL

x
tLxtytuBtxAtx&

 (2) 

Here n
L Rtx ∈)(  is the state vector, )(tuL  is reference 

input, nn
L RA ×∈  и n

L RB ∈  are known matrices and 

LA  is Hurwitz. The signal )(tyL  is known reference 
output. 

Assumptions: 
A1. Elements of the matrices )(tAi , )(tBi , )(tDi , 

)(tFi  function )(tcij  and initial condition are unknown. 

Size of matrices )(tAi , )(tBi , G , )(tDi  and iL  are 
known and mtBi =)(rank , ltDi =)(rank , nm < , nl < . 
The set Ξ  of possible values of elements of the  matrices 

)(tAi , )(tBi , )(tDi , )(tFi  and functions )(tcij  are 

known.  The elements of the matrices )(tAi , )(tBi , 
)(tDi , )(tFi  and functions )(tcij  are bounded functions. 

A2. The matching conditions )()( T tcBAtA iLLi += , 
)()( tBtF iLi π= , )()( tBBtB iLLi ς+= , )()( tkBtD iLi = , 

)()( tBtc T
ijLij θ=  hold, where n

i Rtc ∈)( , n
i Rt ∈)(π , 

Rti ∈)(ς , Rtki ∈)(  and n
ij Rt ∈)(θ  are vectors and 

functions of the unknown parameters. 
A3. External disturbances )(tfi  are unknown bounded 

functions. 
A4. Derivatives of the signals )(tyi  and )(tui  are not 

available to measurement. 
Also consider nominal model for the tracking error 

)()()( tytyty Lii −= : 

.)0(),()(
),()()(

0

0

NiNiNiNi

iLNiLNi

xxtxLty
tuBtxAtx

==
+=&

   (3) 

Assume, that in (3) the state vector is available to 
measurement. Introduce performance index and the 
optimal control [17] 

[ ]
),()(

,)(~)(~)(

00

0

2
0

txKtu

dtturtxQtxJ

iii

iiii
T
ii

−=

+= ∫
∞

  (4) 

where { }0...,,0,~~
ii qdiagQ = , 0~ >iq , 0~ >ir , 

iLii WBrK T1
0

~ −= , matrix 0>= T
ii WW  is the solution of 

the Riccati equation 

iiLLiiLiiL QWBBWrAWWA ~~ T1T −=−+ − . 
The problem is to design the law which provides the 

tracking error )(tyi  close enough to the output of the 
nominal model (3). The behavior of the model (3) should 
be optimal according to the performance index (4), i.e. 

1)()( δ<− tyty Nii ,     (5) 

where 1δ  is small enough number. With respect to 
additionally the following conditions should be satisfied: 

2)(lim δ<
∞→

tyit
.       (6) 

Here 2δ  is a small number. 

III. MAIN RESULTS 
Using the matching conditions (A2) rewrite the plant 

(1) as 

,)0(),()(
),()()()()(

0iiii

iLLLiLiLi

xxtLxty
tBtuBtuBtxAtx

==
+++= ϕ&

 (7) 

where ++−= ∑
≠=

k

jij
j

T
ijLi

T
ii txttutxtct

,1
)()()()()()( θϕ  

( ) )()()()()()( tftktutttxt iiiiiii ++−+ ςτπ  depends on 
the parametric and functional disturbances of the plant 
(1). 

The equation of the tracking error )()()( txtxtx Lii −=  
are 

.)0(),()(
),()()()(

0iiii

iLiLiLi

xxtxLty
tBtuBtxAtx

==
++= ϕ&

 (8) 

Consider an isolated subsystem (8) which does not 
contain unknown uncertainties, i.e. 0)( ≡tiϕ . Then we 
get the nominal model (3) . Adding to and subtracting 
from the right hand side of (8) the optimal control )(0 tu i  
from (4), transform equation (8) to the form 

),()(),()()()( 0 txLtytBtuBtxAtx iiiLiLiii =++= ψ&  (9) 
where iLLi KBAA 00 −= , )()()( 0 txKtt iii −= ϕψ . 
The optimal control (4) minimizes the functional (4) if 

0)( ≡tiϕ  in (8). However, in the nodes (1) 0)( ≠tiϕ . 
Consequently, it is necessary to introduce some signal 
requiring to compensate these uncertainties. As in Furtat 
(2009), consider the auxiliary plant 

,)0(),()(
),()()(

0

0

iaiaiai

iLiaiiai

xxtLxty
tuBtxAtx

==
+= β&

   (10) 

0>iβ . Considering the equation (9) and (10), form the 
mismatch function )()()( tytyt aiii −=ζ : 

.0)0(
),()(),()()( 0

=
=+=

i

iiiLiii tLttBtAt
σ

σζφσσ&
  (11) 
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Here n
i Rt ∈)(σ , ( ) )()(1)( ttut iiii ψβφ +−= . 

Transform (11) to the input-output form 
)()()()(0 tpRtpQ iLiii φζ = ,   (12) 

where )(0 pQ i , )( pRLi  are linear stationary differential 
operators obtained in the transformation from (11) to 
(12). 

If the derivatives of the signal )(tiζ  were available for 
the measurement then the signal 

)()()()()( 1
0

11 ttpQpRtu iiiiLiii φβζβ −−− −=−=  would  

provide the closed-loop system )()( 0 txAtx iii =& , 
)()( txLty ii = . 

However it follows from A5 that the derivatives of the 
signal )(tiζ  are not available to measurement. For 
compensation of the uncertainties in (1) define the signal 

)(tui  in the form 

)()()()()( 1
0

11 ttpQpRtu iiiiLiii φβζβ −−− −=−= , (13) 

where )(tiφ  and )(tiζ  are estimation of the functions 
)(tiφ  and )(tiζ  respectively. Add and subtract the ideal 

control )()()()( 0
11 tpQpRtu iiLiii ζβ −−−=  and substitute 

(13) in (9). Then the equation of the closed-loop system 
is: 

),()(),()()( 1
0 txLtytBtxAtx iiiLiiii =∆+= −β&    (14) 

)()()( ttt iii ζζ −=∆  is the estimation error. 
For the implementation of the control (13) introduce 

the observer [18] 
( ) ).()(,)()()()( 00 tLtttDtGt iiiiiiii ξζζζξξ =−+=& (15

) 

In the equations (15): n
i Rt ∈)(ξ , ⎥

⎦

⎤
⎢
⎣

⎡
= −

00
0 1

0
n

i
I

G , 

1−nI  is square identity matrix of order 1−n , 

[ ]T2
2

1
10 ,...,, n

niiii dddD −−−−= µµµ , coefficients 
n

niii ddd −−− µµµ ,...,, 2
2

1
1  are chosen from condition 

that the matrix iiii LDGG −= 0  is Hurwitz, 

[ ]T21 ,...,, niiii dddD = , 0>µ  is a small value. 
For estimation of accuracy of observation introduce the 

vector ( ))()()( 1 ttГt iiii θξη −= − , where 

{ }1,,...,diag 1 µµ −= n
iГ , 

[ ]T)( )(,...),(),()( tttt n
iiii ζζζθ &= . Takin into account (15) 

differentiate )(tiη : )()()( )1(1 tbtGt n
iiiii

+− += ζηµη& , 

)()( 1 tLt i
n

i ηµ −=∆ . Transform the last  equation to the 

equivalent relative output )(ti∆  

).()(),()()( 11 tLttbtGt ii
n

iiiiii ηµζηµη −− =∆+= &&  (16) 

Here )()()( )1(1 ttt l
i

nll
i

l
i

−−+−= ζµηη , nl ,2= , )(tl
iη  

and )(tl
iη  – l -th components of vectors )(tiη  and 

)(tiη , )()( 11 tt ii ηη = , [ ]T2 0,...,0,n
ib −= µ . 

Considering (16) transform (14) to the form 
),()(),()()( 11

0 txLtytgbtxAtx iiiii
n

iiii =∆+= −− µβ&  (17) 

where ( ) T)(
111 )(,...),(),()( ⎥⎦

⎤
⎢⎣
⎡=∆

niii tttt ηηη & , ig  is the 

vector of coefficients of )(0 λiQ . 
Our main result is as follows. 
Theorem. Let the assumptions A1-A4 hold and the 

positive definite matrices iP  and iH  be the solutions of 
the matrix equations 

.0,0

,,
T
22

T
11

2
T

10
T
0

>=>=

−=+−=+

iiii

iiiiiiiiii

QQQQ

QGHHGQAPPA
 

Then there exist numbers 0>iβ  and 00 >µ  such that 

for 0µµ ≤  and ∑
≠=

−≤
k

jij
iij Qtc

,1
3min

1
0 )(5.0)( λµ , where 

( )T1
0

1
13 2 iiiiii

n
iii gbPgbPQQ −−−= µβ  the control system 

(10), (13), (15), (17) provides goal conditions (5) and (6). 

IV. EXAMPLE 
Consider the network S  consisting of four nodes one 

of which being the leader. Let the dynamic of node i  be 
given by 

( )
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(18) 
The class of uncertainty Ξ  is given by the inequalities: 

10)( ≤tali , 10)( ≤tf li , 10)(0 ≤< tbi , 10)( ≤tdi , 

20)( ≤ts j , 10)( ≤tf i , 3,2,1=l . 

The equation of the leader is given as 

( )
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The graph of the network S  is shown in Fig. 1. 
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Fig. 1. The graph of network S . 

 
The goal conditions are (5) and (6). Assume 1~ =iq  

and 1~ =ir  in (4). For the nominal model (3) the 
performance index and the optimal control law (4) are 
defined as 

{ }[ ]
[ ] ).(0.14630.44950.4142)(

,)()(0,0,1diag)(

0

0

2
0
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dttutxtxJ

i

ii
T
ii

−=

+= ∫
∞

  (19) 

Introduce the auxiliary plant (10) with 5.0=iβ . Then 
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For estimation of derivatives of the signal )(tiζ  use 

the filter (15), where 3)( Rti ∈ξ , 

[ ] [ ]TT
321 133== iiii dddD , 01.0=µ . Then the 

observer is defined as 
( ))()(1003)()( 121 tttt iiii ζξξξ −⋅−−=& , 

( ))()(1003)()( 1
2

32 tttt iiii ζξξξ −⋅−−=& , 

( ))()(100)( 1
3

3 ttt iii ζξξ −−=& , 0)0( =iξ , 3,2,1=i . 
Using these equations the signal of compensation (13) 

can be written as 
( )iiiii tu 1233 1.41423.44953.14632)( ξξξξ +++−= & . 

Let the parameters of the plant (18) be as follows: 
- in the first subsystem tta sin2)(11 += , 

tta 2sin53)(21 += , tta 3sin53)(31 +−= , 
ttf sin1)(11 −= , ttf 3sin2)(21 +−= , 

ttf 2sin53)(31 += , ttb 5sin25)(1 += , ttd sin10)(1 = , 

)(sin2)( 11 tPttf ++= , tet −+= 2)(1τ ; 
- in the second subsystem tta cos2)(12 += , 

tta 2cos53)(22 += , tta 3cos21)(32 += , 
ttf 2cos2)(12 +−= , ttf cos52)(22 −= , 

ttf 4cos21)(32 +−= , ttd cos10)(2 = , 
ttb 2cos3)(2 += , )(5,1sin1)( 22 tPttf ++= , 

tet 2
2 1)( −+=τ ; 

- in the third subsystem tta sin72)(13 += , 
tta 2sin42)(23 +−= , tta sin55)(33 +−= , 
ttf 2sin72)(13 +−= , ttf 3sin42)(23 += , 
ttf 3sin23)(33 +−= , ttb sin3)(3 += , ttd 2sin10)(3 = , 

)(2sin)( 33 tPttf += , tet 3
3 3)( −+=τ ; where )(1 tP , 

)(2 tP  and )(3 tP  are rectangular pulses with the 
amplitudes 1, periods 3, 5 and 7 sec, widths 1, 1.5 and 2 
sec. The initial conditions in the nodes (18) are assumed 
equal to [ ]5.122)0(T =ix . 

Let the matrix C(t) be ( )== )()( tctC ij  

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
+

++
=

0cos2.06.00
00sin1.065.0

sin3.025.02sin1.05.00

t
t

tt
. 

In the Fig. 2 the simulation results for the tracking 
errors )(tyi  and the output )(tyNi , 3,2,1=i  of the 
nominal model (3) are shown. Moreover, the optimal 
control (4) is fed on the input of (3). On the fig. 3 the 
outputs )(tyi , 3,2,1=i  of the plant (18) and the output 
of the leader )(tyL  are given. 

 
Fig. 2. Transient processes on )(tyi , 3,2,1=i  and 

)(tyNi . 

 
Fig. 3. Transient processes on )(tyi , 3,2,1=i  and 

)(tyL . 
Simulation showed that the results of transient 

processes depend on the choice of the values iβ  in the 

L

1 2

3

st,

st,

)(3 ty
)(1 ty )(2 ty

)(tyNi

)(tyL

)(3 ty

)(2 ty

)(1 ty
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auxiliary plant (10), the control law (13) and value µ  of 
observer (15). 

V. CONCLUSION 
In contrast with existing works in the paper robust 

suboptimal synchronization of the network was 
considered. Each node of the network is described of 
parametrically and functionally uncertain linear time-
varying differential equation with time delay. Only local 
outputs of subsystems are available to measurement. It is 
enough to know the set of possible values of parameters 
of the subsystems to solve the problem. Law of control 
was proposed to represent as the sum of virtual optimal 
control and the signal of compensation of uncertain. 
Auxiliary subsystem, introduced parallel to the plant. It 
allows to identify disturbances and ensure closeness of 
the difference between outputs of each subsystems and 
leader to the nominal plant. The analytical results are 
confirmed by simulations. 

APPENDIX 
Proof of the theorem. Let us prove that the system 

(10), (13), (15), (17) ensures the inequalities (5) and (6). 

Introduce the new variable n
i Rt ∈)(ε  which 

characterizes closeness of the phase variables error (9) 
and the nominal model (3). Consider the difference 
between the state vectors (17) and (3). Obtain: 

).()()( 11
0 tgbtAt iii

n
iiii ∆+= −− µβεε&  

Transform the last equation and (16) to the form 

),()()(

),()()(

21

1
2

1
0

tbtGt

tgbtAt

iiiii

iii
n

iiii

ζµηηµ

µβεε
&&

&

+=

∆+= −−

  (20) 

where µµµ == 21 . For further proof use the first lemma 
in [19]. Consider the system (20) when 02 =µ : 

).()(),()( 10 tGttAt iiiiii ηηµεε == &&  (21) 
As matrices iA0  and iG  are Hurwitz then the solution 

of (21) is an asymptotically stable. According to the 
lemma, signals )(tiη , )(tiε , )(ti∆  and )(tiζ&  are 
bounded. The proof of boundedness of the remaining 
functions in each subsystem is similar to [5]. Therefore, 
according to lemma of [19] the system (20) is 
asymptotically stable. Then all variables in closed-loop 
system are bounded. 

However the stable (21) does not guarantee the 
asymptotically stable of (20) as singularly perturbed 
system. Let 021 µµµ == . Choose the Lyapunov function 

[ ]∑
=

+=
k

i
iiiiii tHttPttV

1

TT )()()()()( ηηεε , (22) 

and differentiate it taking into account (20)  and 
conditions of the theorem: 

[

].)()(2)()(

)()(2

)()()(

T
02

T1
0

T1
0

1
1

1
T

tbHttQt

tgbPt

tQttV

iiiiiii

iiiii
n

i

k

i
iiii

ζηµηηµ

εµβ

εε

&

&

+−

−∆+

+−=

−

−−
=
∑

  (23) 

Estimate the left-hand side of (23): 

( )
;)(2

)()(2

)()(2

21
0

1

TT1
0

1

T1
0

1

t

tgbPgbPt

tgbPt

i
n

i

iiiiiiii
n

i

iiiii
n

i

∆+

+≤

≤∆

−−

−−

−−

µβ

εεµβ

εµβ

 

);()(2)()(2

)()(2)()(2
T

00
T

0

T
0

T
0

tLBbHttLAbHt

tLbHttbHt

iLiiiiiiii

iiiiiiii

φηµσηµ

σηµζηµ

+=

== &&
 

( ) ;)(2)()(2

)()(2
2

000
T

0

0
T

0
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tLAbHt

i
T

iiiiiii

iiiii

σµηηµ

σηµ

+≤

≤

);()(2

)()()(2

)()()(2

)()(2

T
0

,1

T
0

,1

T
0

T
0

tLBbHt

tGtcLbHt

ttLBbHt

tLBbHt

iLiii

k

jij
jijiii

i

k

jij
j

T
ijLiii
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ωηµ

εηµ

ωεθηµ

φηµ

+

+=

=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+=

=

∑

∑

≠=
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where ( )∑
≠=

+−=
k

jij
Njj

T
ijii txtxtt

,1
)()()()( θφω , 

≤)()(2 T
0 tLBbHt iLiii ωηµ  

( ) )(2)()(2 2
0

T
0 ttLBbHLBbHt ii

T
LiiLiii ωµηηµ +≤ ; 

≤∑
≠=

k

jij
jijiii ttcLbHt

,1

T
0 )()()(2 εηµ  

( ) +≤ )()(2 T
0 tLbHLbHt i

T
iiiii ηηµ  

).()()(2
,1

2
0 tttc j

k

jij

T
jij εεµ ∑

≠=
+  

Using these estimates, rewrite (23) as: 

[

,)()()(2

)()()()()(

,1

2
0

1
4

T
3

T

⎥
⎥
⎦

⎤
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ϕεεµ

ηηεε

tGGttc
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k
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k
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where ( )T1
0

1
13 2 iiiiii

n
iii gbPgbPQQ −−−= µβ , 

( )[ ]T
iiii

TT
iiiiii LbHHbLAALbHQQ +−= T

00
2
024 2µ , 

( ))()()(sup2 2222
0

1
0 ttt iii

n
i

t
ωσµβµϕ ++∆= −− .  

There are numbers 00 >µ  and 0>iβ which provide 
03 >iQ  and 04 >iQ . Let [ ])(...,),()( 1 ttt kεεε = , 
[ ])(...,),()( 1 ttt kηηη = , { }iQQ 33 diag= , { }iQQ 44 diag= , 
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⎥
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L
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 Then the derivative 

of Lyapunov function can be rewritten as 

.)()()(2

)()()()()(

0

43

ϕεεµ

ηηεε

kttct

tQttQttV
T

TT

++

+−−≤&
 

If 0)(2 035 ≥−= tcQQ µ  or 

∑
≠=

−≤
k

jij
iij Qtc

,1
3min

1
0 )(5.0)( λµ  then 

.)()()()()( 45 ϕηηεε ktQttQttV TT +−−≤&  
Rewrite the derivative of Lyapunov function as 

ϕχ ktVtV +−≤ )()(& , 

where 
⎭
⎬
⎫

⎩
⎨
⎧

=
)(
)(

,
)(
)(

min
max

4min

max

5min

H
Q

P
Q

λ
λ

λ
λ

χ , { }iPP diag= , 

{ }iHH diag= . The solution of the last inequality is 

( ) ϕχ χχ keVetV tt −−− −+≤ 1)0()( 1 . 
Then from the structure (22) we have 

( ) ϕχδ χχ keVe tt 1
1 1)0( −−− −+≤ , 

( )
.

)(1)0(lim

1

1
2

ϕχ

ϕχδ χχ

k

tykeVe N
tt

t

−

−−−

∞→

=

=⎥⎦
⎤

⎢⎣
⎡ −−+≤

 

The right-hand sides of the last inequalitys depend on 
the values iβ  and 0µ . Obviously, with decrease of 
numbers 0µ  and iβ  the values 1δ , 2δ  in (5), (6) can be 
decreased. The last statment is confirmed by the 
simulation results. 
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Abstract — This paper deals with the output stabilization

of time-delay systems with sector-bounded nonlinearity,
disturbance, time-varying parameters and inexactly defined
relative degree. In this paper we will consider the problem of
absolute stability for a class of systems which can be
represented as a feedback connection of a linear dynamical
system with unknown parameters and an uncertain
nonlinearity satisfying a sector constraint. For a class of
output control algorithms a controller providing exponential
stability of equilibrium position without disturbance and L∞-
stability for disturbed systems is proposed.

I. INTRODUCTION

he absolute stability problem, formulated by Lurie
and coworkers in the 40’s, has been a well-studied
and fruitful area of research, as presented in [27].

Since works of Lurie [27], interest of researches of control
systems has been attracted by structures including linear
block and nonlinear feedback static block. It is possible to
allocate big enough number of works devoted to solution
of problems of nonlinear systems stabilization  for a case
when output of the nonlinear block is given as control
input of the linear block (see the review [23]). It is also
possible to allocate a block of works ([9], [22], [26]) in
which nonlinear part and static nonlinearity adjust with an
input on control. However, approaches [9], [22], [26] are
focused on stabilization of systems with nonlinearity,
resulted to an input of system, and do not allow one to
solve more general problems. Today problems of control
of nonlinear systems in which nonlinearity is not
coordinated with control are of interest. Among works
devoted to these subjects one can allocate papers [3], [5],
[24], [32], [36] in which similar problem is considered.
However, these results mentioned above are delay-
independent. During the last two decades, the problem of
stability of linear time- delay systems has been the subject
of considerable research efforts. Many significant results
have been presented in the literature (see for example
[17], [37]). However little attention has been focused on
nonlinear time delayed systems. The problem of stability
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for nonlinear systems with delay has been studied in [1],
[13]–[16], [18], [21], [29]–[31]. For example, in paper
[13] adaptive neural control was presented for a class of
strict-feedback nonlinear systems with unknown time
delays. For a case of measurability of the state vector [13],
using appropriate Lyapunov–Krasovskii functionals, the
uncertainties of unknown time delays are compensated for
such that iterative backstepping design can be carried out.

Geometrical method is employed to investigate the
control problem of time delay systems in  [14], [29], [30].
Corresponding state feedback controller and output
feedback controller are designed, but the strict conditions
should be imposed on the investigated systems.

In this paper a robust version of the results on high-
gain stabilization of nonlinear systems is extended to a
class of disturbed time-delay nonlinear systems with
unmodelled dynamics and inexactly given relative degree
without matching conditions. The given work, developing
approaches obtained in [1], [13]–[16], [18], [21], [29]–
[31], offers new solution of stabilization problem of
nonlinear system consisting of structures including a
linear block and nonlinear feedback static block.

Also, there exist a number of papers devoted to
disturbance cancellation [2], [4], [6]–[8], [19], [20], [28],
[33], [34], [38]. In the majority of known articles dealing
with disturbance rejection problem one assumption is
necessary: all parameters of system should be known. But
what to do if the model of system is nonlinear with state-
delay and parameters are unknown? To answer on this
challenge this paper is written. Assuming, that parameters
of the linear part and delay are unknown, the output is
measured (but not its derivatives), and the characteristic
of the nonlinear feedback block is unknown, a controller
providing exponential stability of equilibrium position is
designed. The exponential stability of closed-loop system
is shown if the disturbance is absent and L∞-stability is
shown for disturbed system. In this paper an interesting
approach is offered known as “consecutive compensator”
that does not use the procedure of linearization of
nonlinear system, design of observer and iterative
backstepping design.

II. STATEMENT OF THE PROBLEM

Consider the following nonlinear system

1
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

n

i i
i

a p y t b p v t c p f t g p t t 


   , (1)

where dtdp /  denotes differential operator; output
)(tyy  is measured, but its derivatives are not
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measured; 01...)( bpbpbpb m
m  ,

01
1

1 ...)( cpcpcpcpc r
r

r
r  

 and

01
1

1 ...)( apapappa n
n

n  
  are polynomials

with unknown coefficients; 1( ) i
ig p p  ; number

r 1 n ; transfer function
)(
)(

pa
pb has relative degree

mn   and its maximal value max  is known;
polynomial )( pb is Hurwitz and parameter 0mb ; ( )f t
is smooth and bounded disturbance; i are components of
the vector of unknown time-varying bounded parameters

 1 2( ) T
nt     ; unknown function

( ) ( ( ))t y t h   is such that:
( ( )) ( )y t h C y t h    for all ( )y t h , (2)

where 0h   is the unknown constant delay, ( ) ( )y   
for [ , 0]h    and number 0C   is unknown;

( )( ) ( )
( )

d pv t u t
e p

 (3)

where )(t  is non-measuring function, ( )
( )

d p
e p

–

asymptotically stable additional dynamics, ( ) (0)d p e .
The purpose of control is to obtain bounding of output:

0( )y t   for 1t t , (4)
where 0  is given by a developer of control system.

III. CONTROL DESIGN

A. Known relative degree
Let us firstly assume that relative degree of the system

(1) is known.
Rewrite model (3) in the following state-space form:

T

,
,

F qu
v l
 



 





(5)

where   is small parameter which characterizes speed of
system (5) and Fl q  .

Lemma ([3], [5], [11], [12], [23]): There exists some
positive number 0 , such that for any 0   the system

( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )
b p c py t v t t

a p b p a p b p


 
 

 
 has the

SPR (strictly positive real) transfer function
( )

( )
( ) ( )

b pH p
a p b p




.

Choose the control of the form of “consecutive
compensator” ([5]):

1( ) ( )( ) ( )u t p t      ,  (6)
where number   and polynomial )( p  are such that the
transfer function of linear part of closed-loop system:

)()()(
)()()(

ppbpa
ppbpW





 (7)

 is SPR (by using lemma for some 0    it is easy to
see that this transfer function is SPR), the positive
parameter   is used for compensation of the uncertainty

( ( ))y t h   (see proof of the theorem). The function
1( )t

is calculated according to the following algorithm



















 )),()(...)(()(

...
),()(

),()(

111111

32

21

tyktktkt

tt

tt

 











(8) (9)

where number    (see proof of the theorem) and
parameters ik  are calculated for the autonomous system
(8) to be asymptotically stable. It is obvious that the
control (6), (8) is technically possible as contains known
or measurable signals.

Substituting (6) into equation (3), we obtain:
1( ) ( ) ( )( ( ) ( ))v t p y t t       , (9)

where  the error 1 ˆ( ) ( ) ( )t y t y t   and 1
( )ˆ( ) ( )
( )

d py t t
e p

 .

Substituting (9) into equation (1), we obtain

1
( ) ( )( ) [ ( ) ( ) ( ) ( )]

( )
b p py t y t t

a p
         

1
( ) ( )

( ) ( ) ( )
( ) ( )

n

i i
i

g p t
c p f t t
a p a p


 


(10)

After simple transformations, for model (10) we have
( ) ( )( ) [ ( ) ( ) ( )]

( ) ( ) ( )
b p py t y t t

a p b p p
    

 
   



1

1 [ ( ) ( ) ( ) ( ) ( )]
( ) ( ) ( )

n

i i
i

c p f t g p t t
a p b p p

 
  

 
  , (11)

where transfer function (7) is SPR.
Let us present model (11) in the form

1( ) ( ) ( ( ) ( ) ( )) ( )x t Ax t b y t t f t         

1
( ) ( )

n

i i
i

t t  


 , (12) (13)

)()( txcty T , (13)

where nRtx )(  is a state vector of system (13); A , b ,
  and i are appropriate matrices of transition from
model (11) to model (12), (13).

Since transfer function )( pW (7) is SPR then

1QPAPAT  , cPb  , (14)

where 011  TQQ  and parameters of matrix 1Q  depend
on   and do not depend on  .

Let us rewrite model (8), (9) in the form

1( ) ( ( ) ( ))t t dk y t     , 1( ) ( )Tt h t  , (15)

1( ) ( ) ( )z t Fz t q t   , Tˆ( ) ( )y t l z t , (16)

where 1R   and rz R are state vectors of system
(15), (16),
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0
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0


d  and

[1 0 0 ... 0]Th  . Note that Fl q  .
Consider vectors

1 ( ) ( ) ( )t ly t z t   , (17)

2 ( ) ( ) ( )t hy t t   . (18)
Then by force of structure of vector l  error 1 ( )t  will

become
1 ˆ( ) ( ) ( )t y t y t  

1( ) ( ) ( ( ) ( )) ( )T T T Tl ly t l z t l ly t z t l t     . (19)
Introduce second error:

2 1( ) ( ) ( )t y t t  

2( ) ( ) ( ( ) ( )) ( )T T T Th hy t h t h hy t t h t       (20)
For derivative of 1 2( ), ( )t t   we obtain

1 1
1 1ly Fz q         1 1

1 2ly F q      , (21)

2 2 1( ( ) )hy hy dk y         2hy    , (22)
where matrix   is Hurwitz by force of calculated
parameters ik  of system (8) and

T
2F R RF Q   , (23)

3
T N N Q     , (24)

where 0 TNN , 0TF F  2 2 0TQ Q  ,

3 3 0TQ Q  .

Theorem. Consider the nonlinear system (12), (13),
(15), (16). Let number 1 mn is known and
unknown function ( ) ( ( ))t y t h    satisfies the sector
constraint (2). Signal ( )f t is bounded.

Let number   be such that the following ratio is
executed

3Q 2 Thh  1 TNhh N 
1 2 T( ) T TNhc bb ch N    2 T TC Nhc ch N

T T TN chh c N   T2 T TNhc bb ch N 0Q   , (25)
where  numbers 0 0.5   and 0    are such that

1Q 2 2C P TPbb P TP P 
T2 0Tc AA c Q    , (26)

1 1( 2 )he     (27)
Let number   be such that

1
2Q  1 2 T( ) ll    TRqq R 1 TRll R 

T T( 3 ) ( )T TRlc bb cl R ll        
T T TR cll c R   2 T TC Rlc cl R 0Q   , (28)

where
2

1
( )

n

i i
i

C C t C 


 
  

 


Then nonlinear system (12), (13), (15), (16) is
exponentially stable in the sense of the norm

1
2

2 2 2 2
1 2( ) ( )

t
t

t h

N t x e y d    



 
    
 

 (29)

if the disturbance is absent ( ) 0f t  , otherwise the system
is L∞-stable [25], i.e., there exist positive constants

1 2 1, , ,   such that
2

1 1
(0, )

( ) (0) sup ( ).t

s t
N t e N f s 


  (30)

Proof. Choose a Lyapunov-Krasovskii functional
candidate as

1 1 2 2( ) ( ) ( ) ( ) ( ) ( ) ( )T T TV t x t Px t t R t t N t     

2 ( )
t

t

t h

e y d   



  . (31)

Differentiating (30), we obtain
T T 1 T T

1 1( ) ( )( ) ( ) ( )( ) ( )V t x t A P PA x t t F R RF t     
T T
2 2( ) ( ) ( )t N N t      12( ) ( ) ( )T Tx t Pbl t   

1 12( ) ( ) ( )T T Tt Rblc l t     2 12( ) ( ) ( )T T Tt Nhc bl t    
1

1 22 ( ) ( )T Tt Rqh t   22 ( )y t

1
1 1

2 ( ) ( ) ( ) 2 ( ) ( ) ( )
n n

T T T
i i i i

i i
x t P t t l c t t R t      

 

  

2 ( ) ( )Tx t P f t 2
1

2 ( ) ( ) ( )
n

T T
i i

i
h c t t N t   



 

1 22 ( ) ( ) 2 ( ) ( )T T T Tt Rlc Ax t t Nhc Ax t  

12 ( ) ( )T T Tt Rlc bb Px t 22 ( ) ( )T Th c f t N t 

12 ( ) ( )T Tl c f t R t  22 ( ) ( )T T Tt Nhc bb Px t 2 ( )y t

2 ( )he y t h   2 ( )
t

t

t h

e y d   



  (32)

Substituting equations (14), (23), (24) in (31) and
taking into account some inequalities by using formulas of
full square:

2
T 2 T 2

1 1
2 ( ) ( ) ( ) ( ) ( ( ) )

n n

i i i i
i i

x t P t t C t x t P     
 

 
  

 
 

 21 2 2 T 2( ) ( ( ) )C t C x t P      21 2 ( )C t  
2 T 2 1 2( ( ) ) ( )C x t P y t h     ,

 2T T T
12( ) ( ) ( ) ( )x t Pbl t x t Pb    

1 2 T 2
1( ) ( ( ))l t     ,

1 T T T 2 2 T 2
1 2 1 22 ( ) ( ) ( ( ) ) ( ( ))t Rqh t t Rq h t        ,

T T 1 T 2 T 2
1 12 ( ) ( ) ( ( ) ) ( ( ))t Rlc Ax t t Rl c Ax t     ,

T T T T T 2
1 1 12( ) ( ) ( ) ( )( ( ) )t Rlc bl t t Rlc b        

T 2
1( )( ( ))l t    ,

T T T 2 1 T 2
2 22 ( ) ( ) ( ( )) ( ( ) )t Nhc Ax t c Ax t t Nh     ,

T T T 1 2 T T 2
2 1 22( ) ( ) ( ) ( ) ( ( ) )t Nhc bl t t Nhc b         

T 2
1( ( ))l t  ,
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2
T T 2
2

1 1
2 ( ) ( ) ( ) ( )

n n

i i i i
i i

t Nhc t t C t      
 

 
  

 
 

T T 2
2( ( ) )t Nhc  21 2 ( )C t    2 T T 2

2 ( ) )C t Nhc

 21 2 ( )C t    2 T T 2
2( ( ) )C t Nhc 

1 2 ( )y t h   ,

T T T T 2 2
2 2

12 ( ) ( ) 2 ( ( ) ) ( )
2

t Nhc by t t Nhc b y t      ,

2
T T 2
1

1 1
2 ( ) ( ) ( ) ( )

n n

i i i i
i i

t Rlc t t C t      
 

 
  

 
 

 2T T 2 1 2
1( ( ) ) ( )t Rlc C t      2 T T 2

1( ( ) )C t Rlc 

 21 2 ( )C t    2 T T 2
1( ( ) )C t Rlc  1 2 ( )y t h   ,

T T T T 2 2
1 1

12 ( ) ( ) 2 ( ( ) ) ( )
2

t Rlc by t t Rlc b y t      ,

 22 1 12 ( ) ( ) ( ( ) ) ( )T Tx t P f t x t P f t      

 22 1
2 22 ( ) ( ) ( ( )) ( )T T T Th c f t N t h c N t f t       

 22 1
1 12 ( ) ( ) ( ) ( )T T T Tl c f t R t l c R f t        ,

where
2

1
( )

n

i i
i

C C t C 


 
  

 
 , we obtain:

1 T
1 1 2 1 2 3 2( ) T TV t x Q x Q Q       

2 2( )T Tx t C P Pbb P  
TP P 

T2 ( )Tc AA c x t  
1 2 T

1 ( )T ll    
TRqq R

1 TRll R  T T( 3 ) ( )T TRlc bb cl R ll        
T T TR cll c R   2 T

1
TC Rlc cl R  

2 T
2
T hh   

1 TNhh N  1 2 T( ) T TNhc bb ch N   
2 T TC Nhc ch N T T TN chh c N  

T
22 T TNhc bb ch N  

22 ( )y t 2 ( )y t
1 1 2( 2 ) ( )he y t h         21 1(2 ) ( )f t   

2 ( )y t 2 ( )
t

t

t h

e y d   



  (33)

If conditions (25) – (28) are executed, then we obtain:
T
1 1 2 2( ) T TV t x Qx Q Q        21 1(2 ) ( )f t   

2 ( )
t

t

t h

e y d   



  (34)

By force of well-known results [10] from the
expression (34) follows asymptotic stability of the system
(12), (13), (15), (16) if the disturbance is absent,
otherwise that all trajectories of the nonlinear system (12),
(13), (15), (16) are bounded and can be converged into
any small neighborhood by increasing of κ. Now we are
ready to show the exponential stability of the closed-loop
system without disturbance and L∞-stability for disturbed
system.

2 2 2
min min 1 min 2( ) { } ( ) { } ( ) { } ( )V t Q x t Q t Q t       

 22 1 1( ) (2 ) ( )
t

t

t h

e y d f t       



  
2 2 2 2

1 1 2 ( )
t

t

t h

x e y d     



 
     

 


 21 1(2 ) ( )f t    , (35)
where 1 minmin( { }, )Q   and min{ }Q is the minimum
eigen value of the matrix Q. From (31) we have:

 2 2 2
2 1 2( ) ( ) ( ) ( )V t x t t t    

2 ( )
t

t

t h

e y d   




 


 , (36)

where 2 max max maxmax( { }, { }, { }, )P F N     .
Substitution (36) in (35) yields the condition

1

2

( ) ( )V t V t


   21 1(2 ) ( )f t    (37)

From here, one can see that the system (12), (13), (15),
(16) is exponentially stable if the disturbance is
absent ( ) 0f t  , otherwise a straightforward, though
lengthy, calculation gives the L∞-stability result.

B. Unknown relative degree
The above result was obtained for a known relative

degree. However, if the relative degree is unknown and
only its maximal value max is defined, then the control
law (6), (8) does not guarantee stability of the system. In
this case, we reformulate the control law (6) by
introducing into it an additional factor:

max 11

( )( ) ( )
( 1)

pu t k t
Tp 

  


 , (38)

where k    , and build consecutive compensator for
maximal relative degree.

Thus, for max   we obtain the following system:

1
( ) ( )

( ) ( 1)( ) ( ) ( )
( )( )( 1) ( 1)

n

i i
i

g p t
b p Tpy t v t t

a pa p Tp Tp



 


 

  
 



( ) ( 1) ( )
( ) ( 1)

c p Tp f t
a p Tp






 


, (39)

1

( )( ) ( )
( )( 1)

d pv t u t
e p Tp 


, (40)

where max    .
So, one part of an additional factor can be attributed to

the system (1), while the other part to an additional
dynamics which we do not take into account by force of
small time constant T. Relative degree of the system will
be max .
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IV. ADAPTIVE CONTROL LAW

Consider the problem of choosing the parameters
,  , T  , and  of regulator (38), (8) which satisfy

theorem. This choice presents no appreciable difficulties
for known polynomials ( ),  ( ),  ( ),  ( ),a p b p c p g p and ( )e p
of the plant (1), (3) and also for a definite number C .

However, if the parameters of the plant (1), (3) are
unknown, the problem of calculating ,  , T  , and 
may prove to be problematic. A possible variant of
adjustment of ,  , T  , and  lies in increasing them
until the goal condition (4) is met.

This concept may be realized by using the following
adjustment algorithm:

0

( ) ( )
t

t

k t d    , (41)

where function ( )t is as follows:

0 0

0

( )
( )

0 ( ) ,

for y t
t

for y t

 




  


(42)

where number 0 0  .
Parameter T is adjusted as follows:

1 2
0( ) ( )T t T k t   , 0 0T  . (43)

We take  as follows:
max2( 1)1

0( ) ( )t T t


 
    , 0 0  . (44)

Obviously, for this calculation of parameters there will
be a time instant such that the following conditions (25) –
(28) of theorem are satisfied.

V. SIMULATION RESULTS

Consider the following nonlinear nonstationary system
2

3 2 3 2

0.01 1 1( ) ( ) ( )
4 8 15 4 8 15

p p py t v t f t
p p p p p p

  
 

     

3 2

6 sin(10 ) 1 [6 (0.5 ( 1))],
4 8 15

p t arctg y t
p p p


 

  
(45)

100( ) ( )
100

v t u t
p




, (46)

( ) 36 1000sin(10 ) 2sin(2 )f t t t   (47)
Only maximal value of relative degree max 2   is

known.
Choose the control according to equation (38), where

for 2   we obtain:

1
1( ) ( )
1

pu t k t
Tp


 


 (48)

Parameters ,k T  and   calculated by the algorithm
(41) –  (44).

Choose 0 0.75  , 1 1k  , (0) 1k  , 0 20  ,
1

0 0.01T   and 0 0.05  . The results of a computer
simulation for variable )(ty  and adjustment of parameters

,k T  and  for system without disturbance are presented
in Fig. 1 and for disturbed system in Fig.2.

Fig.1 – Transients for variable y(t) (a) and adjustments of
parameters of regulator (b) for system (45), (46) without disturbance

Fig.2 – Transients for variable y(t) (a) and adjustments of
parameters of regulator (b) for system (45) –  (47) with disturbance

We can see in Fig. 1 that presented control provides
exponential stability of equilibrium y = 0. We can see in
Fig. 2 that for disturbed system proposed controller
provides the L∞-stability.
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VI. CONCLUSION

In the paper the problem of synthesis of control for
time-delay disturbed nonlinear nonstationary system with
additional dynamics (1), (3) in condition of full
parametric uncertainty with inexactly defined relative
degree was considered. This paper has extended the
theory of output feedback control of time-delay nonlinear
systems. The control law (38), (8), providing output
exponential stability for system (1), (3) without
disturbance and L∞-stability for disturbance case was
designed. Only measurements of the output, but not its
derivatives were used. Dimension of the robust controller
(38), (8) is max2( 1)   and dimension in the adaptive case
(38), (8), (41) – (44) is max2 1  .
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Synchronization Algorithms for Dynamical Networks with Delayed
Couplings

Anton Selivanov

Abstract— In the presented work a complex dynamical
network with switching topology and delayed couplings is
considered. All subsystems are identical, partly controlled with
uncertainties in measuring. By using speed-gradient method
an adaptation law is derived for synchronization of each node
with a given isolated system. The conditions of convergence
were obtained by using a Passification lemma.

I. INTRODUCTION

During the last years works on networks control occupy
more and more essential place in the literature on control
theory and practice. Motivating fields of applications are
cooperative control of moving objects: robots, flying and
underwater subjects, control of industrial and electro energy
networks, etc. Although problems of decentralized control
for complex dynamical networks of coupled objects were
studied before [1], new problem statements dictate necessity
of taking into account uncertainties and a switching structure
of the bond graph, partial decomposition of a control, nonlin-
ear dynamics of the local subsystem (agent) and uncertainties
in measurement of their states.

This work is devoted to a problem of synchronization
with a leader and is an extension of the works [2], [3], [4].
Approach to the network control based on passification that
was proposed in [2] is extended to the networks with delayed
couplings and switching topology. In [4] the networks with
delays were considered, but without switching topology.
Proofs for the results are based on properties of systems
of decentralized control by speed-gradient method that were
studied in [5], [6].

From literature a number of results on control and synchro-
nization in networks with switching topology are known [7],
[8], [9], [10], [11], [12]. There are works that use approach
of passivity and passification [7], [10], [13]. However, in
[10] the conditions of efficiency are formulated through the
solvability of some matrix inequalities and their verification
is difficult if the model of the system depends on parameters.
In [13] only square systems that have the same number of
inputs and outputs are considered. In the works devoted to
adaptive control, only the case of ”full” control is considered
when the number of inputs of each subsystem equals to the
dimension of its state vector.

In the current work the above restrictions are overcome.
Moreover, an adaptive variant of the problem is considered.

A. Selivanov is with the Saint-Petersburg State University, Russia
antonselivanov@gmail.com

II. PROBLEM STATEMENT

Consider a dynamical network consisting of N connected
subsystems. Let the equation of each subsystem have the
following form:

ẋi(t) = Axi(t) + h(xi(t), t) + σ
N∑
j=1

αij(t)xj(t)+

σ
N∑
j=1

βij(t)xj(t− τ) + bui(t),

yi(t) = Cxi(t), i = 1, . . . , N,

(1)

where xi ∈ Rn is the state vector of the i-th subsystem,
ui ∈ R is the control action that is applied to the i-th
subsystem, yi ∈ Rl is the observable output of the i-th
subsystem. We will deal with networks that have identical
nodes. Linear part of each node is presented by matrix
A ∈ Rn×n, nonlinear part is presented by continuously
differentiable function h(x, t) : Rn × [0,∞) → Rn. Each
subsystem has an incomplete control, i. e. the control action
ui is connected with the system via matrix b ∈ Rn×1.
Moreover, we can’t measure values of the whole state vector,
but a product of xi and matrix C ∈ Rl×n. The topology of
the system is given by the coupling strength σ > 0 and
piecewise continuous functions αij(t) : [0,∞) → Rn and
βij(t) : [0,∞) → Rn, i, j = 1, . . . , N . The time delay is
denoted as τ . Matrices α(t) = (αij(t)) and β(t) = (βij(t))
satisfies following conditions:

1) If the i-th node is connected with the j-th node (i ̸= j)
at time t ≥ 0, then αij(t) > 0, βij(t) > 0;

2) If the i-th node is not connected with the j-th node
(i ̸= j) at time t ≥ 0, then αij(t) = 0, βij(t) = 0;

3) Diagonal elements are chosen to ensure the
zero-sum rows of matrices α(t), β(t), i. e.
αii(t) = −

∑N
j=1,j ̸=i αij(t), βii(t) =

−
∑N

j=1,j ̸=i βij(t) ∀i = 1, . . . , N ∀t ≥ 0.

Let C([−τ, 0],Rn) be the Banach space of continuous
functions mapping the interval [−τ, 0] into Rn with the
norm ∥ϕ∥C = sup−τ≤z≤0 ∥ϕ(z)∥. Initial conditions of the
system (1) are given by functions φi(t) ∈ C([−τ, 0],Rn):
xi(t) = φi(t) ∀t ∈ [−τ, 0].

With the system of connected nodes consider an isolated
leader system the dynamic of which is described by the
following equation:

˙̄x(t) = Ax̄(t) + h(x̄(t), t) + bū(t),

ȳ(t) = Cx̄(t),
(2)
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where ū(t) is a known control signal.
Here we treat a question of synchronization, i. e. the aim

of control is to make the trajectories of all the subsystems
converge to the trajectory of the leader system:

lim
t→∞

(xi(t)− x̄(t)) = 0, i = 1, . . . , N. (3)

Now we are ready to formulate the main problem.
Problem 1: Find control functions ui = Ui(yi, t) i =

1, . . . , N to ensure achievement of the control goal (3).

III. CONTROL SYNTHESIS

Let us introduce a designation ei(t) = xi(t) − x̄(t). By
calculating the difference between (2) and (1), we obtain an
error equation:

ėi(t) = Aei(t) + h(xi(t), t)− h(x̄(t), t) + σ
N∑
j=1

αij(t)ej(t)+

σ
N∑
j=1

βij(t)ej(t− τ) + b (ui(t)− ū(t)) ,

yi(t)− ȳ(t) = Cei(t), i = 1, . . . , N.
(4)

We will look for a control action in the following form

ui(t) = −θi(t)
T(yi(t)− ȳ(t)) + ū(t), (5)

where θi(t) ∈ Rl are tunable parameters. Such choice of
a control law is motivated by the following idea. If the
difference between output of a subsystem and the leader
system is not zero, we take a control proportional to this
difference. The more difference value is the more control
action we should apply to make it closer to zero. If the
difference is zero, then we apply the same control action
to the subsystem as we apply to the leader system.

Let us fix i ∈ {1, . . . , N} and derive an adaptation law
for θi(t) by applying speed-gradient method [5]. For this
purpose we should chose a nonnegative smooth goal function
which tending to zero will be equivalent to achievement of
the control goal (3). Here we will take the following goal
function:

Q(ei(t)) =
1

2
ei(t)

TPei(t),

where P is a positively definite matrix. By taking a derivative
of Q with respect to t along the trajectories of the system (4)
and substituting expression from (5) instead of ui we obtain
(for more convenient notation we don’t write the dependence
on time in some places):

ωi(ei, θi) = eT

i P [Aei(t) + h(xi(t), t)− h(x̄(t), t)+

σ

N∑
j=1

αij(t)ej(t) + σ

N∑
j=1

βij(t)ej(t− τ)−

bθi(t)
T (yi(t)− ȳ(t))].

Now taking a gradient with respect to θi yields:

∇θiωi(ei) = −eT

i Pb(yi − ȳ).

According to the speed-gradient method as an adaptation
law we should take an expression θ̇i(t) = γie

T
i Pb(yi − ȳ),

whereγi ∈ Rl×l is a positively definite matrix. But this
algorithm is not realizable because we can measure not ei,
but Cei. Suppose there exists a vector g ∈ Rl, such that
CTg = Pb. Then γie

T
i Pb(yi − ȳ) = γie

T
i C

Tg(yi − ȳ) =
γi(yi− ȳ)Tg(yi− ȳ). Finally, the control algorithm will have
the following form:

ui(t) =− θi(t)(yi(t)− ȳ(t)) + ū(t),

θ̇i(t) =γi(yi(t)− ȳ(t))Tg(yi(t)− ȳ(t)).
(6)

IV. SYNCHRONIZATION CONDITIONS

A. Passification lemma

In order to formulate the passification lemma we need to
introduce several definitions.

Definition 1: A linear system ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) with the transfer matrix W (λ) = C(λI −
A)−1B, where u(t), y(t) ∈ Rl and λ ∈ C is called minimum-
phase if the polynomial φ(λ) = det(λI − A) detW (λ) is
Hurwitz. The system is called hyper-minimum-phase if it is
minimum-phase and the matrix CB = limλ→∞λW (λ) is
symmetric and positive definite.
We will need the passification lemma in the following form
[14], [15].

Lemma 1: (Passification lemma) Let the matrices A ∈
Rn×n, B ∈ Rn×m, C ∈ Rl×n, g ∈ Rl×m be given and the
full-rank condition rank(B) = m holds. Then for existence
of a positive-definite n× n-matrix P = PT > 0 and l×m-
matrix θ∗ such that

PA∗ +AT

∗P < 0, PB = CTg,A∗ = A−BθT

∗C (7)

it is necessary and sufficient, that the system

ẋ(t) = Ax(t) +Bu(t), y(t) = gTCx(t) (8)

is hyper-minimum-phase.
Corollary 1: Suppose there exists g ∈ Rl×m such that

gTC(λI−A)−1B is hyper-minimum-phase. Then there exist
P > 0, θ∗, ε > 0 such that

PA∗ +AT

∗P < −εP, PB = CTg,A∗ = A−BθT

∗C. (9)
Remark 1: If the system (8) is hyper-minimum-phase then

there exists θ∗ such that a control law u = θT
∗ y+v, where v is

a new control signal, makes the system (8) strictly passive,
i.e. there exist a nonnegative scalar function V (x) and a
scalar function µ(x), where µ(x) > 0 for x ̸= 0, such that

V (x) ≤ V (x0) +

∫ t

0

[v(t)Ty(t)− µ(x(t))] dt (10)

for any solution of the system (8) satisfying x(0) = x0.

B. Synchronization conditions for Lipschitz nonlinearity

Let us make the following assumption concerning system
(1).

Assumption 1: There exists g ∈ Rl such that the system
ẋ = Ax+ bu, y = gTCx is hyper-minimum-phase.
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As it was mentioned in Corollary 1 it follows from the
Assumption 1 there exist P > 0, θ∗ and ε > 0 such that
conditions (9) hold.

Let us introduce the following additional values:

µ = sup
t∈[0,∞)

max
i∈{1,...,N}

N∑
j=1,j ̸=i

(αji(t)− αij(t));

ν = sup
t∈[0,∞)

max
i∈{1,...,N}

N∑
j=1

(|βij(t)|+ |βji(t)|).

It is easy to see that µ ≥ 0, ν ≥ 0 for any matrices α(t)
and β(t) satisfying conditions 1—3.

The value µ has the meaning of asymmetry degree of the
matrix α(t). Thus if the matrix α(t) is symmetric at any time
t ≥ 0, then µ = 0.

Theorem 1 (of convergence for Lipschitz nonlinearities):
Suppose Assumption 1 holds and h(x, t) is Lipschitz with
respect to x with a Lipschitz constant η not depending on
t ≥ 0.

Then, if

2η + σµ+ σν < ε

the control algorithm (6) insures the achievement of the
goal (3) for the system (1), (2), (6). Moreover, all tunable
parameters θi(t) will stay bounded on the time interval
[0,∞) for all i = 1, . . . , N .

Proof. By Assumption 1 the system ẋ = Ax + bu, y = Cx
is hyper-minimum-phase, that means that for some P > 0,
θ∗ and ε > 0 the conditions (9) hold.

Consider the following function

V (e) =
N∑
i=1

[eT

i (t)Pei(t)+(θi(t)− θ∗)
Tγ−1

i (θi(t)− θ∗)+∫ t

t−τ

eT

i (s)Hiei(s)ds] ≥ 0,

(11)
where Hi = sup

t∈[0,∞)

σ
∑N

j=1 |βji(t)|P ≥ 0.

By taking a derivative of V along the trajectories of the
system (4), we obtain:

V̇ =
N∑
i=1

[ėi
T(t)Pei(t) + eT

i (t)P ėi(t) + 2(θi(t)− θ∗)γ
−1
i θ̇i(t)+

eT

i (t)Hiei(t)− eT

i (t− τ)Hiei(t− τ)] =
N∑
i=1

eT

i (t) [A
TP + PA] ei(t)+

2
N∑
i=1

eT

i (t)P [h(xi, t)− h(x̄, t)]+

2σ
N∑

i=1,j=1

αij(t)e
T

i (t)Pej(t)+

2σ
N∑

i=1,j=1

βij(t)e
T

i (t)Pej(t− τ)−

2
N∑
i=1

eT

i (t)Pbθi(t) [yi(t)− ȳ(t)]+

2
N∑
i=1

(θi(t)− θ∗)(yi(t)− ȳ)Tg(yi(t)− ȳ)+

N∑
i=1

[eT

i (t)Hiei(t)− eT

i (t− τ)Hiei(t− τ)] .

(12)
By applying an equality Pb = CTg we conclude that

V̇ =
N∑
i=1

eT

i (t) [A
T

∗P + PA∗] ei(t)+

2
N∑
i=1

eT

i (t)P [h(xi, t)− h(x̄, t)] +

2σ
N∑

i=1,j=1

αij(t)e
T

i (t)Pej(t)+

2σ
N∑

i=1,j=1

βij(t)e
T

i (t)Pej(t− τ)+

N∑
i=1

[eT

i (t)Hiei(t)− eT

i (t− τ)Hiei(t− τ)] ,

(13)

where A∗ is from (9). Now let us bound the sum with
coefficients αij(t). For this purpose notice, that

2σ

N∑
i=1,j=1

αij(t)e
T

i (t)Pej(t) =

2σ

N∑
i=1

N∑
j=1,j ̸=i

αij(t)e
T

i (t)Pej(t)−

2σ

N∑
i=1

N∑
j=1,j ̸=i

αij(t)e
T

i (t)Pei(t)

(14)

The first term, by using inequality 2xTy ≤ xTQx+yTQ−1y,
we bound as follows (by taking x = ei, y = Pej , Q = P >
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0):

2σ

N∑
i=1

N∑
j=1,j ̸=i

αij(t)e
T

i (t)Pej(t) ≤

σ

N∑
i=1

N∑
j=1,j ̸=i

αij(t)
(
eT

i (t)Pei(t) + eT

j (t)Pej(t)
)
=

σ
N∑
i=1

N∑
j=1,j ̸=i

αij(t)e
T

i (t)Pei(t)+

σ
N∑
i=1

N∑
j=1,j ̸=i

αij(t)e
T

j (t)Pej(t) =

σ
N∑
i=1

N∑
j=1,j ̸=i

αij(t)e
T

i (t)Pei(t)+

σ
N∑
i=1

N∑
j=1,j ̸=i

αji(t)e
T

i (t)Pei(t) =

σ
N∑
i=1

N∑
j=1,j ̸=i

(αij(t) + αji(t))e
T

i (t)Pei(t)

(15)

By subtracting the second term from (14) we obtain:

2σ

N∑
i=1,j=1

αij(t)e
T

i (t)Pej(t) ≤

σ

N∑
i=1

N∑
j=1,j ̸=i

(αji(t)− αij(t))e
T

i (t)Pei(t) ≤

σµ

N∑
i=1

eT

i (t)Pei(t).

(16)

Now let us bound the sum of βij(t) coefficients. From the
inequality 2xTy ≤ xTQx+ yTQ−1y substituting x = ei(t),
y = Pej(t− τ), Q = P > 0 we obtain the relations

2σ
N∑
i=1

N∑
j=1

βij(t)e
T

i (t)Pej(t− τ) ≤

σ
N∑
i=1

N∑
j=1

|βij(t)|
[
eT

i (t)Pei(t) + eT

j (t− τ)Pej(t− τ)
]
=

σ
N∑
i=1

eT

i (t)Pei(t)
N∑
j=1

|βij(t)|+

σ
N∑
i=1

eT

i (t− τ)Pei(t− τ)
N∑
j=1

|βji(t)|.

(17)

Applying (16) and (17) and using the Lipschitz condition for
h(x, t) yields:

V̇ ≤
N∑
i=1

eT

i (t) [A
T

∗P + PA∗] ei(t) + 2η

N∑
i=1

eT

i (t)Pei(t)+

σµ
N∑
i=1

eT

i (t)Pei(t)+

N∑
i=1

eT

i (t)

σ N∑
j=1

|βij(t)|P +Hi

 ei(t)+

N∑
i=1

eT

i (t− τ)

σ N∑
j=1

|βji(t)|P −Hi

 ei(t− τ)

(18)
Now substituting Hi = σ

∑N
j=1 |βji(t)|P and using the first

inequality from (9) we obtain:

V̇ ≤ (2η + σµ+ σν − ε)
N∑
i=1

eT

i (t)Pei(t) ≤ 0. (19)

At the same time if ∃i ∈ {1, . . . , N} : ei ̸= 0, then V̇ < 0.
Thus, it was shown that the function V (e) is the Lyapunov
function. That is e = 0 is asymptotically stable solution of
(4), (6). Note that since h(x, t) is a Lipschitz function all
solutions of (2) exist for all t ≥ 0, i.e. the system (2) is
forward complete. Therefore xi(t)− x̄(t) → 0 while t → ∞
for i = 1, . . . , N .

It is obvious that if ∃i ∈ {1, . . . , N} : θi(t) → ∞ while
t → ∞, then V → ∞, which is not possible because V is a
bounded function. This proves uniform boundedness of θi(t)
and ends the proof of Theorem 1.

C. Synchronization under matching conditions

By matched nonlinearities we will mean nonlinearities of
the form h(x, t) = bh0(Cx, t), where h0 : R × [0,∞) → R
is some function.

Following [2], [3] introduce the definition:
Definition 2: For given vector G ∈ Rl a function f : Rl →

R is called G-monotonically decreasing, if for any x, y ∈ Rl

the following inequality holds: (x−y)TG(f(x)−f(y)) ≤ 0.
In case of l = 1 and G > 0 this condition repeats the

classical definition of a monotonically decreasing function.
Theorem 2 (of convergence for matched nonlinearities):

Suppose Assumption 1 holds and h(x, t) = bh0(Cx, t),
where h0(Cx, t) is a g-monotonically decreasing function
for any t ∈ [0,∞).

Then, if
σµ+ σν < ε,

the control algorithm (6) insures the achievement of the
goal (3) for the system (1), (2), (6). Moreover, all tunable
parameters θi(t) will stay bounded on the time interval
[0,∞) for all i = 1, . . . , N .
Proof. Consider function (11). By taking a derivative along
the trajectories of the system (4) and using estimations from
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the proof of Theorem 1, we derive

V̇ ≤ (σµ+ σν − ε)
N∑
i=1

eT

i (t)Pei(t)+

2

N∑
i=1

eT

i (t)P [h(xi, t)− h(x̄, t)] =

(σµ+ σν − ε)
N∑
i=1

eT

i (t)Pei(t)+

2

N∑
i=1

(yi(t)− ȳ(t))Tg [h0(yi((t), t)− h0(ȳ(t), t)] .

(20)

By conditions of Theorem 2 function h0 is g-monotonically
decreasing, therefore

V̇ ≤ (σµ+ σν − ε)

N∑
i=1

eT

i (t)Pei(t) ≤ 0. (21)

Similarly to the proof of Theorem 1, we conclude that xi(t)−
x̄(t) → 0 while t → ∞ and i = 1, . . . , N and θi(t) are
uniformly bounded. That ends the proof of Theorem 2.

V. EXAMPLE

In this section we give an example to demonstrate the
effectiveness of the proposed algorithm.

We consider a network consisting of 5 interconnected
nodes. Each node is a Chua’s oscillator. The state equation
of Chua’s circuit is give by

ẋ1 = αc(x2 − x1 − h0(x1))

ẋ2 = x1 − x2 + x3

ẋ3 = −βcx2,

(22)

where h0(x1) = bcx1 +
1
2 (ac − bc)(|x1 +1| − |x1 − 1|) with

αc = 10, βc = 14.87, ac = −1.27 and bc = −0.68. Suppose
that we can control and observe the first component of the
state vector of each subsystem, i.e.

A =

−αc αc 0
1 −1 1
0 −βc 0

 , b =

1
0
0

 , C =
(
1 0 0

)
.

(23)
Suppose the system has a switching topology with the
following matrix

α(t) =


−1 0 1 0 0
1
2 −1 1

2 0 0
1
2

1
2 −1 0 0

0 0 1
2 −1 1

2
0 0 0 1 −1

× sin(t) (24)

and coupling strength σ = 0,1. For this matrix α it is easy
to see that µ = 1. One can check that for any g > 0 the
function h0 is g-monotonically decreasing, therefore we can
apply Theorem 2. The conditions of the theorem hold for

P =

2,5051 0 0
0 22,7012 −0,7282
0 −0,7282 1,5875

 , θ∗ = 100, ε = 0,9167.

In Fig. 1 the errors evolution is presented. It is easy to
see that all ei tend to zero while t → 0. In Fig. 2 one can
see that all control signals are bounded, moreover ui tend to
zero while t → 0.

VI. CONCLUSION

We obtained synchronization conditions for delayed cou-
pling networks with switching topology consisting of nonlin-
ear systems with incomplete measurement, incomplete con-
trol, incomplete information about system parameters. The
design of the control algorithm providing synchronization
property is based on speed-gradient method, while derivation
of synchronizability conditions is based on the Passification
lemma.
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Absolute Stability of 2D Continuous Roesser System

Julia Emelianova

Abstract— The paper considers 2D feedback systems de-
scribed by the continuous Roesser model, in which the forward
path is linear and the feedback path contains a memoryless,
possible time-varying, nonlinearity. Based on the extension of
absolute stability theory to this class of systems, sufficient
conditions for absolute stability are obtained. An LMI based
design procedure for stabilizing nonlinear feedback control
is also developed. These results are extended to the class of
continuous 2D systems described by the Roesser model with
Markovian jumps. A numerical example is given to demonstrate
the applicability and effectiveness of the new results developed
in this paper.

I. INTRODUCTION

Multidimensional systems propagate information in n > 1
independent directions but in this paper attention is restricted
to the 2D case where the dynamics evolve over the right-
upper quadrant of the associated plane. The study of 2D
systems is motivated by many applications in, for example,
image and signal processing and also by systems theoretic
questions that cannot be solved by direct extension of stan-
dard, or 1D, theory. In terms of models for the dynamics,
there is a much wider variety of signals possible where,
for example, information propagation could be functions of
discrete variables in both directions, of continuous variables
in both directions, or a discrete variable in one direction and
continuous in the other.

Consider the case when information propagation in both
directions is a function of a discrete variable, for which
there are two extensively studied state-space models. The
Roesser model [1] defines a state vector for each direction
of information propagation whereas the Fornasini-Marchesini
model [2] uses a single state vector. Repetitive processes [3]
also have a 2D systems structure but information propagation
in one of the two directions only occurs over a finite duration.
In control systems terms, repetitive processes do provide
physical applications, such as iterative learning control,
where a 2D systems approach can be applied, and this area
has recently seen experimental verification studies [4].

Stability analysis and control law design for 2D discrete
linear systems has received considerable attention in the
literature, including the case when there is uncertainty asso-
ciated with the process model. For example, using eigenvalue
sensitivity, results on robust stability for uncertain 2D linear
systems are given in [5], while in [6] a frequency domain

This work is supported in part by Russian Foundation for Basic Research
under grant 10-08-00843

Julia Emelianova is with the Arzamas Polytechnic Institute of R.E.
Alekseev Nizhny Novgorod State Technical University ,19, Kalinina Street,
Arzamas, 607227, Russia JuliaPakshina@gmail.com

and a Lyapunov mapping approach respectively, were pro-
posed for the robust stability problem. An LMI approach to
robust stabilization has also been extensively studied in, for
example, [7], [8]. The vast majority of the results currently
available on control related analysis of 2D linear systems
require the application of a linear state control law and hence,
unless all state vector entries are available for measurement,
an observer will be required for implementation.

A significant proportion of the literature on the control
of multidimensional systems is based on a linear plant
model and implementation. This paper considers the same
continuous Roesser state-space model as in, for example, [9],
but with an nonlinear feedback. The first part of this paper
deals with the case where the process model is linear
and the feedback path contains a memoryless (in general
time-varying) nonlinearity, which depends on the physical
characteristics of the feedback channel. In 1D systems theory
this form of nonlinearity in a control system has been
intensively studied in the framework of absolute stability
theory [18] using, for example, the Popov criteria and the
Kalman-Yacubovich-Popov (KYP) lemma. This paper we
first extend the absolute stability approach to 2D systems
described by the continuous Roesser model, [9], where the
resulting controller design algorithms can be computed using
LMIs.

The second area addressed in this paper is 2D continuous
linear systems described by the Roesser model where failures
in operation can occur which is modeled as random switch-
ing. In particular, the failures are modeled by prone systems
by a state-space models with jumps in the parameter values
and/or structure governed by a Markov chain with a finite set
of states, often termed Markovian jump systems or systems
with random structure [10]–[12]. Results on the development
of control theory for such systems, which address issues
such as stability, optimal and robust control problems in
the 1D case can be found in, for example, [13]–[15] and
the references therein. In [16] the results obtained for 1D
Markovian jump systems are extended to investigate the
problems of stabilization via state feedback and H∞ control
of 2D discrete-time Markovian jump systems described by
the Roesser model. The new results in this part of the paper
are for the case when the feedback control continuous system
of the first part also has failures modeled by Markovian
jumps.

Throughout this paper the notation M > 0 (respectively)
M < 0 is used to denote a symmetric positive-definite
(respectively negative-definite) matrix. Also M ≥ 0 (re-
spectively M ≤ 0) is used to denote a symmetric positive
(respectively negative) semi-definite matrix.
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II. PROBLEM FORMULATION

The systems considered in this paper are described by the
2D Roesser state-space model[ ∂

∂t1
h(t1, t2)

∂
∂t2
v(t1, t2)

]
= A

[
h(t1, t2)
v(t1, t2)

]
+Bu(t1, t2),

z(t1, t2) = C

[
h(t1, t2)
v(t1, t2)

]
, (1)

where h ∈ Rnh and v ∈ Rnv are the horizontal and vertical
state vectors respectively, and u ∈ Rnu and z ∈ Rnz

are the input and output vectors respectively. The boundary
conditions are defined as v(t1, 0) = v̂(t1) for each t1 ≥ 0,
and h(0, t2) = ĥ(t2) for each t2 ≥ 0, where v̂(t1) and ĥ(t2)
are known.

Also it is convenient to compatibly partition the matrices
A, B and C in (1) as

A =
[
A11 A12

A21 A22

]
, B =

[
B1

B2

]
, C = [C1 C2].

Consider a nonlinear output feedback control law of the
form

u = ϕ(z), ϕ(0) = 0. (2)

Denote x(t1, t2) =
[
h(t1, t2)
v(t1, t2)

]
, t = t1 + t2 and define

exponential stability as follows.
D e f i n i t i o n 1: A 2D linear system (1) with output

feedback control law (2) applied is said to be exponentially
stable if there exist positive constants α and β such that

|x(t1, t2)| ≤ β exp(−αt). (3)
Suppose that the function ϕ(z) satisfies the inequality

zTQz + 2zTSϕ(z) + ϕT (z)Rϕ(z) ≥ 0, z ∈ Rnz , (4)

Q = QT , R = RT and S are matrices of compatible
dimensions. The inequality (4) is a standard constraint in
absolute stability theory [18] and we have the following
definition.

D e f i n i t i o n 2: A 2D linear system (1) with output
feedback control law (2) applied is said to be absolutely
stable if it is exponentially stable for all nonlinear functions
ϕ(z).
The problem considered in this paper is to find constructive
conditions for absolute stability of the system (1) with (2)
applied. In particular, it is required to obtain a computation-
ally tractable stability test.

III. MAIN RESULTS

A. General Stability Theorem

In this paper, a Lyapunov function approach to stability is
used. The candidate Lyapunov function is

V (x) = V1(h) + V2(v), h ∈ Rnh , v ∈ Rnv , V1(0) = 0,
V2(0) = 0, V1(h) > 0, h 6= 0, V2(v) > 0, v 6= 0, (5)

where x = [hT vT ]T , with associated derivative along the
trajectories of the system (1):

dV

dt
=
dV1

dt
+
dV2

dt
. (6)

The derivatives in the left hand side of (6) have the following
form:

dV1

dt
=
∂V

∂h

∂h

∂t
=
∂V

∂h

∂h

∂t1

∂t1
∂t

=
∂V

∂h

∂h

∂t1
,

dV2

dt
=
∂V

∂v

∂v

∂t
=
∂V

∂v

∂v

∂t2

∂t2
∂t

=
∂V

∂v

∂v

∂t2
.

The following result is the 2D counterpart of a well known
exponential stability theorem [18], [19].

T h e o r e m 1: Consider a system described by (1) with
control law (2) applied. Suppose that, for all ϕ(z) satisfy-
ing (4) there exists positive constants c1, c2, c3 such that
the function (5) and its associated increment (6) satisfy

c1(|h(t1, t2)|2 + |v(t1, t2)|2) ≤ V (x(t1, t2))
≤ c2(|h(t1, t2)|2 + |v(t1, t2)|2), (7)

dV (x(t1, t2))
dt

≤ −c3(|h(t1, t2)|2 + |v(t1, t2)|2). (8)

Then this controlled system is absolutely stable.
The proof is similar to the corresponding result for 1D

systems [19] and it is omitted.

B. LMI based stability test

Chose the candidate Lyapunov function as the quadratic
form

V (x(t1, t2)) = hT (t1, t2)P1h(t1, t2)
+vT (t1, t2)P2v(t1, t2), P1 > 0, P2 > 0. (9)

To guarantee absolute stability of the system formed by
applying (2) to (1), the derivative of this function should
be negative for all ϕ(z), satisfying (4). Applying the S
procedure [18], [20], this condition holds provided

dV (x(t1, t2))
dt

+ zT (t1, t2)Qz(t1, t2)

+2zT (t1, t2)Sϕ(z(t1, t2)) + ϕ(zT (t1, t2))Rϕ(z(t1, t2))
≤ −ε(|h(t1, t2)|2 + |v(t1, t2)|2). (10)

Calculating derivative, completing the square and applying
Theorem 1 now gives the following result.

T h e o r e m 2: Consider a system described by (1) with
a control law (2) satisfying (4) applied. Then the resulting
controlled system is absolutely stable if the following LMIs
in the variable P are feasible[

ATP + PA+ CTQC + εI PB + SC
BTP + CTST R

]
≤ 0, (11)

P = diag[P1 P2] > 0.

C. Stabilization via nonlinear feedback

Suppose that a system described by (1) is stabilizable i.e
there exists linear state feedback control law

u(t1, t2) = −Kx(t1, t2), (12)

such that this system under application of the control (12)
is exponentially stable. It follows from Theorem 1 that a
sufficient condition for exponential stability of the controlled
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system is the existence of a matrix H = diag[H1 H2] > 0
such that

(A−BK)TH +H(A−BK) < 0. (13)

Also (13) has a solution with respect to the stabilizing pair
(H,K) if and only if the following LMIs with variables
X = diag[X1 X2] and Y

(AX −BY )T +AX −BY < 0, X > 0 (14)

are feasible. The stabilizing control law matrix is given by
K = Y X−1.

Application of Theorem 2 now gives the following result.
T h e o r e m 3: Suppose that the system (1) is stabilizable

via linear state feedback (12) and the following LMI in the
variable P is feasible[

ATc P + PAc + Q̄+ εI PB + S̄
BTP + S̄T R

]
≤ 0, (15)

P = diag[P1 P2] > 0,

where Ac = A−BK, Q̄ = CTQC −CTSK −KTSTC +
KTRK, S̄ = CTS − KTR and ε is positive scalar. Then
nonlinear output feedback control (2), satisfying (4) results
in absolute stability of the controlled system formed by
applying (2) to (1).

Proof: Let (12) be a stabilizing control. Rewrite the
controlled system formed by applying (2) to (1) as[ ∂

∂t1
h(t1, t2)

∂
∂t1
v(t1, t2)

]
= Ac

[
h(t1, t2)
v(t1, t2)

]
+Bϕ̄(z(t1, t2)), (16)

where ϕ̄(z(t1, t2)) = ϕ(z(t1, t2)) +Kx(t1, t2). Substituting
in (4) gives ϕ(z(t1, t2)) = ϕ̄(z(t1, t2)) − Kx(t1, t2), and
applying Theorem (2) to (16) gives (15) and the proof is
complete.
Suppose that the output feedback is linear, i.e.

u = −Fz. (17)

If the matrix F satisfies LMI[
Q− SF − (SF )T FT

F −R−1

]
≥ 0, (18)

then it is easy to see that the inequality (4) with ϕ = −Fz
holds and the following result follows from Theorem 3.

C o r o l l a r y 1: Let K = Y X−1, where the pair (X,Y )
is solution to (14) and LMI’s (15) and (18) in variables P
and F are feasible. Then the linear output feedback control
(17) is stabilizing.
This result gives LMI based algorithm for computing of the
gain matrix of linear output feedback stabilizing control.

IV. ROESSER MODELS WITH MARKOVIAN JUMPS AND
NONLINEAR FEEDBACK

In this section we extend the results given so far in this
paper to the class of 2D systems described by the Roesser

state-space model

∂h(t1, t2)
∂t1

= A11(ρ(t1))h(t1, t2)

+A12(ρ(t1, t2))v(t1, t2) +B1(ρ(t1, t2))u(t1, t2),
∂v(t1, t2)
∂t2

= A21(ρ(t1, t2))h(t1, t2)

+A22(ρ(t1, t2))v(t1, t2) +B2(ρ(t1, t2))u(t1, t2),

z(t1, t2) = C(r(t1))
[
h(t1, t2)
v(t1, t2)

]
, (19)

where ρ(t1, t2) (t1, t2 ≥ 0) is the switching process, taking
values in a finite set N = {1, . . . , ν} . This process is
modeled by a continuous-time homogeneous Markov chain
with mode transition probabilities

Prob(ρ(t1 + τ, t2) = j | ρ(t1, t2) = i)

=
{

πijτ + o(τ), if j 6= i,
1 + πiiτ + o(τ), if j = i,

i, j = 1, . . . , ν,

Prob(ρ(t1, t2 + τ) = j | ρ(t1, t2) = i)

=
{

ωijτ + o(τ), if j 6= i,
1 + ωiiτ + o(τ), if j = i,

i, j = 1, . . . , ν,

where πij > 0, ωij > 0 (i 6= j), πii = −
ν∑
i6=j

πij , ωii =

−
ν∑
i6=j

ωij . The remainder of the notation is the same as that

for (1).
Consider a nonlinear output feedback control law of the

form

u(t1, t2) = ϕ(z(t1, t2), r(t1, t2)), ϕ(0, r) = 0 (20)

and introduce the following definition of stochastic exponen-
tial stability for the system considered in this section.

D e f i n i t i o n 3: A 2D system of the form (19) with
output feedback control law (20) is said to be stochastically
exponentially stable if if there exist positive constants α and
β such that

E[|h(t1, t2)|2 + |v(t1, t2)|2] ≤ β exp(−αt),

where E denotes the expectation operator.
Suppose that the function ϕ(z, r) satisfies the inequality

zTQ(r)z + 2zTS(r)ϕ(z, r) + ϕT (z, r)R(r)ϕ(z, r)
≥ 0, z ∈ Rnz , if r(i, j) = r (21)

and Q(r) = QT (r), R(r) = RT (r) and S(r) are matrices
of compatible dimensions. Then we have the following
definition.

D e f i n i t i o n 4: The system (19) with output feedback
control law (20) is said to be stochastically absolutely stable
if it is exponentially stable for all nonlinear functions ϕ(z)
satisfying (21).

Consider the candidate stochastic Lyapunov function

V (x, r) = V1(h, r) + V2(v, r), h ∈ Rnh ,

v ∈ Rnv , r ∈ N; V1(0, r) = 0, V2(0, r) = 0, r ∈ N
;V1(h, r) > 0, h 6= 0, V2(v, r) > 0, v 6= 0, r ∈ N (22)
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with associated differential operator

AV (x, r) =
∂V1(h, r)

∂h
(A11(r)h

+ A12(r)v +B1(r)u) +
ν∑
j=1

V1(h, j)πrj

+
∂V2(v, r)

∂v
(A21(r)h+A22(r)v

+ B2(r)u) +
ν∑
j=1

V2(v, j)ωrj . (23)

T h e o r e m 4: Consider a system described by (19) with
control law (20) applied. Suppose that for all ϕ(z) satisfy-
ing (4), there exist positive constants c1, c2, c3 such that
the Lyapunov function (22) and its associated differential
operator (23) satisfy

c1(|h(t1, t2)|2 + |v(i, j)|2) ≤ V (x(t1, t2), r(t1, t2))
≤ c2(|h(t1, t2)|2 + |v(t1, t2)|2), (24)

AV (x(t1, t2), r(t1, t2))
≤ −c3(|h(t1, t2)|2 + |v(t1, t2)|2). (25)

Then this controlled system is stochastically absolutely sta-
ble.

The proof is similar to the corresponding result for 1D
systems [12] and it is omitted.

Chose the candidate stochastic Lyapunov function in
quadratic form

V (x, r)) = hTP1(r)h+ vTP2(r)v,
P1(r) > 0, P2(r) > 0, r ∈ N. (26)

To guarantee stochastic absolute quadratic stability of the
controlled system, the increment of this function must be
negative for all ϕ(z, r), satisfying (21). Applying the S
procedure, this is equivalent to requiring that

AV (x, r) + zTQ(r)z + 2zTS(r)ϕ(z, r)
+ϕT (z, r)R(r)ϕ(z, r) ≤ −ε(|h|2 + |v|2), (27)

x ∈ Rnx , r ∈ N.

Below we will use subscripts to make notation compact, i.e.
Ar instead A(r), Br instead B(r) and so on. Calculating
increment of the Lyapunov function in this case, completing
the square, and applying Theorem 4 gives the following
result.

T h e o r e m 5: Consider a system described by (19) with
control law (20) applied. Then the controlled system is
absolutely quadratically stable provided the following LMI
is satisfied

Lc ≤ 0, P = diag[P1 P2] > 0.

where

Lc =
[
ATr Pr + PrAr + P̄r + Q̄r PrBr + SrCr

BTr Pr + CTr Sr Rr

]
,

P̄r = diag [
∑ν
l=1 P1lπrl

∑ν
l=1 P2lωrl] , Q̄r = CTr QrCr

+ εI.
Suppose that there exists linear state feedback control law

u(t1, t2) = −Krx(t1, t2), if ρ(t1, t2) = r (28)

such that the controlled system formed by applying (28) to
(19) is stochastically exponentially stable. Then it follows
from Theorem 4 that a sufficient condition for stochastic
exponential stability of this system is existence of a matrix

Hr = diag[H1r H2r] > 0,

such that

(Ar −BrKr)THr +Hr(Ar −BrKr) + H̄r < 0, (29)

where Hr = diag [
∑ν
l=1H1lπrl

∑ν
l=1H2lωrl] . Also (29) is

solvable with respect to the stabilizing pair (Hr,Kr) if and
only if the following LMIs with variables Xr, Yr[
M11r M12r

MT
12r M22r

]
< 0, X = diag[X1r X2r] > 0, r ∈ N

are feasible, where

M11r = (ArXr −BrYr) + (ArXr −BrYr)T

+diag[X1rπrr X2rωrr],
M22r = diag[−X1 . . .−Xr−1 −Xr+1 . . .−Xν ],

M12r = diag[X11π
1
2
r1 X21ω

1
2
r1]

. . . diag[X1r−1π
1
2
rr−1 X2r−1ω

1
2
rr−1] diag[X1r+1π

1
2
rr+1

X2r+1ω
1
2
rr+1] . . . diag[X1νπ

1
2
rν X2νω

1
2
rν ]

The stabilizing control law matrix is given by Kr = YrX
−1
r ,

and the following result has been constructively established.
T h e o r e m 6: Suppose that the system (19) is stabilizable

by application of linear state feedback (28) and the following
LMIs with respect to the variable P are feasible[

ATcrPr + PrAcr + P̄r + Q̄r PrBr + S̄r
BTr Pr + S̄Tr Rr

]
≤ 0, (30)

Pr = diag[P1r P2r] > 0,

where Acr = Ar − BrKr, Q̄r = CTr QrCr − CTr SrKr −
KT
r S

T
r Cr +KT

r RrKr + εI, S̄r = CTr Sr −KT
r Rr and ε is

positive scalar. Then the nonlinear output feedback control
(20) satisfying (21) results in absolute quadratic stability
of the controlled system formed by applying (20) to the
system (19).
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V. NUMERICAL EXAMPLE

Consider the case of (1) when

A =

 0 1 0
−4.2 −1.5 4.2
0.77 0 −0.77

 , B =

 0
−7.4

0

 ,
C =

[
1 0 0
0 1 0

]
.

The eigenvalues of the matrix A are λ1 = 0, λ2 = −1.135+
2.016i, λ3 = −1.135−2.016i, so this matrix is unstable. We
use Corollary 1 to find linear output feedback stabilizing gain
in the form of (17). Let Q = 0, S = [1 0.6]T and R = −0.4.
Solving (14) we obtain the state feedback stabilizing gain
K = Y X−1 = [−0.279 − 0.005 − 3.767]103. Solving
the LMI problem (15), (18) in variables P and F with this
matrix K we obtain

P =

 0.41328 0.00026 0
0.00026 0.00042 0

0 0 2.47048

 106,

F =
[
−2.521 −1.513

]
.

The eigenvalues of the matrix A − BFC are λ1 =
−10.483, λ2 = −− 2.415, λ3 = −0.568.

VI. CONCLUSIONS AND FUTURE WORKS

This paper has addressed the development of absolute
stability theory for analysis and stabilizing control law design
for the class of 2D linear systems described by the contin-
uous Roesser model, firstly for nonlinear output feedback,
and secondly Markovian jumps in system parameters.

It is interesting that Corollary 1 gives simple LMI based
algorithm for computing of linear output feedback stabilizing
gain. But this result seems conservative, because if (15)
holds we guarantee that all the output feedbacks satisfying
(4) are stabilizing. Moreover the problem of choosing of
the matrices Q,S and R in (4) is open. In the considered
example we have found these matrices by heuristic way.

The extension of these results to other classes of 2D
systems is currently under investigation. The problem of
robust stabilization in the presence of parameter uncertainty
in the linear dynamics of such systems is also open.
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Abstract—The paper consider a question of adaptive 

controller design for nonlinear systems with based on 

singular perturbation system. The presented design 

methodology ensures desired output transient performance 

indices by inducing of two-time-scale motions in the closed-

loop system where the controller dynamics is a singular 

perturbation with respect to system dynamics.  The novelty 

in the paper is that Fourier filter is incorporated in the 

control system for purpose of a high-frequency-gain online 

identification and then, by an adaptive gain tuning of the 

controller, the two-time-scale structure in the closed-loop 

system trajectories and stability of fast-motion transients are 

maintained for a large range of plant's parameter variations. 

I. INTRODUCTION 

esing of adaptive control systems by various objects 

with previously unknown characteristics and 

changing eventually takes the important place in the 

modern control theory. The reason is that so far in the 

class of adaptive control tasks received a lot of decisions, 

but the task of building a simple to implement and small-

dimension algorithms is still relevant. 

The most part of industrial control systems and 

mechatronic control systems are based on the applications 

of proportional-integral (PI) and proportional-integral-

derivative (PID) controllers [1], [2]. Problems of PI (PID) 

control system analysis and design are treated in a huge 

set of publications, for instance, [3], [4]. 

In order to overcome this disadvantage, the singular 

perturbation technique [6, 7] may be used for PI or PID 

controller design as was shown in [8] where desired 

output transients are guaranteed by inducing of two-time-

scale motions in the closed-loop system. Stability 

conditions imposed on the fast and slow modes and 

sufficiently large mode separation rate between fast and 

slow modes can ensure that the full-order closed-loop 

nonlinear system achieves the desired properties in such a 

way that the output transient performances are desired and 

insensitive to external disturbances and plant's parameter 

variations. The stability of fast-motion transients in the 

closed-loop system is provided by proper selection of 

controller parameters while slow-motion transients 

correspond to the stable reference model of desired 

mapping from reference input into controlled output.  

In this paper an approach based upon the high-

frequency-gain online identification and gain tuning is 
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developed in order to maintain the two-time-scale 

structure in the closed-loop system trajectories as well as 

stability of the fast transients for a large range of plant's 

parameter variations. 

The paper is a continuation of [10] where the 

relationship between the discussed adaptive approach and 

the design of PI or PID controllers with adaptive gain 

tuning was shown. In contrast to [10], the novelty is that 

Fourier filter is used for purpose of a high-frequency-gain 

online identification and application of the algorithm for a 

system of third order. 

The paper is organized as follows. First, the definitions 

for the notion of the high-frequency gain for linear and 

nonlinear systems are discussed. Second, the control 

design methodology via singular. . Third, the utmost 

importance of high-frequency-gain online identification 

and gain tuning in nonlinear control systems designed via 

singular perturbation technique are shown. Fourth, a gain 

tuning procedure and high-frequency-gain online 

identification procedure are introduced.  

II. HIGH-FREQUENCY GAIN 

Let us consider a nonlinear system given by 
(3) ( , ) ( , )x f X g X u                    (1) 

Where (1) (2)[ , , ]TX x x x  is the state vector of the system 

(1), x  is the measurable output, ( )u t  is the control 

variable, and   is the vector of smooth varying 

parameters or unknown external disturbances. Let us 

assume that ( , )f X   and ( , )g X   are unknown 

continuous functions of x  and   on the bounded set 

x   . 

Definition 2 The parameter ( , )g X   is called as the 

high-frequency gain of the nonlinear system (1). 

Assumption 1 Let the condition 

min max0 ( , )g g X g                 (2) 

is satisfied to al ( , ) xX    . 

Put into the system (1) the control variable ( )u t  as the 

high-frequency probing signal given by  

( ) sin( )u t A t                          (3) 

with the small value of the amplitude A . Consider 

( , )f X   and ( , )g X   as the frozen variables during the 

action time-interval of the probing signal (3). 

Assumption 2 The frequency   of the probing signal 

(3) is assumed to be sufficiently large in compare with 

Adaptive Control System with Two-Time-Scale Motions and 

High-Frequency-Gain Identification 
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time constants associated with the dynamics of the system 

(1) or, in other words, the frequency   tends to infinity. 

Let ( )xA   be the amplitude of oscillations with 

frequency   those are forced in the output variable ( )x t . 

From (1) and (3) the fundamental relation for the high-

frequency-gain online identification follows, that is 
3( )

lim ( , )xA
g X

A


 



                (4) 

given that Assumptions 1 and 2 are held. 

Remark 2 The frequency separation is used to 

introduce the high-frequency harmonic signal that allows 

for the identification of the high-frequency gain of the 

nonlinear system to be controlled. 

Assumption 3 Let the high-frequency-gain sign of the 

systems discussed in this paper is known a priori. 

III. PROBLEM STATEMENT 

Consider the nonlinear system governed by 
(3) (2) (1) (2) (1)( , , ) ( , , )x f x x x g x x x u            (5) 

Where x  is the measurable output,  u  is the control 

variable. A control system is being designed so that the 

condition 

lim ( )
t

x t r


                          (6) 

holds, where r const .  Moreover, the output transients 

of ( )x t  should have the desired performance indices. 

These transients should not depend on the external 

disturbance or varying parameter represented by  . 

Consider the feedback control given by 
3 (3) 2 (2) (1) (3)

2 1 [ ( , ) ]u d u d u k F X r x         (7) 

Where   is the small positive parameter and 

(2) (1)2 1

2 3

1
( , ) [ ]

a a
F X r x x r x

T T T
             (8) 

The controller parameters 
2 1, ,a a T  are selected such that 

the polynomial 
3 3 2 2

2 1 1T s a T s a Ts                              (9) 

has the desired root distribution inside the left part of the 

s-plane, where roots of the polynomial (9) are defined by 

the requirements imposed on the desired output transient 

performance indices of ( )x t  in the system (5). 

The block diagram of the discussed control system is 

shown in Fig. 1(a), where the plant (P) is given by (5) and 

the controller (C) is given by (10). 

 
Figure 1. (a) - Block diagram of control system; (b) – Block diagram of 

control system with the high-frequency gain online identification and 

gain tuning. 

 

Closed-loop system equations in the form 

(3) (2) (1) (2) (1)

3 (3) 2 (2) (1) (2) (1)

2 1

(2) (1) (2) (1)

( , , ) ( , , )

( , , )

[ ( , , ) ( , , )]

x f x x x g x x x u

u d u d u kg x x x u

k F x x x f x x x

  

  


   

 

    (10) 

If 0   of two-time-scale separation arises in a control 

system, then from (10), we get the FMS equation in the 

form 
3 (3) 2 (2) (1) (2) (1)

2 1

(2) (1) (2) (1)

( , , )

[ ( , , ) ( , , )]

u d u d u kg x x x u

k F x x x g x x x

     

 
     (11) 

The critical points of the workability for the above 

design methodology via singular perturbation technique 

are that the controller parameters should be selected in 

accordance with the requirement on FMS stability and, 

moreover, the sufficiently large degree of time-scale 

separation between the fast and slow modes in the closed-

loop system (10) should be provided. 

The FMS characteristic polynomial 
3 3 2 2

2 1( )fmsA s u d s d s                      (12) 

results, where (2) (1)( , , )kg x x x  . Hence, the FMS time 

constant is given by. From (14), it follows that the SMS 

characteristic polynomial is defined by (9). Hence, the 

SMS time constant is given by /fms   . The 

controller parameters , ,k d  are selected in accordance 

with the requirements on FMS stability and the desired 

degree of time-scale separation between the fast and slow 

modes in the closed-loop system (10) such that the 

condition /fms fms    holds where, for example, 

10  . 

The main disadvantage caused by variations of the 

high-frequency gain (2) (1)( , , )g x x x  is that the decrease of 

time-scale separation degree and loss of the FMS stability 

may occur when the range of the high-frequency-gain 

variations is large enough. 

Let 1

0
ˆk g , where ĝ  an estimate of is (2) (1)( , , )g x x x  

provided by an identification scheme (I) as shown in Fig. 

1(b). Then, in accordance with (12), the condition k   

holds. Therefore, the variations of the high-frequency gain 
(2) (1)( , , )g x x x  do not alter the FMS transient performance 

indices. Hence, the desired two-time-scale structure in the 

closed-loop system trajectories can be maintained despite 

the arbitrary large range of (2) (1)( , , )g x x x  variations for 

the system shown in Fig. 1(b). 

IV. ADAPTIVE GAIN TUNING 

The high-frequency-gain online identification scheme 

based on the frequency response method [11, 12] is used, 

where the high-frequency oscillations are forced in ( )u t  

and ( )x t  due to a high-frequency harmonic probing signal 

incorporated in the control system as shown in Fig. 2. 
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Figure 2. Block diagram of the control system with adaptive gain 

tuning. 

 

Let us rewrite the system (8) as 
(3) (2) (1) (2) (1)

0
ˆ( , , ) ( , , )x f x x x g x x x k u             (13) 

where 
0k  is the tuning gain, ˆ( )u t  is the new control 

variable, and 
0
ˆu k u . Let  

ˆ( ) ( ) sin( )u t u t A t                       (14) 

where sin( )A t   is the high-frequency probing signal 

with small value of amplitude A  and the controller (C) is 

given by (16). Take, for example, the tuning rule of an 

adaptation scheme (A) in the following form 

00

0 0 0 0
ˆ[ ], (0)ddk

k k
dt

                 (15) 

Where 
0 1d   and 

0̂  is an estimate of 

(2) (1)

0 0: ( , , )k g x x x   provided by the identification 

scheme (I) as shown in Fig. 2. From (15), the condition 
1

0
ˆk g  result when

0 0k  . 

V. HIGH-FREQUENCY GAIN IDENTIFICATION 

Similar to (4), from (13) the basic relation for the high-

frequency-gain online identification follows, that is 

3

0

( )
lim x

u

A

A


 


                              (16) 

Hence, the high-frequency-gain online identification 

scheme (I) involves two amplitude detectors. In this paper 

the amplitude detectors are implemented based on Fourier 

filter which is widely used in the frequency response 

method [12, 13]. Fourier filter for Au is given by 

2 2( , ) ( , ) ( , )

2
( , ) ( )sin( )

2
( , ) ( ) cos( )

u u u

t

u

t

t

u

t

A t c t d t

c t u
T

d t u
T





  

  

  





 









                (17) 

and Fourier filter for xA  is similar, where 2T   . The 

input variables of Fourier filters are the outputs of high-

pass frequency profilers 
2 2

0

1 2 2

0

( )
2 1o

s
G s

s s



 


 
                          (18) 

Then, with the help of the nonlinear low-pass filters 

ˆ( ) (( ( ) ( )) /u u u n

d
A t sat A t A t

dt
                   (19) 

the estimate 0̂  given by 

3

0

ˆ
ˆ

ˆ
x

u

A

A
 

 
                                         (20) 

results where   is the small positive parameter in order to 

avoid the singularity condition. 

VI. SIMULATION 

Let us consider a simplified model of magnetic 

levitation control system given by the following 

differential equation [18] 

1 2

2

3

2

1

3 3

1

1
ˆ

x x

x
x g

M x

R
x x u

L L


 



 



  


                        (21)  

where 
1x  is the mass position relative to electromagnet, 

2x  is the mass velocity, 
3x  is the electric current in the 

electromagnet coil, g  is the gravity acceleration, M  is 

mass, R  and L  are resistance and inductance of the 

electromagnet coil, û  is control response with the high-

frequency probing signal as shown in (14).  

 Let the feedback controller is given by 
3 (3) 2 (2) (1)

2 1

(3) (2) (1)2 1

1 1 1 1 12 3

ˆ ˆ ˆ

1
( )

u d u d u

a a
k x x x r x

T T T

    

 
      

 

     (22) 

The parameters of model are selected as 6 ,R    

0.1 ,L H 29.8 / ,g m s 0.1M kg . The controller 

parameters are selected as the following ones: 1 10,k   

0.0036,   
1 20,d   

2 10,d   0 0d  . The parameters 

of the gain tuning scheme (37) and the high-frequency-

gain online identification scheme (38)-(39) are selected as 

0
ˆ (0) 1,   

0 1,d   
0 (0) 0.0016,k   1000 / ,rad s   

0.02A  . The simulation results of the system given by 

(40)-(41) are shown in Figs. 3-4. 

  

 
Fig. 3. Plots of ( )r t  and ( )x t   
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Fig. 4. Plot of ˆ( )u t  

VII. CONCLUSION 

The main advantage of the discussed singular 

perturbation technique for control system design is that 

the parameters of the adaptive controller for nonlinear 

systems can be analytically derived in accordance with 

such indirect performance objectives as the desired root 

placement of the reference model characteristic 

polynomial, while the desired root distribution is defined 

by such direct output performance objectives as settling 

time and overshoot. The high-frequency gain online 

identification and gain tuning in nonlinear control systems 

designed via singular perturbation technique allow to 

maintain the two-time-scale structure of the trajectories in 

the closed-loop system and stability of fast transients in 

case of slow variations of ( , )g X   within the arbitrary 

large range when the condition ( ( , ))sgn g X const   

holds.  
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Robust control by the reference model using matrix comparison systems

A. E. Evstifeev

Abstract— In the present paper developed a method of
synthesizing robust control that provides a specified location
of the phase coordinates within the desired set in the phase
space. Desired set is given in the form of an ellipsoidal
estimate of the reference system which is built using matrix
comparison systems. Control is constructed from the condition
of boundedness of the right sides of matrix comparison systems
for the system with the regulator and the reference system. The
main advantage of this method is the ability to synthesize the
control, which provides closeness to the reference model in the
presence of bounded external disturbances. Based on computer
modeling of two-stage inverted pendulum is shown that the
method provides the desired location of the phase coordinates
in the presence of external disturbances, as well as closeness to
the reference system.

I. INTRODUCTION

Currently, modal control received wide development. Un-
deniable advantage of such methods is the ability to rapidly
change settings of the transient process in a closed system.
At the current stage of development of control theory is easy
enough to convert the given settings of quality of the system
to required form of the matrix of the state space model, and
by using control which provides the desired location of the
roots, it is easy to obtain the desired quality of transient
process in a real system.

Despite the advantages of such methods, in case of the
difference between the real system and the model, the accu-
racy of the location of the roots are not high, and the error
of the location of the roots in the system with uncertainty is
difficult to determine. In the literature are shown methods of
the robust modal control [1], but such methods do not take
into consideration bounded uncertainty in the model. Also,
there are control methods in which roots are placed inside the
desired area in the complex field, defined by means of linear
matrix inequalities [2]. Also, using the LMI restrictions on
the model uncertainty can be set, which are counted during
control synthesis. But such methods can be rather difficult,
since the number of inequalities are high.

This paper presents a control method similar to the modal
control. The developed method provides the location of
the phase coordinates within the desired set. Desired set is
defined as an ellipsoid. Synthesis of the control carried out
by means of matrix comparison systems. Comparison system
and methods of constructing sets of values ??have been de-
veloped in [3]. The desired location of the phase coordinates
is achieved by equating the right sides of matrix comparison
systems. This paper proposes a method of specifying the
desired set, the method of control synthesis, which provides

A. E. Evstifeev is with Institute of Mechanics and Engineering of the
Kazan Science Center, Kazan, Russia lod@pisem.net

the location of the phase coordinates within the desired set,
for the method have developed an algorithm .

II. PROBLEM STATEMENT

Original system:

ẋ = Ax+Bu+ w, (1)

where A - known n × n matrix, B - known n - vectors, w
- vector of the uncertain disturbances, x - state vector.

Required to find control in the form:

u = Kx, (2)

where K - matrix of the feedback coefficients, which would
provide the location of the states coordinates of the system
(1) inside the given set, described as ellipsoid Ec = {x :
xTQ−1

c x ≤ 1}, where Qc - given symmetric positive definite
n× n matrix.

The proposed method is based on the ellipsoidal estimation
of the solution set of differential equations using matrix
comparison systems. Ellipsoidal estimation methods using
matrix comparison systems for the dynamical systems with
uncertainties are described in [3]. As the matrix comparison
systems used matrix differential equation with the condition
of quasimonotonicity of the right side relative to the cone
of nonnegative-definite symmetric matrices. Such systems
are studied in [4]. Algorithm for constructing a matrix
comparison system for dynamical systems provided [3]. In
general, the comparison system can be be represented as:

Q̇ = F (t, Q), (3)

where F - quasimonotonicity nondecreasing matrix function,
Q - given symmetric positive definite n× n matrix.

Since the desired set in the state space is hard to define, it
is proposed to use ellipsoidal estimation of a value set of a
reference dynamical system to define the matrix Qc. Hence
to define the matrix Qc it is necessary to find the reference
model, which ellipsoidal estimation of a value set Ec will
be the desired set in the state space. Then it is possible to
redefine original problem in such way: it is require to find
control in the form (2), which would provide the ellipsoidal
estimation of a value set of the system (1) close to the
ellipsoidal estimation of the reference system.

Let the reference system is described as:

ẋ = Acx+ wc, (4)

where Ac - given n×n matrix, Wc - vector of the uncertain
disturbances.

As shown in [3] it is possible to build a matrix comparison
system for the systems (1), (3). It is obviously that if
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the matrix comparison system for the original system with
control law and the reference system will be equal, then
estimations of a value sets obtained as solutions of the
corresponding comparison system, will be equal. Then the
synthesis of the control will be based on the condition the
corresponding matrix comparison systems should be close.

III. CONSTRUCTION OF THE MATRIX COMPARISON
SYSTEM

Given system (1) with control law (2) can be represented:

ẋ = (A+BK)x+ w. (5)

Consider the process of building a matrix comparison
system for the system (5). Take the matrix function V = xxT

and differentiate it into force of the system (5).

V̇ = ẋxT + xẋT = [(A+BK)x+ w]xT+

+ x[(A+BK)x+ w]T = (A+BK)xxT+

+ xxT (A+BK)T + wxT + xwT .

(6)

Using the matrix inequality from [3]

xyT + yxT ≤ 1

q
xxT + qyyT , (7)

where q - positive variable, we obtain the following matrix
differential equation for V̇

V̇ = (A+BK)V + V (A+BK)T +
1

q
R+ qV, (8)

R - n× n, w : wwT ≤ R.
Using the lemma 10 from [3] it is possible to show that

right side of the equation (8) satisfies quasimonotonicity con-
dition respect to the cone of nonnegative-definite symmetric
n× n matrices. Then equation

Q̇ = (A+BK)Q+Q(A+BK)T +
1

q
R+ qQ, (9)

will be matrix comparison system for the system (5).
Similarly, we can constract matrix system of comparison

for the reference system (4):

Q̇c = AcQc +QcA
T
c +

1

qc
Rc + qcQc. (10)

From the condition of the theorem 8 from [4] follows that
for asymptotic stability of matrix comparison system (9) it
is enough that matrix inequality

(A+BK)Q+Q(A+BK)T +
1

q
R+ qQ ≤ 0

had a positive definite solution Q > 0. This solution will
depend on the choice of the q and will determine the limiting
invariant ellipsoid for solutions of the original system.

It is possible to formulate the convex optimization prob-
lem, which solution will give the matrix Qc of the ellipsoid
Ec of estimation of solution set of the system (4):

minimize Tr(Qc)
subject to

Qc > 0,
AcQc +QcA

T
c + 1

qc
Rc + qcQc ≤ 0,

(11)

where Tr(Qc) - trace of the matrix Qc.

IV. CONSTRUCTION OF THE CONTROL LAW

Construction of the control law is carried out by the
boundedness condition of the right part of matrix comparison
system for the original system (9) by the right part of matrix
comparison system for the reference system (10).

(A+BK)Q+Q(A+BK)T +
1

q
R+ qQ ≤

AcQc +QcA
T
c +

1

qc
Rc + qcQc.

(12)

Represent the inequality (12) as follows:

BKQ+Q(BK)T ≤ AcQc +QcA
T
c −AQ−

−QAT +
1

qc
Rc + qcQc −

1

q
R− qQ.

(13)

Inequality (15) contains 3 variables: K,Q,Qc. It should
also be noted that for the synthesis of the control law it is
necessary to solve 2 optimization problems (minimize trace
of the matrix Qc and difference between matrices Ac and
A−BK). That’s why we will introduces following way of
solving the inequality (15).

Theorem 1: If the following conditions are satisfied:
1) Exists decomposition of the matrix B in the form:

B =
[
U0 U1

] [Z
0

]
, (14)

where U =
[
U0 U1

]
- known orthogonal n × n

matrix, U0 - known n × m matrix, U1 - knowm
n × (n − m) matrix, Z - known square nonsingular
matrix m×m.

2) Exist matrices Q,Qc, satisfying following matrix in-
equality:

UT
1 (AcQc +QcA

T
c −AQ−QAT+

+
1

qc
Rc + qcQc −

1

q
R− qQ)U1 ≥ 0.

(15)

Then feedback matrix K can be found as solution of the
following linear matrix inequality:

ZKQU0 + UT
0 QK

TZT ≤ UT
0 4AQU0, (16)

ZKQU1 ≤ UT
0 4AQU1, (17)

UT
1 QK

TZT ≤ UT
1 4AQU0, (18)

where4AQ = AcQc+QcA
T
c −AQ−QAT+ 1

qc
Rc+qcQc−

1
qR− qQ.

Proof: Let there exist decomposition (14), then (13)
can be represented in following form:[

U0 U1

] [Z
0

]
KQ+

+QKT
[
ZT 0

] [UT
0

UT
1

]
≤ 4AQ.

(19)

Multiply the expression (19) on UT from the left and on
U from the right and perform basic operations:[

ZKQU0 + UT
0 QK

TZT ZKQU1

UT
1 QK

TZT 0

]
≤[

UT
0 4AQU0 UT

0 4AQU1

UT
1 4AQU0 UT

1 4AQU1

]
.

(20)
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From the inequality (20) it follows that the theorem’s
conditions are satisfied.

Decomposition of the matrix B in form (14) are studied
in the literature and cad be found as singular or QR decom-
position. Decomposition B in the form of singular or QR
decomposition provide orthogonality condition of the matrix
U .

From the theorem 1 follows that matrices Q,Qc can be
found from the inequality (15) with the condition of the
desired closeness of estimations of the original and reference
systems. This problem can be described in terms of the
convex optimization in such way:

minimize Tr(Qc)
subject to

Q > 0,
Qc > 0,
‖Q−Qc‖ ≤ γ,
AcQc +QcA

T
c + 1

qc
Rc + qcQc ≤ 0,

UT
1 (AcQc +QcA

T
c −AQ−QAT+

+ 1
qc
Rc + qcQc − 1

qR− qQ)U1 ≥ 0,

(21)

where ‖Q − Qc‖ - Frobenius norm of the difference of
matrices Q and Qc, γ - known constant.

If there exist matrices Q and Qc, satisfying (21), then it
is possible to find feedback matrix K from the system of
the linear matrix inequalities (16)-(18) with the condition
of the closeness of matrices Ac and A + BK. In order to
remove unrealizable control it is necessary to add additional
constraint in following way:

‖Kx‖ ≤ umax, (22)

where umax - known constant. Using the obvious inequality
‖x2‖ ≤ Tr(Q), we will write the final optimization problem
in following way:

minimize ‖A+BK −Ac‖
subject to

‖K‖
√
Tr(Q) ≤ umax

ZKQU0 + UT
0 QK

TZT ≤
UT
0 4AQU0,

ZKQU1 ≤ UT
0 4AQU1,

UT
1 QK

TZT ≤ UT
1 4AQU0,

(23)

where ‖A+BK − Ac‖ - Frobenius norm of the difference
of matrices A+BK −Ac.

V. CONTROL SYNTHESIS ALGORITHM

Control synthesis algorithm can be provided in following
way:

1) Check the controllability of the original system (1). If
system is controllable then go to the next step.

2) Find decomposition of the matrix B in the form (14);
3) Find matrices Q and Qc as solution of the optimization

problem (21). If the solution exists the go to the next
step, else required feedback matrix doesn’t exist;

4) Find the feedback matrix K as solution of the opti-
mization problem (23);

Algorithm implemented as m− function of the Matlab.
To solve the matrix inequalities and optimization problems
applied CV X toolbox [5]. To visual representation of the
ellipsoidal estimations used EllipsoidToolbox [6].

VI. EXAMPLE FOR THE TWO-STAGE INVERTED
PENDULUM

Physical model of the system represented on the fig.1 [7].
Used following notations: θ0 - path of the cart; θ1 - angle of
the first link; θ2 - angle of the second link; I1, I2 - moments
of inertia(homogeneous rod); l1, l2 - distance from the center
of mass to the axis of rotation; m1, m2 - link’s masses; m0

- cart mass. We are interested in stabilization of the system
in straight-up position.

Fig. 1. Physical model of the system

We will apply introduced control method for the two-stage
inverted pendulum system. Linearized model in the form (1):

A =


0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 −2.7338 0.2783 0 0 0
0 153.2498 −82.4659 0 0 0
0 −127.2470 116.1280 0 0 0

 ,

B =
[
0 0 0 1.3860 −7.9983 1.2564

]T
.

(24)

Reference model is given as linearized system (24) with
LQR control:

First case. Let q = qc = 0.2, R = Rc = I ,
where I - identity matrix. With such conditions
have been obtained following feedback matrix:
K = [−9.73, 71.74,−121.00,−10.02,−0.55,−13.03].
Estimation results represented on fig.2. As can be seen from
the figures, estimation of the reference system and original
system with obtained control law are equal, eigenvalues of
matrices A+BK and Ac are equal too. Frobenius norm of
the difference of the matrices is 4.8161e−8.

Second case. Let q = 0.5, qc = 0.2, R = Rc = I . With
such conditions have been obtained following feedback ma-
trix: K = [−9.37, 72.50,−120.04,−12.39,−0.85,−15.01].
Estimation results represented on fig.3. Frobenius norm of
the difference of the matrices is 27.5594. Frobenius norm of
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Fig. 2. Projections of estimates for the phase plane θ0, θ1 with γ = 0

the difference of eigenvalues of the matrices A + BK and
Ac is 6.4409.

On the fig.4 represented transient process obtained from
the computer modeling of the nonlinear system with dis-
turbances in Matlab. Disturbances are described as sensor
error for coordinate θ1 for 0.01 radian. Initial conditions
x(0) = [0, 0.0087, 0.0087, 0, 0, 0]T . As can be seen from the
figures, obtained control provides stability in the nonlinear
system with external disturbances, and state coordinates are
lied inside desired area.
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Fig. 3. Projections of estimates for the phase plane θ0, θ1 with γ > 0

Introduces control method have been implemented in the
real two-stage inverted pendulum. On the fig.5 represented
experimental results. As can be seen from the transient
process, obtained control provides stability of the system
with 3 precision. Such precision cause by inaccuracy of the
model, uncounted external disturbances and actuator speed.
It should be noted that obtained control provide higher
precision compared to LQR control.
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Energy Based Control of the Cart-Pendulum System

Ruslan E. Seifullaev

Abstract— The possibilities of implementation for energy-
based control of nonlinear oscillations are studied. This ap-
proach is based on the speed gradient method and energy-
based goal functions. The approach is analysed by example
of cart-pendulum system control. As a result of the research
the algorithm of a swing of the pendulum on the cart is
obtained and its working capacity is confirmed by simulating
in MATLAB Simulink. An experimental set-up controlled by
program block LEGO Mindstorms NXT is described.

I. INTRODUCTION
Control of mechanical oscillations is a classical task

of mechanics and control theory. At present the goals of
dynamics research and pendulum systems control are getting
an important practical significance apart from theoretical
interest. One of such pendulum-like systems is the system
of the pendulum on the cart. The system has a difficult
nonlinear behavior and it is mostly used in control education.
The cart-pendulum system has attracted the attention of
many researchers (for example [1], [2], [6], [9], [11], [12]).
The main result of my works is new control algorithm of
pendulum swing up and its demonstration on the laboratory
models.

The first part of the paper describes the approach to
the goal based on the speed gradient method [4], [5] and
energy-based goal functions. The second part contains the
description of cart-pendulum laboratory set-ups and their use
in education and research.

II. PROBLEM STATEMENT
Consider the pendulum with mass-m, length-l and devia-

tion angle φ (φ = 0 at the lowest position) rotating on the
axle fixed on a cart ”Fig. 1”. The cart with mass M is moving
in horizontal direction on normal to the axle of pendulum
rotation by external force u [1], [6]. It is required to swing
the pendulum to amplitude φ∗ (0 ≤ φ∗ ≤ π) corresponding
to the energy level H∗ and stabilize the cart (i.e. reach the
state ṡ = 0, where s is the cart motion) by changing this
force ”Fig. 2”.

Our goal can be written as{
lim
t→∞

ṡ(t) = 0,

lim
t→∞

(H(φ(t), φ̇(t), s(t), ṡ(t) )−H∗) = 0,
(1)

where H is total energy of the pendulum

H =
1

2
ml2φ̇2 +mgl(1− cosφ), (2)

and H∗ = mgl(1− cosφ∗) is the desired value of energy.

Fig. 1. Cart-Pendulum System

Fig. 2. Deviation Angle φ and Amplitude φ∗

III. PRELIMINARIES

Let us consider controlled state space system [4], [5], [10]

ẋ = F (x, u), (3)

where x ∈ IRn, u ∈ IRm.
Let objective function be as follows

Q(x) =
1

2
∥h(x)∥2, (4)

where h : IRn → IRk is output vector-function.
It is required to make feedback law

u = U(x), (5)

providing the achievement of control goal

lim
t→∞

Q(x(t, x0)) = 0. (6)

According to the speed gradient method it is required to
calculate the function ω(x, u) = Q̇(x), i.e. ω(x, u) is the
speed of change Q along the trajectories of the system (3)

ω(x, u) = (▽xQ(x, t))TF (x, u, t). (7)

Let us find u-gradient of ω(x, u)

▽uω =

[
∂ω

∂u

]T
, (8)
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and write down the control algorithm in the finite form

u = −γ ▽u ω(x, u), (9)

where γ > 0 is gain coefficients matrix.
Let us introduce the derivative Lf2f1 of the smooth vector

field f1 : IRn → IRn1 in the direction of the field
f2 : IRn → IRn2 , i.e.

Lf2f1(x) =
∂f1
∂x

f2(x). (10)

Let us consider affine approximation of (3) nearly u = 0

ẋ = f(x) + g(x)u, (11)

where

f(x) = F (x, 0), g(x) =
∂F (x, u)

∂u

∣∣∣∣
u=0

.

Let following assumptions be fulfilled for every x ∈ Ω,
where Ω = {x : Q(x) ≤ Q0}:

A1. LfQ(x) ≤ 0.
A2. Lfh(x) = 0 if LgQ(x) = 0.
A3. Vector-function R(x, u) = F (x, u) − f(x) − g(x, u)

satisfies to estimation ∥R(x, u)∥ ≤ ∥u∥2 R(x) for every
u > 0 if ∥u∥ < u, where R(x) ≥ 0 is some continuous
function.

A4. Functions f(x), g(x), Lfh(x), Lgh(x),∇Q(x), R(x)
are bounded if x ∈ Ω.

A5. For every ε > 0 set

Ωε = Ω
∩{

x : detATA < ε
}

is union of the finite or countable number of the bounded
sets, where A =diag(Lgh(x)) if u ∈ IR1.

A6. If Q(x) > 0 there is equality

dimS(x) = k,

where S(x) is linear subspace spanned by columns of
matrixes Lgh, LfLgh, ... for x ∈ Ω, i.e.

S(x) = span
{
Lgh,LfLgh, L

2
fLgh, ...

}
.

Theorem 1: Let the conditions A1–A5 be fulfilled and the
condition A6 be fulfilled everywhere in Ω with possible
exception of a countable number of acnodes which are
equilibria of free (uncontrolled) system ẋ = F (x, 0). Then
the goal (6) in the system (3), (9) is achieved for almost all
initial conditions x0 ∈ Ω [4].

IV. CONTROL ALGORITHM OF CART-PENDULUM
SYSTEM

By means of Lagrange equations the following mathe-
matical model of the cart-pendulum system can be obtained
(ignoring friction and pendulum reaction force on cart) φ̈ = − g

L
sinφ− cosφ

ML
u,

s̈ =
1

M
u.

(12)

Denote x(t) = [φ( t), φ̇( t), s( t), ṡ( t) ]T and rewrite
(12) as (11)

ẋ = f(x) + g(x)u, (13)

where f(x) =


φ̇

−g

l
sinφ

ṡ
0

, g(x) =


0

−cosφ

ML
0
1

M

.

Using (1) it is possible to write goal function as

Q =
1

2
(H −H∗)2 +

1

2
ṡ2. (14)

Let us rewrite (14) in the form (4) with

Q(x) =
1

2
||h(x)||2, (15)

where h(x) =

[
H(x)−H∗

ṡ

]
.

According to the speed gradient method the control algo-
rithm can be designed as follows

u = −γ

(
(H −H∗)

−ml

M
φ̇ cosφ− 1

M
ṡ

)
, (16)

where γ > 0.

V. THE ANALYSIS OF THE ALGORITHM

Let us make the analysis of the algorithm (16) and
designed control system (13).

Theorem 2: Either the goal (15) in the system (13), (16)
is achieved almost for all initial conditions x0 ∈ Ω or the
trajectories are unbounded.

Proof: Let us check conditions A1–A6.

LfQ(x) = fT∇Q = φ̇mgl sinφ− g

l
sinφml2φ̇ = 0

and so A1 is fulfilled. The condition A2 holds because h is
invariant of the system (13), i.e.

Lfh =
∂h

∂x
f =

=

[
mgl sinφ ml2φ̇ 0 0

0 0 0 1

]
φ̇

−g

l
sinφ

ṡ
0

 = 0.
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In A3 the function R(x, u) = 0 because the system (12)
coincides with its affine approximation (13).

Let us consider the set Ω = {x : Q(x) ≤ Q0} or

Ω =


−∞ ≤ φ ≤ +∞

|φ̇| ≤ φε

−∞ ≤ s ≤ +∞
|ṡ | ≤ sε

 ,

and functions from the condition A4

f(x) =


φ̇

−g

l
sinφ

ṡ
0

 , g(x) =


0

−cosφ

ML
0
1

M

 ,

Lfh(x) = 0, Lfh(x) =

 −ml

M
φ̇ cosφ

1

M

 ,

∇Q(x) =


(H −H∗)mgl sinφ
(H −H∗)ml2φ̇

0
ṡ

 , R(x) = 0.

Obviously all these functions are bounded if x ∈ Ω.
But it is impossible to confirm that

Ωε = Ω
∩{

x :
∣∣φ̇2 cos2 φ

∣∣ < ε
}

is union of finite or countable number of bounded sets. So
the condition A5 is fulfilled only for bounded trajectories.

Let us check A6. Write down linear subspace S(x)

S(x) =

 −ml

M
φ̇ cosφ

m

M
sinφ

(
lφ̇2 + g cosφ

)
. . .

1

M
0 . . .

 ,

dimS(x) = 2 everywhere in Ω with possible exception of
a countable number of stationary points of freedom system
ẋ = F (x, 0).

The application of Theorem 1 ends the proof.

VI. SIMULATION RESULTS

Simulation results illustrating properties of the designed
system (13), (16) are shown below. While simulating were
used such parameters as
l = 1m, m = 0.1 kg, M = 2 kg, g = 9.8m/s2, φ∗ = π,

H∗ = 2mgl, γ = 5.

Fig. 3. Angle φ

Fig. 4. Cart Speed ṡ

Fig. 5. Control u

It is seen that the pendulum is swinging up to π ”Fig. 3”
and the cart is stabilizing ”Fig. 4”.

The plot of the controlling function u is shown in ”Fig. 5”.
”Fig. 6” and ”Fig. 7” confirm that the goal (15) in the

system (13), (16) is achieved.
With another parameters the system has similar behavior.
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Fig. 6. Total Energy of Pendulum H

Fig. 7. Goal Function Q

VII. EXPERIMENTAL MODELS OF
CART-PENDULUM SYSTEM

In this section some variants of set-ups of the cart-
pendulum system controlled by program block LEGO Mind-
storms NXT [13] is designed [3]. Every set-up has a unique
construction and characteristic singularities concerning oper-
ational mechanism and measuring systems. Two servomotors
NXT connected with program block NXT set the cart in
motion. The main difficulty while making them is the way to
measure deviation angle of pendulum from the start position.

On the first set-up ”Fig. 8” the angle is measured with
Lego Light Sensor and a cardboard disk. The cardboard disk
is covered with grey gradations of different density. This
way is attractive because there is no friction from the sensor.
However measurement error is rather much (by about 7-8
degrees).

In the second set-up ”Fig. 9” for measuring is used the
sensor from the servomotor LEGO. The indications are read
thanks to the gear (there are miniature openings along its
boarder line) and to the sensor which reads openings. The
reading precisions are 3 degrees. But the gears are to be

Fig. 8. The First Set-Up of Cart-Pendulum System and Angle Sensor

revolved together with pendulum and it hinders its motion.

Fig. 9. The Second Set-Up of Cart-Pendulum System and Angle Sensor

To get angle speed value of pendulum in the first two
systems the sensor readings are numerically differentiated.
It increases the error. In the third set-up ”Fig. 10” is used
Gyro Sensor. It allows to get angle speed directly. But the
resistance from the sensor wires is the main problem of such
way. That is the weight of the pendulum and capacity of the
operational mechanism were increased.

In the fourth set-up ”Fig.11” the cart is moving on the
rails. The cart is moved by two ropes which are controlled
by servomotors.

The control algorithms are carried out in MATLAB by
using the package RWTH Mindstorms NXT (Aachen Path)
[14] or nxtOsek [15]. In the first case (RWTH) there is
a possibility to control the robot microcontroller directly
from the computer. Packages of commands are transferred
to the block NXT while program executing. In the second
case (nxtOsek) the program is executed directly on the
microcontroller board. It allows to avoid delays during the
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Fig. 10. The Third Set-Up of Cart-Pendulum System

Fig. 11. The Fourth Set-Up of Cart-Pendulum System

transmission of the data.

VIII. CONCLUSIONS AND FUTURE WORKS

A. Conclusions

On the basis of the speed gradient method a new algorithm
of cart-pendulum swinging is obtained. The efficiency of
the algorithm is confirmed by its modelling in MATLAB
Simulink. The algorithm is also proved by experimental mod-
els which are controlled by program block Lego Mindstorms
NXT.

B. Future Works

It is planned to get and to prove stabilization algorithms
of the cart-pendulum system and also to consider the goal
of controlling double pendulum-cart system in the future.
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Constructive Decomposition for Linear Discrete Input-State Dynamical
System with Respect to the Action of the Feedback Group

E. Gireiko

Abstract— In this paper an overview of some recent results
concerning the theory of linear discrete input-state dynamical
systems is presented. A constructive method of decomposition
for linear discrete input-state dynamical system with respect to
the action of the feedback group is proposed. The results are
valid for both finite-dimensional and infinite-dimensional linear
discrete input-state dynamical systems.

I. I NTRODUCTION

The problem of decomposition for linear discrete input-
state dynamical system with respect to the action of the
feedback group has been studied in [1], [2]. Existence results
for the problem were obtained in these papers. This paper
reports results concerning constructive decomposition for
linear discrete input-state dynamical system with respect to
the action of the feedback group.

II. L INEAR DISCRETEINPUT-STATE DYNAMICAL

SYSTEM

A. Basic concepts and notation

Let us consider the linear discrete input-state dynamical
system (DS)

Σ : x(t + 1) = Ax(t) + Bu(t), t < ω0 := {0, 1, . . .},

where ω0 is a well ordered set of nonnegative integers,t
is a current time moment,x(t) ∈ X, u(t) ∈ U, X is a
vector state space over the fieldK, U is a vector input space
over the fieldK, A ∈ L(X) := L(X, X), B ∈ L(U,X),
K(B) = 0, L(U,X) is the set of all linear operators ofU
into X, K(B) is the kernel ofB.

Note that DSΣ is uniquely determined by the pair(A,B).
Therefore one identifies DSΣ with the pair(A,B) naturally.
By H(X, U) denote the set of all linear discrete input-state
DS.

By the symbol 0 we will denote the zero element or
singleton set containing the zero element. The specific
meaning of the symbol 0 will be clear from context.

The following concepts and notation are used throughout
the paper:

ω0 + 1 := {0, 1, . . . , ω0},
ω0 + 2 := {0, 1, . . . , ω0, ω0 + 1},
[k, ω0) := {k, k + 1, . . .} for everyk < ω0,
x[0,ω0) := {x(i)}i<ω0 is a trajectory of DSΣ,
Σx is the set of all trajectories of DSΣ,
{M}K is linear hull of the setM ⊆ X,
lω0(X) is the vector space of sequences of vectors fromX,

E. Gireiko is independent researcher, Minsk, Republic of Belarus
gireiko@gmail.com

f |M is the restriction of the mappingf to the subsetM,
R(f) is the range of the mappingf,
E is identical mapping,
Lat(L) is the set of all subspaces of the vector spaceL.

An arbitrary representation of a vector space in the form
of direct sum of its subspaces is called graduation.

Let k ∈ [1, ω0). To each graduationX =
⊕k

i=1 Xi of
the vector spaceX assign the decomposition of unit
E =

∑k
i=1 Pi, where Pi, i ∈ {1, . . . , k} is the projector

of the spaceX onto the subspaceXi. The projectorPi,
i ∈ {1, . . . , k} is defined by the formula

Pix = xi if x =
k∑

j=1

xj , xj ∈ Xj , j = 1, k.

Note thatPiPj = δijPi, i = 1, k, j = 1, k, whereδij is
the Kronecker delta.

B. Feedback group

Let GL(U) be the set of all linear invertible operators of
U into U. The set

Γ1(X, U) = {(F,G) | F ∈ L(X, U), G ∈ GL(U)}

is called feedback group [2]. The group operation on
Γ1(X, U) is defined by the formula

(F1, G1)(F2, G2) = (F1 + G1F2, G1G2).

The action ofΓ1(X, U) on H(X, U) is defined by the
formula

ϕ((F,G), Σ) := Σ(F,G) = (A + BF, BG).

The equivalence classo(Σ) = ϕ(Γ1(X, U),Σ) is called the
orbit of DS Σ with respect to the action ofΓ1(X, U) on
H(X, U). By H(X, U)/Γ1(X, U) denote the set of all orbits
with respect to the action ofΓ1(X, U) on H(X, U).

A mapping with the domainH(X, U) is called an invariant
with respect to the action ofΓ1(X, U) on H(X, U) if its
restriction to every orbit is constant. An invariant with respect
to the action ofΓ1(X, U) on H(X, U) is called a total
invariant with respect to the action ofΓ1(X, U) on H(X, U)
if it distinguishes all orbits.

C. Flags of state space

The flagsXr, Xc, Xb, Xo [2] of subspaces of state space
play an important role in the theory of DS. These flags are
defined as follows:

Xr = {Xrk}k≤ω0+1, Xc = {Xck}k≤ω0+1,

Xb = {Xbk}k≤ω0+1, Xo = {Xok}k≤ω0 ,
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where

Xrk = {xk ∈ X | x(0) = 0, x(k) = xk, x[0,ω0) ∈ Σx}

is the subspace of reachable states, for timek, of DS Σ,
Xrω0 = Xr :=

⋃
k<ω0

Xrk, Xr(ω0+1) = X;

Xck = {x0 ∈ X | x(0) = x0, x(k) = 0, x[0,ω0) ∈ Σx}

is the subspace of controllable states, for timek, of DS Σ,
Xcω0 = Xc :=

⋃
k<ω0

Xck, Xc(ω0+1) = X;

Xbk = {x(1) | x(0) = 0, x(k + 1) = 0, x[0,ω0) ∈ Σx}

is the subspace of initial oscillatory states, for timek, of
DS Σ, Xbω0 = Xb := Xr1

⋂
Xc, Xb(ω0+1) = Xr1;

Xo0 = 0,

Xok = {{x(i) | i = 1, k, x(0) = 0, x(k+1) = 0, x[0,ω0) ∈ Σx}}K

is the subspace of oscillatory states, for timek, of DS Σ,
Xoω0 = Xr.

Let Xo :=
⋃

k<ω0
Xok. The subspacesXr, Xc, Xb, Xo

of state space are called subspaces of reachable, controllable,
initial oscillatory, oscillatory states of DSΣ, respectively.

In [2] it is shown thatXbk = Xr1

⋂
Xck for everyk < ω0.

ThereforeXbk = Xr1

⋂
Xck for every k ≤ ω0 + 1. In [2]

it is shown thatXok =
∑k

i=1 Xri

⋂
Xc(k+1−i) for every

k ∈ [1, ω0) andXo = Xr

⋂
Xc.

According to [2], the linear binary relation

S(Σ) := {(x, z) ∈ X ×X | z = Ax + Bu, u ∈ U},

S(Σ) ∈ Lat(X ×X)

is total invariant with respect to the action ofΓ1(X, U) on
H(X, U). Further, the following theorem is valid.

Theorem 1:The mapping

T : H(X, U) → Lat(lω0(X)), T (Σ) = Σx

is total invariant with respect to the action ofΓ1(X, U) on
H(X, U).

Corollary 1: The flagsXr, Xc, Xb, Xo are invariants with
respect to the action ofΓ1(X, U) on H(X, U).

Note that the flagsXr, Xc, Xb, Xo are not total invariants
with respect to the action ofΓ1(X, U) on H(X, U).

D. Classes of linear discrete input-state dynamical systems

DS Σ is calledk-reachable,k-controllable,k-oscillatory if
Xrk = X, Xck = X, Xok = X, respectively. DSΣ is called
reachable, controllable, oscillatory ifXr = X, Xc = X,
Xo = X, respectively.

By Hrk(X, U), Hck(X, U), Hok(X, U) denote the set
of all k-reachable, k-controllable, k-oscillatory DS,
respectively. By Hr(X, U), Hc(X, U), Ho(X, U) denote
the set of all reachable, controllable, oscillatory DS,
respectively.

The following theorem [3] presents criteria ofk-oscillation
of linear discrete input-state DS.

Theorem 2:Let k < ω0. The following assertions are
equivalent:

1) Σ ∈ Hok(X, U).
2) Σ ∈ Hrk(X, U).
3) Σ ∈ Hrk(X, U)

⋂
Hck(X, U).

4) Σ ∈ Hr(X, U), Xr1 ⊆ Xck.
5) Σ ∈ Hc(X, U), Xc1 ⊆ Xrk.
The following theorem [2] presents criterion of oscillation

of linear discrete input-state DS.
Theorem 3:The following assertions are equivalent:
1) Σ ∈ Ho(X, U).
2) Σ ∈ Hr(X, U), Xr1 ⊆ Xc.
The following theorem [3] presents criterion of oscillation

of linear discrete input-state DS.
Theorem 4:The following assertions are equivalent:
1) Σ ∈ Ho(X, U).
2) Σ ∈ Hc(X, U), Xc1 ⊆ Xr.
Combining theorems 3 and 4, we get the following result.
Theorem 5:The following assertions are equivalent:
1) Σ ∈ Ho(X, U).
2) Σ ∈ Hr(X, U), Xr1 ⊆ Xc.
3) Σ ∈ Hc(X, U), Xc1 ⊆ Xr.

E. Lyapunov–Bogdanov functionals

Let X be a vector space over the fieldK and (Λ,≤) a
totally ordered set.

Definition 1: A mappingλ : X → Λ is called Lyapunov
norm [4] or Lyapunov-Bogdanov functional [5] if the
following conditions hold:

λ(cx) ≤ λ(x), λ(x + y) ≤ max{λ(x), λ(y)}

for everyx, y ∈ X, c ∈ K.

By LB(X, Λ) denote the set of all Lyapunov-Bogdanov
functionals ofX into Λ.

Note thatλ(0) = minx∈X λ(x) for everyλ ∈ LB(X, Λ).
The following concepts and notation related to the

functionalλ : X → Λ are used below:
X̃λd := {x ∈ X | λ(x) ≤ d} is the Lebesque set ofλ,
X̃s

λ := {X̃λd}d∈Λ is the spectral family ofλ.

F. Time optimal functionals

Now we define the time optimal functionaltc for DS Σ.
Let

tc(x) := min{k < ω0 | x ∈ Xck} (1)

be the minimal time to move from the statex to the zero-
state.

Equality (1) defines the functionaltc on the subspaceXc.
Extend the functionaltc to the entire state spaceX by the
following formula:

tc(x) = ω0 + 1 if x ∈ X \Xc. (2)

Thus formulas (1),(2) define the functional

tc : X → ω0 + 2.

We also need the time optimal functionaltb := tc|Xr1 .
Note thattc(0) = tb(0) = 0, ω0 /∈ R(tc), ω0 /∈ R(tb).
The following theorem [6] is valid.
Theorem 6:tc ∈ LB(X, ω0 + 2), X̃s

tc
= Xc.

Corollary 2: tb ∈ LB(Xr1, ω0 + 2), X̃s
tb

= Xb.
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G. Homogeneous dynamical systems

The homogeneous DS were defined in [2]. One of the
possible definitions of homogeneous DS is given below.

Definition 2: Reachable DSΣ is called homogeneous if
U 6= 0 and there exists ak < ω0 + 2 such thattb(x) = k
for everyx ∈ Xr1 \ 0. The ordinalk is called the order of
homogeneity of DSΣ.

Note that order of homogeneous DS is not equal to 0 orω0.
By Hhk(X, U) denote the set of all homogeneous DS of the
orderk. By Hhω0(X, U) denote the set of all homogeneous
DS of finite order.

Now we indicate a constructive method for reducing
homogeneous DS of finite order to its canonical form.

Let k ∈ [1, ω0), Σ ∈ Hhk(X, U), Xi = Xri

⋂
Xc(k+1−i),

i = 1, k. In [2] it is shown that the state spaceX of DS Σ
admits the graduationX =

⊕k
i=1 Xi. Therefore there exists

a decomposition of unitE =
∑k

i=1 Pi. Let P0 := 0.
Let us consider the linear operator

Ac :=
k∑

i=1

PiAPi−1.

The following theorem [7] characterizes the basic
properties of the operatorAc.

Theorem 7:Let k ∈ [1, ω0), Σ = (A,B) ∈ Hhk(X, U).
The following assertions are valid:

1) There exists an operatorF ∈ L(X, U) such that

Ac = A + BF.

2) K(Aj
c) =

⊕k
i=k+1−j Xi, j = 1, k.

3) R(Aj
c) =

⊕k
i=j+1 Xi, j = 1, k − 1, R(Ak

c ) = 0.
4) The mappingAc : Hhω0(X, U) → L(X) is invariant

with respect to the action ofΓ1(X, U) on Hhω0(X, U).
In [6] it is shown that the operatorAc is important for

solving time optimal and deadbeat control problems for
DS Σ ∈ Hhω0(X, U). Further, the following theorem [7]
is valid.

Theorem 8:The mapping

φ : Hhω0(X, U) → L(X)× L(X), φ(Σ) = (Ac, P1)

is total invariant with respect to the action ofΓ1(X, U) on
Hhω0(X, U).

Let T : Hhω0(X, U)/Γ1(X, U) → Hhω0(X, U) be an
injective mapping that associates with each orbito(Σ) of
action ofΓ1(X, U) on Hhω0(X, U) some elementΣc from
the seto(Σ). In this case DSΣc is called the canonical form
of DS Σ (with respect to the mappingT).

Let us fix an arbitrary isomorphismBc : U → Xr1

between the spacesU and Xr1. Then DSΣc = (Ac, Bc)
is the canonical form of DSΣ = (A,B) ∈ Hhω0(X, U).

III. C ONSTRUCTIVEDECOMPOSITION FORL INEAR

DISCRETEINPUT-STATE DYNAMICAL SYSTEM WITH

RESPECT TO THEACTION OF THEFEEDBACK GROUP

A. Problem statement

DS Σ = (A,B) ∈ H(X, U) is called decomposable in
direct sumΣ = Σ1

⊕
Σ2 of DS Σ1 and Σ2 if there exist

Xi ∈ Lat(X), Ui ∈ Lat(U), i = 1, 2 such that

X = X1

⊕
X2, U = U1

⊕
U2,

Xi 6= 0, Σi = (A|Xi
, B|Ui

) ∈ H(Xi, Ui), i = 1, 2.

We say, according to [2], that DSΣ ∈ H(X, U) admits
decomposition with respect to the action ofΓ1(X, U) if there
exists aγ ∈ Γ1(X, U) such thatΣγ is decomposable.

In [1] constructive decomposition of DS into
reachable DS and closed-loop DS is given. Therefore
we indicate a constructive method of decomposition for
reachable DS.

B. Constructive decomposition of homogeneous dynamical
system into homogeneous dynamical systems with one input

The following statement ensues from statement 4.2 of [2].
Statement 1:For all DS Σ ∈ Hhk(X, U) such that

k ∈ [1, ω0) and for all graduationsU =
⊕

i∈I Ui such that
dim Ui = 1 for every i ∈ I, there exists a feedback
γ(Σ) ∈ Γ1(X, U) such that

Σγ(Σ) =
⊕
i∈I

Σi,

whereΣi ∈ Hhk(Xi, Ui) for every i ∈ I.
The following theorem generalizes statement 1.
Theorem 9:For all DS Σ = (A,B) ∈ Hhk(X, U) such

that k ∈ [1, ω0) and for all graduationsU =
⊕

i∈I Ui such
that dim Ui = 1 for every i ∈ I, there exists a feedback

γ(Σ) = (B−1(Ac(Σ)−A), E) ∈ Γ1(X, U)

such that
Σγ(Σ) =

⊕
i∈I

Σi,

where

Σi = (Ac(Σ)|Xi
, B|Ui

) ∈ Hhk(Xi, Ui),

Xi =
k−1∑
j=0

Ac(Σ)jB(Ui)

for every i ∈ I. Moreover,

Ac(Σi) = Ac(Σ)|Xi
for every i ∈ I.

The following statement ensues from statement 4.2 of [2].
Statement 2:For all DSΣ ∈ Hh(ω0+1)(X, U) and for all

graduationsU =
⊕

i∈I Ui such thatdim Ui = 1 for every
i ∈ I, there exists a feedbackγ(Σ) ∈ Γ1(X, U) such that

Σγ(Σ) =
⊕
i∈I

Σi,

whereΣi ∈ Hh(ω0+1)(Xi, Ui) for every i ∈ I.
The following theorem generalizes statement 2.
Theorem 10:For all DS Σ = (A,B) ∈ Hh(ω0+1)(X, U)

and for all graduationsU =
⊕

i∈I Ui such thatdim Ui = 1
for every i ∈ I, we have

Σ =
⊕
i∈I

Σi,
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where

Σi = (A|Xi
, B|Ui

) ∈ Hh(ω0+1)(Xi, Ui),

Xi =
∑
j<ω0

AjB(Ui)

for every i ∈ I.

C. Constructive decomposition of reachable dynamical
system into oscillatory dynamical system and homogeneous
dynamical system of the orderω0 + 1

The following lemma is needed to formulate assertion 3
of theorem 11 precisely.

Lemma 1:Let Σ = (A,B) ∈ H(X, U). Then there exists
an F ∈ L(X, U) such that(A + BF )(Xo) ⊆ Xo.

Theorem 11:Let Σ = (A,B) ∈ Hr(X, U), U 6= 0,
U1 = B−1(Xb). The following assertions are valid:

1) If U1 = 0, thenΣ ∈ Hh(ω0+1)(X, U).
2) If U1 = U, thenΣ ∈ Ho(X, U).
3) If 0 ⊂ U1 ⊂ U, then for all U2 ∈ Lat(U) such that

U = U1

⊕
U2 and for allF ∈ L(X, U) such that

(A + BF )(Xo) ⊆ Xo,

we have

Σ(F,E) = Σ1

⊕
Σ2,

where

Σ1 = ((A + BF )|X1 , B|U1) ∈ Ho(X1, U1),

X1 = Xo,

Σ2 = ((A + BF )|X2 , B|U2) ∈ Hh(ω0+1)(X2, U2),

X2 =
∑
j<ω0

(A + BF )jB(U2).

Remark 1:Under the conditions of assertion 3 of
theorem 11, one can construct the operatorF satisfying an
additional condition. Let us fix an arbitraryT ∈ L(X, U)
such that(A + BT )(Xo) ⊆ Xo. Since B(U2)

⋂
Xo = 0,

we see that there exists anL ∈ Lat(X) such that

X = Xo

⊕
L, B(U2) ⊆ L.

Let F := TP, where P is the projector of the spaceX
onto the subspaceXo with respect to the graduation
X = Xo

⊕
L. Then

F ∈ L(X, U), (A + BF )(Xo) ⊆ Xo,∑
j<ω0

(A + BF )jB(U2) =
∑
j<ω0

AjB(U2).

D. Constructive decomposition ofk-oscillatory dynamical
system into(k − 1)-oscillatory dynamical system and
homogeneous dynamical system of the orderk

Statement 3:Ho1(X, U) = Hh1(X, U) if U 6= 0.

The following lemma is needed to formulate assertion 3
of theorem 12 precisely.

Lemma 2:Let k ∈ [2, ω0), Σ = (A,B) ∈ Hok(X, U),
U 6= 0, U1 = B−1(Xb(k−1)), 0 ⊂ U1 ⊂ U. Then for all
U2 ∈ Lat(U) such thatU = U1

⊕
U2, there exists an

F ∈ L(X, U) such that

(A + BF )(Xo(k−1)) ⊆ Xo(k−1),

(A + BF )kB(U2) ⊆
k−1∑
j=0

(A + BF )jB(U2).

Remark 2: If one replaces the condition

(A + BF )kB(U2) ⊆
k−1∑
j=0

(A + BF )jB(U2)

by the stronger condition

(A + BF )kB(U2) = 0

in lemma 2, then lemma 2 remains valid.
Theorem 12:Let k ∈ [2, ω0), Σ = (A,B) ∈ Hok(X, U),

U 6= 0, U1 = B−1(Xb(k−1)). The following assertions are
valid:

1) If U1 = 0, thenΣ ∈ Hhk(X, U).
2) If U1 = U, thenΣ ∈ Ho(k−1)(X, U).
3) If 0 ⊂ U1 ⊂ U, then for all U2 ∈ Lat(U) such that

U = U1

⊕
U2 and for allF ∈ L(X, U) such that

(A + BF )(Xo(k−1)) ⊆ Xo(k−1),

(A + BF )kB(U2) ⊆
k−1∑
j=0

(A + BF )jB(U2),

we have

Σ(F,E) = Σ1

⊕
Σ2,

where

Σ1 = ((A + BF )|X1 , B|U1) ∈ Ho(k−1)(X1, U1),

X1 = Xo(k−1),

Σ2 = ((A + BF )|X2 , B|U2) ∈ Hhk(X2, U2),

X2 =
k−1∑
j=0

(A + BF )jB(U2).
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E. Constructive decomposition of reachable dynamical
system into homogeneous dynamical systems

Let Σ = (A,B) ∈ Hr(X, U), U 6= 0, ℵ := R(tb) \ 0.
Define the familyUk for every k ∈ ℵ, using the following
formula:

Uk := {L ∈ Lat(U) | B−1(Xbk) = B−1(Xb(k−1))
⊕

L}.

Note thatUk 6= ∅, 0 /∈ Uk for everyk ∈ ℵ. Let

U := {{Uk}k∈ℵ | Uk ∈ Uk ∀ k ∈ ℵ}.

Let us fix an arbitraryU := {Uk}k∈ℵ ∈ U. Define the
families T(U) andF(U), using the following formulas:

T(U) := {F ∈ L(X, U) | (A + BF )(Xo(k−1)) ⊆ Xo(k−1),

(A + BF )kB(Uk) = 0 ∀ k ∈ ℵ \ {1, ω0 + 1}},

F(U) := {F ∈ L(X, U) | (A + BF )(Xo(k−1)) ⊆ Xo(k−1),

(A + BF )kB(Uk) ⊆
∑k−1

j=0 (A + BF )jB(Uk)

∀ k ∈ ℵ \ {1, ω0 + 1}}.

The following statement characterizes the basic properties
of families constructed previously.

Statement 4:Let Σ ∈ Hr(X, U), U 6= 0. The following
assertions are valid:

1) U 6= ∅.
2) T(U) ⊆ F(U) for everyU ∈ U.

3) T(U) 6= ∅, F(U) 6= ∅ for everyU ∈ U.

The following theorem ensues from theorem 4.2 of [2].
Theorem 13:Let Σ ∈ Hr(X, U), U 6= 0. Then there

exists aγ(Σ) ∈ Γ1(X, U) such that

Σγ(Σ) =
⊕
k∈ℵ

Σk,

whereΣk ∈ Hhk(Xk, Uk) for everyk ∈ ℵ.

Applying statement 3 and theorems 11, 12, one can get
the following generalization of theorem 13.

Theorem 14:Let Σ = (A,B) ∈ Hr(X, U), U 6= 0. Then
for all U := {Uk}k∈ℵ ∈ U and for allF ∈ F(U), we have

Σ(F,E) =
⊕
k∈ℵ

Σk,

where

Σk = ((A + BF )|Xk
, B|Uk

) ∈ Hhk(Xk, Uk)

for everyk ∈ ℵ,

Xk =

{ ∑k−1
j=0 (A + BF )jB(Uk) if k ∈ [1, ω0).∑
j<k−1(A + BF )jB(Uk) if k = ω0 + 1.

.

Thus theorems 9, 10, 14 indicate a constructive method of
decomposition for linear discrete reachable input-state DS
with respect to the action of the feedback group.
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Synchronization of two nonlinear Lurie systems based on passification
and backstepping

Egor V. Usik

Abstract— Solve the problem of synchronization of two non-
linear systems using the backstepping method for the systems in
Lurie form and with a functional uncertainty. Problem reduces
to passification and stabilization of cascade systems. Error
estimates caused by bounded perturbation and the discrete
controller are given. The results obtained are applied to the
problem of synchronization of two wheeled mobile robots and
illustrated by computer simulation.

I. INTRODUCTION

In practical problems of automatic control often arises
a problem of designing the control algorithms of dynamic
cascade systems. These systems consist of two units: an
irreducible stabilizable system and an integrator (a chain
of integrators). The system describing the motion of mobile
robots, belongs to this type of systems and the role of the
integrator in this case is the rate of the change of the angle.
This problem is solved on the basis of backstepping [11],
[4], a technique developed circa 1990 by Petar V. Kokotovic
and others for designing stabilizing controls for a special
class of nonlinear dynamical systems. These systems are
built from subsystems that radiate out from an irreducible
subsystem that can be stabilized using some other method.
Because of this recursive structure, the designer can start
the design process at the known-stable system and ”back
out” new controllers that progressively stabilize each outer
subsystem. The process terminates when the final external
control is reached.

The problem of synchronization of nonlinear affine sys-
tems by feedback is so far well researched [6] and one of
the approaches to solve this problem is an approach based
on passive objects [13], [14]. The concept of passivity means
that the system satisfies an integral relation with a functional
of the system’s input and output. It can be shown that in this
case in the space of states of the system one can define
a function that, under certain conditions may play a role
of a Lyapunov function for a closed system [5], [3]. In
addition, there are results of [10] stabilization of nonlinear
affine systems with feedback, including the conditions for
passivity of the object. Thus the task of stabilizing an object
is conducted in two stages. The first phase is the task of
passification of the system, that is the problem of finding
a feedback law that makes the system passive [8], [9]. In
the second phase, with certain additional conditions such
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Goal Program ”Cadres” (contracts 16.740.11.0042, 14.740.11.0942).

E. V. Usik is with the Department of Theoretical Cybernetics, Faculty
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as observability, the problem of stabilization of the passive
system is solved.

In this paper we solve the problem of synchronization
of two nonlinear systems using the backstepping method,
which reduces to the passification problem and stabilization
of cascade systems in the case when the system is described
in Lurie form with a functional uncertainty. This class of
systems was not considered in earlier passification problems.
The approach formulated in this paper is different from
existing approaches of passification cascade systems [12],
[7], [6]. Those methods require complete knowledge of all
the parameters of the object and may not be applied to the
systems considered.

This paper is organized as follows. The controlled syn-
chronization problem is described in Section II. The main
results are presented in Section III. An example showing
synchronization of systems of mobile robots is presented in
Section IV. Final remarks are given in Section V.

II. DESCRIPTION OF PROBLEM

Consider two identical dynamical systems modeled in
Lurie form (i.e. the right-hand sides are split into a linear
part and a nonlinear part which depends only on measurable
outputs).

ẋ(t) = Ax(t)+Bφ(y1)+ f1(t), y1(t) =Cx(t) (1)
ż(t) = Az(t)+Bφ(y2)+Bu(t)+ f2(t), y2(t) =Cz(t)(2)
u̇(t) = w(t), (3)

where x(t),z(t) are n-dimensional vectors of state variables.
y1(t),y2(t) are scalar output variables. A is n × n matrix.
B is n × 1 matrix. C is 1 × n matrix. φ(y) is continuous
nonlinearity which lies in the sector, fi(t) are bounded
perturbations: ∥ fi(t)∥ ≤ ∆ f . The system (1) is called the
master (leader) system, while the controlled system (2) is
called the slave (follower) system. Our goal is to synchronize
the two systems (1), (2) with an integrator (3), that is to
choose the controller w(t) such that: y1(t)− y2(t) → 0 for
t → ∞. It is assumed that control through the variable u(t)
is not possible.

III. MAIN RESULTS

A. Evaluation of control

Consider a system with zero perturbations: fi(t) ≡
0, f or i= 1,2. The synchronization error is e(t)= x(t)−z(t).
The output synchronization error is ε(t) = y1(t)− y2(t) =
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Ce(t). In these notations we can introduce a new system:

ė(t) = Ae(t)+Bξ (ε, t)−Bu(t), ε(t) =Ce(t) (4)
u̇(t) = w(t) (5)

where ξ (ε, t) = φ(y1)−φ(y2) is the new non-linearity. The
goal of control is limt→∞ e(t) = 0.

To evaluate the real control w(t) we use backstepping
method [11].

ė(t) = Ae(t)+Bξ (ε, t)−Bu(t), ε(t) =Ce(t) (6)
u̇(t) = KCAe(t)+KCBξ (ε, t)+ v(t) (7)

where v(t) = (−γ −KCB)u+ γKε is the real control.

B. Conditions of achievement

In order to evaluate the control, we make the following
assumptions.

1) Let the linear system ė(t)=Ae(t)−Bu(t), ε(t)=Ce(t)
be strictly passifiable. According to the passification
theorem [3] , this means that the numerator β (λ ) of the
transfer function W (λ ) =C(λ I−A)−1B = β (λ )/α(λ )
is a Hurwitz (stable) polynomial of degree with pos-
itive coefficients (the so-called hyper-minimum-phase
(HMP) property).

2) ξ (ε, t) is lies in a sector: aε ≤ ξ (ε, t)≤ bε .
3) It follows from the passification theorem [3] that the

stability degree η0 of the polynomial β (λ ) (a mini-
mum distance from its roots to the imaginary axis) is
positive. Let the parameters η and a,b be chosen to
meet the inequalities 2∥D̃∥∥P∥∥C∥max(a,b)< ηλmin,

where D̃ =

(
B

KCB

)
, P is the positive-definite matrix

in the quadratic Lyapunov function V (x) = xT Px, λmin
is minimum eigenvalue of this matrix.

Theorem 1: Let the assumptions (1)-(3) hold for the given
system (6),(7). Then the system will be passive with a
continuously differentiable function reserve, and closed-loop
system is asymptotically stable.

Proof: To prove the asymptotic stability of the present
system (6),(7) in the form of

ẋ(t) = Ãx(t)+ B̃v(t)+ D̃ξ (ε, t), (8)
ε̃(t) = C̃x(t), v(t) = Kε̃, (9)

we state the following lemma:
Lemma 1: Consider the following system:

ė(t) = Ae(t)−Bu(t), ε(t) =Ce(t) (10)
u̇(t) = KCAe(t)+ v(t) (11)

with the state (e,u) ∈ Rn+1, the output (ε,u) ∈ R2. Control
is v(t) = K1u+K2ε , where K1 = γK, K2 = −γ −KCB. For
the system (10) assumption 1 holds.

Then for an appropriate choice of γ , system (10),(11) is
strictly passive, and closed-loop system

ė(t) = Ae(t)−Bu(t), ε(t) =Ce(t) (12)
u̇(t) = KCAe(t)+K1u(t)+K2ε(t) (13)

is asymptotically stable.
Proof: To prove this lemma we calculate the transfer

function of the system (10),(11), introducing a new output
variable ȳ = L2ε +L1u.

W ȳ
v =

L1α(s)+L2β (s)
sα(s)−α(s)KCB− sKβ (s)

. (14)

By Theorem [11] n − 1 the root of L1α(s) + L2β (s)
approximates to the roots of the polynomial β (s), and the
other root λn ≈ −L2/L1 for sufficiently large values of the
parameter L2. Thus we get a Hurwitz polynomial of degree
n. That is, the condition HMP holds.

To prove the stability of the closed system (12), (13) we
shall represent it in the following form

˙̃e(t) = Ãẽ(t)+ B̃v(t), ε̃(t) = C̃ẽ(t) (15)

with appropriate control v(t) = Kε̃ .
In accordance with the passification theorem [11] there

exists a positive definite matrix P = PT > 0 and a number K
such that the following matrix relations hold P(Ã+ B̃KC̃)+
(Ã+ B̃KC̃)T P <−ηP, PB̃ = C̃T .

Indeed, assume that K is fixed. Consider the quadratic Lya-
punov function V (x) = eT Pe. We show that if the conditions
above hold, then the inequality V̇ (e)< 0 is true:

V̇ = ėT Pe+ eT Pė <−ηV. (16)

The proof of lemma is completed.
By Lemma 1 there exists a positive definite matrix P =

PT > 0 and a number K such that the following matrix
relations hold P(Ã+B̃KC̃)+(Ã+B̃KC̃)T P<−ηP, PB̃= C̃T .

Then the inequality V̇ (e)< 0 is true.

V̇ ≤−ηλmin∥x∥2 +Rmax(a,b)∥x∥2 =−δ∥x∥2 (17)

where R = 2∥D̃∥∥P∥∥C∥. Therefore, if the condition
Rmax(a,b) < ηλmin or 2∥D̃∥∥P∥∥C∥max(a,b) < ηλmin is
true, then V̇ (x) < 0, and this inequality coincides with the
assumption 3. Integrating the inequality (17) we get: 0 <
V (x(t)) ≤ V (x(0))− δ

∫ t
0 ∥x∥2dt < 0 for sufficiently large t.

Hence limt→∞ V (t) = 0. Hence the asymptotic stability by
Lyapunov’s theorem.
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Note that a quadratic function of V (x)= xT Px, which plays
a Lyapunov function, can serve as a function of reserve when
the system has an input. The passivity of the system follows
from the passification theorem [11]. The proof is completed.

C. The influence of perturbations

We proceed to accounting the influence of perturbations on
the original system (1)-(3). The system (15) can be rewritten
as

˙̃e(t) = Ãẽ(t)+ B̃Kε̃(t)+ f (t), ε̃(t) = C̃ẽ(t) (18)

where f (t) =
(

f1(t)− f2(t)
0

)
is the bounded perturbation.

Theorem 2: Given the system (18) with the bounded
perturbation ∥ f (t)∥ ≤ 2∆ f . Let the three assumptions hold.

Then limt→∞ ∥e(t)∥ ≤Ce∆ f , where Ce =
√

λmax(P)
λmin(P)

4
η .

Proof: Consider the quadratic Lyapunov function V (e) =
eT Pe with a positive-definite matrix P = PT . Let the three
assumptions (1)-(3) hold. Then:

V̇ ≤−ηV +2∆T
f Pe+2eT P∆ f ≤−ηV +4

√
V
√

∆T
f P∆ f .

Hence V̇ (e) < 0 for all e within the set
√

V >

η−1 supt

√
∆T

f P∆ f and the value of limt→∞ supV (e(t)) may

not exceed ∆2
f λmax(P)/η2. In the view of positivity of P,

λmin(P)∥e(t)∥2 6 V (e(t)), where λmax(P),λmin(P) are min-
imum and maximum eigenvalues of P, respectively. Hence
(18): limt→∞ ∥e(t)∥6Ce∆ f , Ce =

√
λmax(P)
λmin(P)

4
η .

The proof of the Theorem 2 is completed.

D. Discrete controller

Consider the system (6), (7) with a discrete controller
v(t) = (−γ −KCB)u(tk)+ γKε(tk), tk 6 t 6 tk+1, where tk =
kh are moments of time, with sampling step h.

The original system (6), (7) can be written as:

ẋ(t) = Ãx(t)+ B̃v(t)+ D̃ξ (ε, t), ε̃(t) = C̃x(t), v(t) = Kε̃(tk).
(19)

Theorem 3: Given the system (19) with a discrete con-
troller. Let the sampling time be chosen to meet the inequal-
ities

eLGh +LGe−ηh 6 κ|K|+LG, (20)

where κ is |ε̃| 6 κ
√

V , LG is the Lipschitz constant of the
system (19). Then the system is exponentially stable.

Proof: Consider the system (19) with a discrete controller.
Denote G(x, t) = Ãx(t)+ B̃v(t)+ D̃ξ (ε, t). Then G(x, t) is

Lipschitz in x with the constant LG = ∥A∥+ ∥B∥|K|∥C∥+
∥D∥max(a,b)∥C∥. We write the controller v(t) as v(t) =

Kε̃(t)− Kδ (t), where δ (t) = ε̃(t)− ε̃(tk) is the sampling
error.

Then, the inequality |δ (t)| = ∥
∫ tk

t G(x, t)dt∥ ≤ (t −
tk)∥G(xk, tk)∥+

∫ t
tk

LG∥δ (t)∥dt holds. By a version of the
Gronwall-Bellman inequality δ (t):

∥δ (tk+1)∥ ≤ ∥G(xk, tk)∥
eLGh −1

LG
(21)

The sampling error does not exceed ∥δ (tk+1)∥ ≤
√

VkCh

where Ch =
eLGh−1

LG
.

Choose the Lyapunov function candidate V (x) = xT Px for
the system (19). The time derivative of V (x) is evaluated as
follows:

V̇ ≤−η1V + |ε̃(t)||K̃||δ (t)| (22)

Integrating the inequality (22) over (tk, tk+1) and taking
into account conditions of theorem 3 |ε̃(tk)| ≤κ

√
Vk, we get

Vk+1 ≤ e−η1hVk +ChK1
√

Vk+1Vk. (23)

Therefore, Vk+1 ≤ (e−η1h +ChK1)Vk = qVk. The require-
ment of q < 1 is equivalent to the condition (20) of the
theorem. Hence ∥x(t)∥ ≤ (Ch +1)∥x(tk)∥ and x(t)→ 0, ∀t ∈
(tk, tk+1) exponentially.

The proof of the Theorem 3 is completed.

IV. EXAMPLE. SYNCHRONIZING TWO MOBILE ROBOTS

Let us apply the aforementioned results to Synchronizing
two mobile robots

Assuming that the robot moves at low velocities, we
represent the kinematic model of mobile robots as follows.

The master system:

ẋ1(t) = v+ v(cos(φ1(t))−1)
ẋ2(t) = vφ1(t)+ v(sin(φ1(t))−φ1(t))

φ̇1(t) = ω

The slave system:

ż1(t) = v+ v(cos(φ2(t))−1)
ż2(t) = vφ2(t)+ v(sin(φ2(t))−φ2(t))

φ̇2(t) = u.

where u is the control, ω is fixed angular velocity. It is
assumed that the linear velocity v = const. Thus, for small
values of the angle φ the motion along the axes x1,z1 is
negligible.
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We introduce the following notation:

e(t) := x2(t)− z2(t)

ε(t) := φ1(t)−φ2(t)

ξ (t) := sin(φ1(t))− sin(φ2(t))+φ2(t)−φ1(t).

In this notation we can write the new system:

ė(t) = vε(t)+ vξ (t) (24)
ε̇(t) = w. (25)

To apply the theorems, it is necessary to verify the assump-
tions (1) - (3). Let us show that there is feedback in the
form of ε = Ke, which stabilizes the system (24). Indeed,
the linear part of the system (24) is asymptotically stable for
ε = Ke and K < 0. For the nonlinear part of the inequality
0 6 sin(ε)− ε ≤ 1.3ε holds. Then V̇ ≤ |e|22vH(K + b) < 0
for K <−b.

Applying the method of backstepping we design a control:

w =−γ(ε −Ke)+Kvε. (26)

Then from the theorem it follows that a closed system
(24),(25),(26) is stable, and the system (24),(25) is HMP.

Simulation results are shown in Figs. 1, 2
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Fig. 1. Synchronization error e(t) := x2(t)− z2(t) for γ = 1 K = −5 and
speed v = 10 cm/s
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Fig. 2. Synchronization error e(t) := x2(t)− z2(t) with the bounded
perturbation, for γ = 1 K =−5 and speed v = 10 cm/s

V. CONCLUSIONS

In this paper we solved the problem of synchronization of
two nonlinear systems with functional uncertainty using the
backstepping procedure [11], [4]. In addition, the theorems
formulated in this paper extend the class of the systems to
which the passification method suggested in [13], [14], [8],
[5] can be applied. When using a discrete controller, it was
shown that the solution is exponentially stable.

The results obtained in this paper have a real practical
application, which is exemplified with a model of motion of
mobile robots.
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Abstract— This article is devoted using the Lego 

Mindstorms NXT l ike laboratory set for teaching students 
theory of automatic control. Devices are used for research 
and educational purposes, allowing explore different 
algorithms of identification and adaptive control. The article 
shows results of testing the theoretical adaptive control 
algorithms for different mobile robots, collected from the 
Lego Mindstorms NXT (tracked, wheeled and walking), and 
mechatronic kit pendulum with an inertial flywheel on a 
mobile basis. 
 

I. INTRODUCTION 

The interest falls among pupils and students in studing 
natural sciences, among which are mathematics, physics, 
computer science in Russia. We have to recognize the fact 
that the average level of preparation in mathematics and 
physics decrease. We can discuss the reasons very long, 
but, in the opinion of the authors of this article, you 
should look for ways out of this situation and raise the 
status of the exact sciences among schoolchildren and 
students. That involvement in the educational process is 
the tool that will return to its former glory and popularity 
of mathematics, physics and computer science. Today 
computer science is popular, but only as an appendage to 
the fashionable phrase "information 
technology". Information technology has become 
extremely popular among young people in the world. But 
often young people only in graduate school understand the 
necessity of the science. Similar conclusions can be drawn 
for the training of engineers, specializing in the 
development of control systems. They believe that 
mathematics and physics are not necessary, because they 
easily will program the microcontroller, which will decide 
over the problem. "Why do we need to know differential 
equations and the theory of Lyapunov stability?" - They 
sad, and strongly frustrated later when they realize that the 
student's time wasted, and the theoretical knowledge 
required.  

In this laboratory work as an object of management is 
considered a mobile robot with caterpillar drive, collected 
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from the designer Lego NXT. First solve a simpler 
problem, namely, tracking a moving object and 
purpose. Object tracking can be any object such as a book 
(Fig. 1). On a model set of ultrasonic sensors which 
measure the distance to the book. The control algorithm 
compares the current distance from a given, and based on 
tracking error generates a control signal to the servos. 

 

 
Fig. 1 - Hold a given distance. 

 
Control law has the form: 
 )(1 tuu = , )(2 tuu = ,  (1) 

where 1u  and 2u  - control signals fed directly to the 

servos. To calculate the control signal was used 
"consecutive compensator," published in [3-6]: 
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where the number 0>k , )( pα - Hurwitz polynomial of 

degree 1−ρ , where ρ  - the relative degree of chosen 

model of the robot, the number, the coefficients are 
calculated from the requirements of stability of system (3) 
with zero input. Setting and implemented by increasing 
their values as long as the condition [5]: 

0)( δ<te  for 1tt ≥ ,  (4) 

where 0δ  the positive number given by the developer of 

the control system.  To configure the algorithm 
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where the numbers 00 >λ  and 00 >σ . Continue to 

consider the adaptive motion control of mobile robot 
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along an unknown trajectory. Based on the designer Lego 
NXT collected mobile unit with caterpillar drive on which 
the ultrasonic sensor to measure the distance to the wall, 
along which the motion. The curvature of the wall in 
advance is uncertain. Robot moving in the direction of the 
wall determines the distance to it, compares this value 
with a given, and based on the trajectory error generates 
control signals to the actuators. Control law has the form: 

)()(1 tutuu v += , )()(2 tutuu v −= , (6) 

where 1u  and 2u  - control signals fed directly to the 

servos, the function is chosen in proportion to the speed 
with which the layout will be moving on a straight 
trajectory, the function makes the mismatch between the 
drives, which causes the robot turn left or right. To 
calculate the control signal used by the algorithm (2) - (5). 
Complicating the task of the robot, put in the way of its 
movement outside the obstacle. The robot moves on a 
predetermined path and sees an obstacle in its path.Up to 
him at some distance, the robot starts to go around 
obstacles, keeping a set distance from him. As you 
approach the main trajectory the robot starts to taxi for 
her, leaving behind an obstacle. When moving along a 
given trajectory can be used by the algorithm (2) - (6), 
provided that the available measurement trajectory error 

)(te . The same approach is used to construct an algorithm 

around obstacles at a distance.  
 

 
 

 
Fig. 2 - bipeds walking robots  

a - to keep the specified distance walking robot 
b - robotic legs with three degrees of freedom 

In this lab, we study the previously described methods 
for adaptive management in case of biped walking robot 
(Fig. 2). Fig. 2a shows an experiment control robots to 
solve the problem of tracking a target at a distance. This 
task, unlike previous complicated nontriviality design 
robot. Necessary to make the robot walk forward and 

backward. Further, as in Lab 2 and 3 solved the control 
problem of the robot in the unknown trajectories. 

Fig. 2b shows the first sketch a sample two-legged 
walking robot, whose legs have three degrees of freedom 
are controlled by analogy with the usual foot, which has 
the knee and ankle joints. The model can remember the 
movement that her show on the stage of "training" and 
then play them. As part of the laboratory work, the student 
asked to explore adaptive algorithms that provide stable 
straight-line walking on a horizontal and inclined surfaces, 
as well as the above-described problem of tracking the 
object, walking along an unknown path and walking to 
crawling obstacles at a distance. 

II.  CONCLUSION 

The article shows how to engage students in learning the 
sciences. Feedback from students, their interest and ideas 
put before the authors of the new tasks, stimulating the 
development of the theory of adaptive control. Already at 
the stage of study, students begin to feel themselves full 
members of the department, and teachers - mentors, who 
are seeking opportunities to realize their ideas, send them 
ideas on track. 
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Abstract—The control problem of the mobile robot like a bike

based on Lego Mindstorms NXT is considered. The controller
providing stable moving of the robot model in vertical position at the
horizontal plane is designed that allows to regulate distantly the route
as well.

Keywords: mobile robots, autonomous bike, unstable systems,
output control.

I. INTRODUCTION

OBOTS are spread in different areas now. They fly
into space, explore another planets; they help in

military purpose – defuse bombs and spy in the air. It is
impossible to imagine some industries without robots, the
connect parts of automobiles together, help to find new
medicines. Many devices, which make a decision after
analyzing of incoming data, can be named robots too, for
example, elevators, washing machines, anti-lock braking
system, which can help to avoid auto crashes.

One of the most important questions, which can be
decided by robots, is transport question. In modern
conditions of overloaded roads (traffic congestions in
urban areas and impassability of roads in village areas)
single-track transport with little sizes, high mobility and
which spends low energy can be of particular interest. In
fact, with help of motorbike, it is possible to ride through
pileup   and find a path in the forest, and with the help of
motorbike can be decided many problems, associated
with the modern life speed. With developing of robotics,
theory and systems of automatic control, decision of
question of autonomous movement of motorbike become
possible.

The problem of stabilization of the single-track two-
wheeled transport in an upright position arose in the
middle of last century and it is one of classic questions of
mechanic and theory of control. It is known works [1, 2],
where the main question was control of “robot-bicycle“
include mathematic models and possible algorithms of
control. Stability of the single-track transport is more
difficult problem, than in any another platform, so
nobody was reach success in creation of auto motorbikes,
in spite of all their benefits.

At this moment with developing of precision
instrumentation and robotics changed the way of creation

1 The Department of Control Systems and Informatics, Saint Petersburg
State University of Information Technologies Mechanics and Optics,
Kronverkskiy av. 49, Saint Petersburg, 197101 Russia

A. S. Borgul (e-mail: borgulalexandr@gmail.com).
K. A. Zimenko (e-mail: kostyazimenko@gmail.com).
A. A. Pyrkin (e-mail: a.pyrkin@gmail.com).

of this type apparatus.  The most famous is
GrandChallenge by DAPRA [3].

Fig. 1.  Autonomously-controlled motorcycle DARPA GrandChallenge.

In this model  stabilization is ensured by speed
steering. Also the model has GPS navigation for define
map of territory.  System of technic vision by 3 canals
and GPS allow to create detailed map of territory.
Benefits of two-wheeled system in comparison with
three-, four- , six-wheels construction are in в better
controllability and decrease stiffness of linking with
surface. It should be noted that for a one-man motorcycle
required continuous customize, which is very difficult
achieved (in particular in this model of over 140
thousand lines of code for a successful stabilization).

Stability of motorbike depends on balance of driver’s
forces.  For prolonged or strenuous movement appear
such factors, like tired, stress – the reason of many road
traffic accidents.  Another problem with retention the
balance of the motorcycle is the dependence of the
stabilizing gyroscopic moment of the linear velocity.
With lower speed controlling of system disappears.

In this article is described a model of autonomous
mobile robot “Motobot”, which is the model of two-
wheeled motorbike. Lego Mindstorms constructor is used
for constructing the model, like in [4]. Is analyzed the
mathematical model of motion of two-wheeled single-
track robot on the horizontal flat on which the automatic
control algorithms are synthesized.  Problem can be
solved by controlling the steering wheel and the speed of
the driving wheel. Were solved the local problems of
stabilization in vertical position, movement along a
straight line with a given velocity, and was realized
remote control with joystick to tracking control.

II. THE BICYCLE MODEL

The Whipple bicycle model consisting of four rigid
laterally-symmetric ideally-hinged parts: two wheels, a
frame and a front assembly. The wheels are also

Control Approach for Autonomous Two-Wheel Mobile
Robot «Motobot»

Alexandr S. Borgul1, Konstantin A. Zimenko1 and Anton A. Pyrkin1
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axisymmetric and make ideal knife-edge rolling point-
contact with the level ground. The mass distribution and
geometry are otherwise arbitrary. This conservative non-
holonomic system has a 7-dimensional accessible
configuration space and three velocity degrees of freedom
parameterized by rates of frame lean, steer angle and
rear-wheel rotation. This 3-dimensional kinematically
accessible velocity space can conveniently be
parameterized by the lean rate ˙φ of the rear frame, the
steering rate ˙δ, and the rotation rate θ˙R of the rear
wheel R relative to the rear frame B.

Fig. 2. Prototype of mobile robot “Motobot” and configuration and
dynamic variables.

The one-wheeled transport model with mass symmetry
was taken as a basis [5]. The rear wheel R is connected to
the rear frame assembly B (which includes the rider
body) at the rear axle. The centre of mass of B, with mass
mB,  is  located  at  (xB,  yB = 0,  zB < 0).  The  moment  of
inertia of the rear frame about its centre of mass is
represented by a 3 × 3 moment of inertia matrix where
all mass is symmetrically distributed relative to the xz
plane, but not necessarily on the plane. The centre of
mass of the front frame assembly (fork and handlebar) H
is at (xH, yH = 0, zH < 0) relative to the rear contact P. H
has mass mH. As for the B frame, IHyy can be less than
IHxx + IHzz. The moment of inertia matrices of the rear
and front assemblies are:
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Linearized equations of motion:

Rii R
TTTFP qD+dD+fD=nD×= qdfå &&& , (1)

The generalized forces ( fT , dT ,
R

Tq )are thus each

linear combinations of the components of the various
applied forces Fi. A solution of both the linearized and
the full non-linear equations is straightahead δ = 0
upright φ = 0 motion at any constant forward
speed RRrv q-= & . lateral symmetry of the system,
combined with the linearity in the equations, precludes
any first-order coupling between the forward motion and
the lean and steer. Therefore the first linearized equation
of motion is simply obtained from two-dimensional (xz-
plane) mechanics as:

R
TIrrImr RFyyFRRyyTR q=q++ &&])/([ 22 , (2)

The linearized equations of motion for the two
remaining degrees of freedom, the lean angle φ and the
steer angle δ, are two coupled second-order constant-

coefficient ordinary differential equations. The canonical
form, where the first of these two equations is the lean
equation and the second is the steer equation:

fqKqCqM =++ &&& . For the bicycle model these
equations can be written, with velocity and gravity
explicit fqKKqCqM 1 =+++ ][ 2

2
0 vgv &&& , where

the time-varying quantities are T],[ df=q  and
T],[ df= TTf , M is a symmetric mass matrix which

gives the kinetic energy of the bicycle system, The
damping-like (there is no real damping) matrix

1CC v=  is linear in the forward speed v and captures
skew-symmetric gyroscopic torques due to steer and lean
rates. C1 also captures inertial reactions due to steer rate:
part from the lateral acceleration due to rear-wheel yaw
rate (path curvature) and part from system yaw
acceleration. The stiffness matrix K is the sum of two
parts: a velocity-independent symmetric part 0Kg
proportional to the gravitational acceleration, which can
be used to calculate changes in potential energy, and a
part 2

2 Kv  which is quadratic in the forward speed and
is due to gyroscopic and centrifugal effects. This leads to
the characteristic polynomial equation:

0)det( 2
2

01
2 =++l+l KKCM vgv . (3)

The next step is to consider solutions of the equation
(3) at different speeds. The stability of a bicycle is known
to differ over three speed ranges. The first mode, the slow
speed range, is instable. This mode cannot be stabilized
with only steering action. The second mode, moderate
speed, is stable. When a disturbance is applied, the
bicycle will stabilize and steer more to the disturbance
direction. Active steering will allow direction control.
The third mode, higher speed, is not stable. Active
steering could stabilize this mode and will allow
direction control. The first in our work is used the 2nd
mode, where the bicycle can be asymptotically stable.
Generally, equations of motion:

uqSq ),( t=& , ),,()],([ 1 tut qQqMu -=& , (4)
Here, q are the generalized coordinates, u are the

generalized velocities, S is the kinematic matrix that
relates the rates of the generalized coordinates to the
generalized speeds, M is the system mass matrix, and Q
contains all force terms and velocity dependent inertia
terms.

III. COEFFICIENTS OF THE LINEARIZED EQUATIONS

We  use  the  subscript  R  for  the  rear  wheel,  B  for  the
rear frame incorporating the rider Body, H for the front
frame including the Handlebar, F for the front wheel, T
for the Total system, and A for the front Assembly which
is the front frame plus the front wheel. The total mass
and the corresponding centre of mass location (with
respect to the rear contact point P) are
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FHBRT mmmmm +++= ,

TFHHBBT mwmmxmxx /)( ++= ,

TFFHHBBRRT mmrmzmzmrz /)( -++-=
For the whole bicycle, the relevant mass moments and

products of inertia with respect to the rear contact point P
along the z-axis using the dependent moments of inertia
for the axisymmetric rear wheel and front wheel is

,22
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BBFzzHzzBzzRzzTzz

++

+++++=

The same properties are similarly defined for the front
assembly A. Let ( )Tcos,0,sin ll=l  be a unit vector
pointing down along the steer axis, where λ is the angle
in the xz-plane. The centre of mass of the front assembly
is ahead of the steering axis by perpendicular distance

l-l--= sincos)( AAA zcwxu . For the front
assembly three special inertia quantities are needed: the
moment of inertia about the steer axis and the products of
inertia relative to crossed, skew axes, taken about the
points where they intersect. The latter give the torque
about one axis due to angular acceleration about the
other. The ratio of the mechanical trail (i.e., the
perpendicular distance that the front wheel contact point
is behind the steering axis) to the wheel base is

l=m cos)/( wc .
The rear and front wheel angular momenta along the

y-axis, divided by the forward speed, together with their
sum form the gyrostatic coefficients:

.,/,/ FRTFFyyFRRyyR SSSrISrIS +===
The entries in the linearized equations of motion can

now be formed.

ú
û

ù
ê
ë

é
=

dddf

fdff
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û

ù
ê
ë

é
=

dddf

fdff

00

00
0 KK

KK
K ,

ú
û

ù
ê
ë

é
=

dddf

fdff

22

22
2 KK

KK
K , ú

û

ù
ê
ë

é
=

dddf

fdff

11

11
1 CC

CC
C , (5)

Here TxxIM =ff , TxzxA IIM m+= lfd ,

fddf = MM , TzzzAA IIIM 22 m+m+= llldd  –  are

elements of the symmetric mass matrix M ;

TT zmK =ff0 , ASK -=fd0 , fddf = 00 KK ,

l-=dd sin0 ASK   – the gravity-dependent stiffness

terms (to be multiplied by g); 02 =ffK , 02 =dfK ,

l-=fd cos)/)((2 wzmSK TTT ,

ll+=dd cos)/)sin((2 wSSK FA  – the velocity-
dependent stiffness terms (to be multiplied by v2);

01 =ffC ,

TTTxzFT zmwISSC m-l+l+m=fd cos)/(cos1 ,

)cos)/((cos)/(1 l+m+l= ldd wISwIC TxzAzA ,

)cos(1 l+m-=df FT SSC  –   the  “damping”  terms  of

matrix C .

IV. THE PARAMETERS OF REGULATOR

We apply angular momentum balance to various
subsystems, each about some fixed axis u. Lean angular
momentum balance for the whole bicycle about a fixed
axis in the ground plane:

,cos dfld

ydyf

f

l

ATTBF

TxATxzTxxTPT

gSzgmTvS

vSIIIzym

+-=+

+++++-
&

&&&&&&&&&

Yaw angular momentum balance for the whole bicycle
about a fixed vertical axis:

,sin FyF

TzATzzTxzTPT

wFvS

vSIIIxym

=-

--+++

ld

fdyf l

&

&&&&&&&&&

Steer angular momentum balance for the front assembly
about a fixed axis:

,)sin(cos
)sincos(

AFyH

FAzAAPA

SgcFT
vSIIuym

ldfl
lylfdy

d

lll

++-=
=+-+++ &&&&&&&&

Finally we get an expression for Py&& ,

ld+d= cos)/)(( 2 wvcvyP
&&&

From the equation for the yaw angle ψ the rear contact
point is described by:

y= cosvxP& , y= sinvyP& .
For control purposes, the equations of motion (1) are
rewritten into a set of first order differential equations

with the state vector [ ]T,,, dfdf= &&x  and the control

vector d= Tu . Calculation of the regulator in the case of
adaptive systems will be carried out using the algorithm
of "strip". For non-adaptive system Linear-Quadratic
Regulator is used. A method finds full-state linear
feedback gains based on minimizing a performance

index, ò
¥

+=
0

TT )( dtuuxxJ uu RQ , where the cost in the

state is weighted by the matrix Q and the control cost by
the matrix R. The final goal in balancing a bicycle is to
stay upright which can be achieved by minimizing the
lean angle, therefore we take Q = diag([0; 0; 1; 0]). For
the control effort we take R = [1]. It is clear that above
the capsize speed little control is necessary, the feedback
gains are low. Contrary, below the weave speed the gains
increase without bound, in particular the gain on the lean
angle.
Steering algorithm is used with PID control on the body
roll angular velocity. Gains of regulator is tuned by
Ziegler–Nichols method. (kp =8.23- for proportional,
ki=1.48-integral, kd=2.76 – differential gain).
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V. THE EXPERIMENTAL RESULTS

The experimental researches of control system were
conducted on the basis of mobile robot “Motobot” model.
On the fig.3 are showed time diagrams of real processes
in system.

а)

б)

Fig. 3. Time diagrams of the processes in the robot "Motobot":
a) roll angle of the motorcycle f  [deg/s]; b) steering angle d [deg]

From the fig. 3 follow that synthesized system has
sufficient margin of stability not only for the
maintenance of a motorcycle in an upright position, but
also for the possibility of controlling the direction and
speed. In contrast to the closest analogue [5], in this work
were made important changes in construction which
allowed to ensure stable movement of the robot on the
horizontal flat during a long period of time. Was reduced
the length of the frame and the trail, redesigned steering
wheel. Location gyroscope closer to the center made the
construction more realistic. In contrast to [5] instead of
the proportional controller was used PID controller,
which allowed to compensate static error of tracking and
to dampen vibration. Was realized remote control with
joystick to tracking control of "Motorbot".

Fig. 4. The motion of the mobile robot "Motobot" with correction of
trajectory

This work was supported by FTP "Scientific and
scientific-pedagogical cadres of innovative Russia" in
2009 - 2013 years (state contract № П498 from
08.08.2010y.; projects 2011-1.2.1-402-014/057 and
2011-1.2.2-215-009/023).
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Decentralized control of nonholonomic vehicles for target enclosing

A. Zaharieva

Abstract—We consider the problem of capturing a target
by a team of Dubins-like non-holonomic vehicles. The team
size is known for each of robots . Every vehicle is controlled
by the longitudinal and rotational velocities bounded by
given constants. The objective is to drive all vehicles to
the circle of the prescribed radius centered at the target, to
uniformly distribute them along this circle, and to ensure the
pre-specified speed of their motion along the circle. Every
robot is capable of sensing the entire target position in its
relative frame, whereas measurements concerning only the
vehicle-to-vehicle distances are available and restricted so that
each of them can sense the companion vehicles only from a
specific disk sector. Besides, no prefixed group organization is
assumed. The totaly decentralized control law is proposed and
investigated. Mathematically rigorous proofs of convergence
and stability of the proposed guidance law are presented; its
performance is confirmed by computer simulations.

I. INTRODUCTION

Multi-vehicle systems have attracted an enormous in-
terest during the last decade because of their potential
in a whole variety of fields, ranging from exploration of
unknown environments, surveillance and rescue opera-
tions, and distributed sensor networks to biology and
nano-technology . A typical objective in this research
is to design a decentralized control strategy driving the
team of vehicles of different models to a pre-specified
formation and distributing them uniformly around the
beacon saving this uniform during formation rotation.
The solution of this problem for mass point system
control based on gradient descent method was presented
in [15].But there were no control limitations and sensing
capabilities restriction suggested which seems to be not
realistic. In [11], [14] classical cyclic pursuit algorithms
were applied to agents with nonlinear model and even
unicycles [11]. But only locally stable circle formations
with uncontrollable parameters existence was proved.
Another ways of target capturing problem solution were
presented in [3], [12], [8], [16], [2], [4] but controls per-
formed there were unlimited as well.

Several kind of robot models were used in previous
works: [15] was the first who obtained results for mass
point system , [13] considered robot clusters and [16];
[2]; [5] used unicycle model.

The majority of works suppose linear distance and
bearing angle measurements both acceptable for each
robot as in [17]; [10], etc. At the same time sonar ,
radar and similar sensors are able of fixing range only
by impulse feedback location [14]. This facts provides an

Saint-Petersburg State University, Saint-Petersburg, Russia
asya-action@rambler.ru, scienti�c adviser - A. Matveev

increasing interest to range only measurement navigation
but only few results have been obtained in this area, for
example in [1] for target following problem.

As for robot communication, information graph is
typically considered to be complete and prefixed that
could be hardly provided for real systems with time
varying structure.

It this paper all robots are undistinguishable and
described by non-holonomic unicycle model with limited
control. Robot visibility area is not a disc as it is
commonly considered but a sector. Besides only linear
distance is available for robots measurement. Information
graph is dynamical and not complete. It is worth men-
tioning that this paper is the first to meet all mentioned
problem statement features together.

II. SYSTEM CONSIDERATION AND PROBLEM
SETUP

We consider a team of N autonomous Dubins-like
robots enumerated by i ∈ [1 : N ]. They travel in the
plane with time-varying turning radii and longitudinal
speeds limited by known constants; the speed cannot
be instantaneously reversed. There also is a point-wise
target or beacon T in the plain. The objective is to
drive all robots to the circle of the pre-specified radius
R centered at the target, to uniformly distribute them
along this circle, and to maintain this formation during
further rotation with prefixed angular velocity ω.

To accomplish the mission, robot i has access to the
distance di→T from its center-point to the target and to
the target relative bearing angle βi. It also has access to
the distance di to the nearest companion robot among
those from its visibility region. This region is a sector
with opening angle ν and given radius rvis

i > 0 . Sector is
centered at the robot and directed to the robot fore part.
Whenever there are no robots in this region, di := ∞.

The sensing capabilities are shown in fig. 1
We employ the following unicycle-like robot model:

ẋi = vi cos θi

ẏi = vi sin θi
,

θ̇i = ui,
|ui| ≤ ui, v i ≤ vi ≤ vi

, (1)

where (xi, yi) are the Cartesian coordinates of the ith
robot in world frame 0XY centered at the target and
θi gives its orientation. Angular ui and longitudinal
velocities vi are the controls; the bounds ui > 0, 0 <
v i < vi are given.

Constrains for realistic problem statement are given
bellow: v i ≤ |ω|R ≤ vi, |ω| ≤ ui. Slightly enforcing this
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Fig. 1. Robot sensing capabilities

conditions we arrive to

v i < |ω|R < vi, |ω| < ui ∀i. (2)

Fig. 2. Robot coordinate system

Lets notice that by the reason of (1) the robot i can
move along the trajectories with the following curvature
radius Rcurv :

Rcurv ≥ ri :=
vi

ui
.

From this by slight enforcing we get the constraint:

R > ri ∀i. (3)

Through out the paper we suppose that ω > 0 and the
case ω < 0 can be considered in a similar way.

III. GUIDANCE FOR TARGET CAPTURING AND
ENCLOSING

We will employ the following notations:
•
→
v i — the velocity vector of the ith robot;

• SAT
[
r; a

b

]
— the value r saturated at the lower

threshold a and upper threshold b > a, respectively:

SAT
[
r; a

b

]
:=





r if a ≤ r ≤ b,

a if r < a,

b if r > b.

Fig. 3. Saturation function

Fig. 4. Three velocity domains

• RCFi — the rotating coordinate frame of the ith
robot this is the normally oriented Cartesian frame
centered at the target with the abscissa axis directed
towards the robot;

• αi ∈ [−pi
2 , 3pi

2 ] — the polar angle of the velocity
vector

→
v i in RCFi;

• ψi — the angle between the abscissa axes of RCFi

and the world frames;
Remark 3.1: Since the velocity vector

→
v i is constantly

oriented along the forward centerline ray of the ith robot,
the target bearing angle βi and the velocity orientation
angle αi are related by βi = π−αi. Hence the robot has
access to αi.

For every robot, we pick an angular controller param-
eter α−i ∈ (0, π/2) so that

vi sinα−i ≥ v i. (4)

This parameter partitions all possible values of αi into
three domains B = {α|α ∈ (−π

2 , α−i ]}, A = {α|α ∈
[α−i , π − α−i )}, and C = {α|α ∈ (π − α−i , 3π

2 ]}.
These three zones correspond to three ~vi domains in

RCFi showen in fig. 4:
We propose the following switching control law:

[
vi

ui

]
:=






 vy

i := di→T

sin αi
SAT

[
Ψi(di);

vi sin αi
di→Tv i sin αi
di→T

]

uisgn [vy
i cosαi + Ω(di→T)]


 if αi ∈ Ai

[
v i

ui

]
if αi ∈ Bi

[
v i

−ui

]
if αi ∈ Ci

.

(5)
here v∗, mi > 0, ki > 0, k > 0 are control parameters.

Ψi(·), Ω(·) have the following view:

14th International Student Olympiad on Automatic Control 
Saint Petersburg, Russia, 21-23 September, 2011

BOAC 2011 71



Ψi(di) := ω + ki[di − 2R sin(
∆
2

)]+, (6)

Ω(di→T) = SAT
[
[mi(di→T −R)]; v

∗
i−v
∗
i

]
(7)

Here ki > 0 — control parameter and [r]+ := max{r, 0}
— positive part of r ∈ R, ∆ := 2π

N
Remark 3.2: It is worth to notice that (5) provides

feasible control vi ∈
[
vi, vi

]
, |ui| ≤ ui from (1).

IV. MAIN RESULT

Suppose that (2) and (3) take place and besides
all assumptions given below below are satisfied. Then
control objective is managed with no fail by using control
law presented.

Assumption 4.1: Each robot sector is not empty if all
the robots are distributed uniformly on circle:

ν > ∆ =
2π

N
, rvis

i > 2R sin
∆
2

. (8)
It is easy to see that sector is not empty under

these conditions: to say precisely uniform distribution
mode makes the linear distance between robots equal to
2R sin ∆

2 . So robot i visibility radius should be greater
than or equal to this value so as j could be visible for i.
Fig. 5 makes obvious the fact that ν = 2∠CAB = ∠BOA
is the minimum value of robot i sector opening angle
that provides j to be visible for i. ∠BOA = ∆ leads to
sufficient visibility conditions (8).

Fig. 5. Porotvisibility sector parameters

Next assumption makes us sure that robot i complete
revolution from its initial position along the circle of
radius vi

ui
doesn’t make him rotating around the beacon.

Assumption 4.2: Let robots initial position be far
enough from the goal:

di→T(0) > 3ri, where ri :=
vi

ui
and i ∈ [0 : N−1].

(9)
As to control parameters we choose it from prior

estimation of robot initial positions with the constants
di→T and di→T which meet the following inequalities:

di→T + 2ri ≤ di→T(0) ≤ di→T − 2ri,
di→T > ri,

di→T < R < di→T ∀i.
(10)

In accordance with (9) these constants always exist.
The last condition for all control parameters to be

fulfilled is as followes: i ∈ [0 : N − 1]

mi > 0, ki > 0,
π

2
> α−i >

π

4
, vi cos α−i > v?

i ,

(11)

ri

di→T

[(
1 +

cos2 α−i
sin α−i

)
+

v∗i
vi

cos α−i
sin α−i

]
+ (12)

kidi→Tµv
i

ui sin2 α−i
cosα−i + mi

cosα−i
ui sin α−i

< −cos 2α−i
sin2 α−i

,

(13)

µv
i := 1 + max

j 6=i

vj

vi

(14)

Considering α−i → π
2 , v∗i → 0 (12) this inequality

transforms to ri

di→T
< 1. The last one could always be

satisfied in compliance of (10).
Actually (12)with (11) give us just a linear system for

three control parameters determination.
Assumption 4.3: Suppose robots initially are far away

from each other:

di(0) > rvis
i + 4 max

j∈[0,N−1]

vj

uj
∀i; (15)

Assumption 4.4: Let robots initial distance di→T(0)
be significantly different:

di→T (0)− dj→T (0) > 2(ri + rj) ∀i, j : i 6= j (16)
Theorem 4.1: Let all the assumptions 4.1, 4.2, and

conditions (2),(3), (11), (12) be satisfied. Then control
law (5) provides objective achievement,i.e for all i ∈ [0 :
N − 1]

di→T(t) → R; φ̇i(t) → ω t →∞ (17)

and there is such a robots relabeling that

φi⊕1(t)− φi(t) → ∆ for t →∞.

From now on ⊕ — sum mod N . Moreover each of
convergence mentioned in this theorem has exponential
rate.

Remark 4.1: If 15,16 are satisfied and control parame-
ters are chosen in such a manner that mi = m, v∗i = v∗,
then all robots controlled by the law (5) avoid collisions
with no fail.

V. MAIN RESULT PROOF

As the paper volume is limited we present here only
proof plan and some statements which were used for main
theorem (4.1) deduction.

Through this section we suppose further that theorem
4.1 conditions are satisfied and robots are controlled by
(5).
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A. Proof plan

The first step is to show that each robot reach the
circle of radius R centered at the beacon with exponen-
tial rate. Then in subsection V-Cwe will perform more
general result that states that point system moving on
circle becomes uniformly distributed. After that brief
comments of this result applicability to unicycle control
problem will be given concluding the main theorem (4.1)
proof.

B. REACHING THE CIRCLE

The fact that each robot reaches the needed circle
in finite time is provided by the following lemma and
corollary:

Consider the following conditions:

α−i < αi < π − α−i , di→ < di→ < di→. (18)

Lemma 5.1: For each robot i there is such a moment
Ti, that for any t ≥ Ti the conditions (12) are satisfied
and robot i moves in a sliding mode along the disconti-
nuity surface Si := [vy

i cos αi + Ω(di→T)] = 0 of (5).
From this lemma we immediately get the needed

statement:
Corollary 5.1: For any i such an exponential conver-

gence take place:

di→T(t) → R αi(t) → π

2
t →∞.

C. GENERAL PROBLEM OF POINTS UNIFORM
DISTRIBUTION

Lets state more general problem that can be used not
only for main theorem 4.1 proof but for other applications
as well.

Consider N points, moving along the circle each as-
sociated with its angular coordinate ϕi. We suppose
anticlockwise direction to be positive direction of points
rotation. as before points are labeled i ∈ [0 : N − 1]. The
point i dynamics is as follows:

ϕ̇i = ui + ξi, u−i (t) ≤ ui ≤ u+
i (t). (19)

Here ui — control, ξi — disturbance. Functions men-
tioned in the control scope constraint 0 ≤ u−i (t) < u+

i (t)
have finite limits when t →∞:

u−i (t) → u−i , u+
i (t) → u+

i for t →∞, u−i < u+
i .

(20)
The control objective is to place the points in the

vertexes of regular N-gon rotating with angular velocity
ω.So the objective is managed if and only if there is such
a relabeling for the points that

ϕi⊕1(t)− ϕi(t) → ∆,
ϕ̇i(t) → ω for t →∞ ∀i = 0, . . . , N − 1. (21)

As before points are numerated from i = 0 and ⊕ —
sum mod N . Angular velocity ω > 0 is stated, N is
known to all robots.

To be realistic

max
i

u−i < min
i

u+
i u−i < ω < u+

i ∀i. (22)

i-point sensing system makes it able to measure dis-
tance to point j which is situated in front at the angle
distance δi ∈ [ν−i (t), ν+

i (t)], where

ν−i (t) < ν+
i (t) ∀t,

ν−i (t) → 0, ν+
i (t) → νi for t →∞. (23)

If visibility area is empty,we suppose δi := +∞. Natural-
ly to assume that visibility area is not empty in a case of
uniform distribution:

∆ :=
2π

N
< νi ∀i = 0, . . . , N − 1. (24)

i measures angular distance δi with asymptotically de-
creasing relative error so sensor reading δ̂i and real data
δi are connected as stated below:

δ̂i(t) = [1 + µi(t)]δi(t), µi(t) → 0 t →∞.
(25)

The decreasing disturbances are restricted:
Assumption 5.1: For any i disturbances ξi(·) and µi(·)

are summed at [0, +∞) and go to zero when t → ∞.
Functions u±i (·), ν±i (·), µi(·) are continuous.

Consider the point control law

ui :=





ω+ if ω + Ψ(δ̂i) ≤ u+
i (t),

u+
i (t) if ω + Ψ(δ̂i) > u+

i (t),
u−i (t) if ω + Ψ(δ̂i) < u−i (t),

∀i, (26)

where [r]+ := max{r, 0}, Ψ(δ̂i) = ki[Υ(δ̂i) −
Υ(∆)]+. u+

i function dynamics with respect to (22) gives
us ki < kj ⇒ u+

i < u+
j . Function Υ(·) : [0, +∞) →

[0, +∞) is continiously differentiable and strictly increas-
ing Υ′(δ) > 0 ∀δ ≥ 0, moreoverΥ(0) = 0. Υ(·) is common
for all robots.

Below the main result for point control problem is
presented:

Theorem 5.1: Control law (17) provides objective
point control objective achievement.

The proof of this general problem is omitted.The
only thing we want to mention is that there was no
opportunity to realize theorem (5.1) proof by means
of typical for this case Lyapunov function (which is a
function taking minimum or minimum value).This fact
is caused by the reason of cylinder state space which
making impossible to determine robots order for taking
minimum or maximum.
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D. General problem result application
This subsection is aimed to explain why we can apply

results of general problem to unicycle control problem.
The points considering in pervious subsection are an

intersection of lines di→T and a circle of radius R with
the beacon in the center.

Taking this into account one may notice that point
dynamics equation ϕ̇i = ui + ξi is at the same time
unicycle angle coordinate dynamics:

ϕ̇i =
vy

i sin αi

di→

(5)
= SAT

[
Ψi(di);

vi sin αi

di→
v i sin αi

di→

]
= ui+ξi, u−i (t) ≤ ui ≤ u+

i (t).

where ui is from (5), and ξi ≡ 0.
Quite easy to show that theorem (5.1) conditions are

satisfied.So applying this result we come to unicycle
uniform distribution result which conclude main theorem
(4.1) proof.

VI. SIMULATION RESULTS
We consider 5 autonomous robots each moving as in

(1) . Control vector (ui, vi) is chosen according to (5).
Robot parameters are: vi = 50km/h, vi =

30 km/h, ui = 60 rad/h .Initial conditions are(in km):
(x1, y1) = (7.2, 2), (x2, y2) = (3.3, 4.8), (x3, y3) =
(2, 7.1), (x4, y4) = (4.8, 6.3), (x5, y5) = (1, 7.8). Time
is measured in hours.

Control parameters are:mi = 10 1/h, v?
i =

5 km/h, α−i = π
3 , ki = 0.33rad/h2.

The needed angular velocity is ω = 5 rad/h; uniform
distribution pairwise distance is δ = 2π

5 .
Lets consider static beacon staying at (xt, yt) = (0, 0)

km and no noise in the system.
Fig. 6(a) and 6(b) show that robots go to the circle

of R radius and uniformly distribute along the circle in
finite time.

The robot trajectories shown at fig 6(c) demonstrate
expected behaviour.

A. Noise in sensors, static beacon
Here we suppose that all the distances are measured

with noise. Noise value is modeled as stochastic variable
which is normaly distributed with E = 0 and D = 1.

Simulation demonstrates that control law presented is
robust to noise.

VII. CONCLUSIONS
Steady target capturing problem based on range only

measurements by unicycle-like robots was considered.
The robots are described by non-holonomic model with
control constraints. Each robot can sense its neighbors
only in sector. There is no prefixed organization of this
system. Totaly decentralized control law was proposed
and rigorously justified (all proofs are omitted but avail-
able if necessary). The proposed controller drives robots
to the circle of pre-specified radius R centered at the
target and make them rotate with uniform distribution
along this circle.
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Fig. 6. Ideal conditions, beacon is static:(a) Distance to target
error (b) Pairwise angular distance error (c) robot trajectories

The directions of further research are: moving target
problem solution, generalization of proposed law to con-
trol laws class.

References are important to the reader; therefore, each
citation must be complete and correct. If at all possible,
references should be commonly available publications.
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To automate the process of enrichment of iron ore in 

accordance with established regulations, to reduce the 
likelihood of possible of regulation, and operational 
decision-making and management process of enrichment 
in the factory, we need to systematically obtain 
information about the parameters of processed ore 
material and finished products. 

The most common and most accurate method currently 
used in production, are the laboratory of physical-
chemical and chemical methods. With high accuracy of 
this methods(usually obtained measurement values are 
taken as true), they have the drawback – labor-intensive 
and time-consuming, due to the need to prepare special 
tests and duration of this analysis [1]. 

Even the ‘’accelerated” and a simplified chemical 
analysis takes from one to four hours [2]. At such time of 
their conduct it is very difficult for operational 
management and control over the process, because of the 
time required for analysis, material from which samples 
were taken, will pass the entire production process. 

In connection with the above stated, wide application 
was received by express methods to determine the useful 
component, based on the magnetic properties of the ore 
and X-ray fluorescence analysis. These methods are 
employed in iron ore concentrators to control the content 
of useful component in the concentrate and in the 
incoming raw materials for enrichment. 
Data on the use of these techniques and hardware are 
presented in table 1 [3][4][5][6]. 
At the present time to control the metal content in ores 
and dressing products, the most widely used    X-ray and 
X-ray radiometric analysis methods [7]. X-ray method 
based on analysis of atomic spectra. Devices based on this 
method are characterized by rather high reproducibility, 
ease of preparation of samples for analysis, the possibility 
of automation, as well as the relatively short duration of 
their holding, allowed to use methods to control the metal 
content in the mineral processing plants [8]. The 
disadvantages of x-ray spectrometers and X-ray analyzers 
include their bulkiness, the need for large technological 
areas, high operating voltage, the complexity of operating 
and high cost of equipment. These shortcomings are 
absent when using the X-ray radiometric analysis 
methods, where as a source of primary radiation using 
radioisotopes and register the secondary radiation with the 
detectors. 

 
 

 

 
Table 1.  Express methods of determining the mineral 

content in iron ores. 

The 
device(meth
od use) 

Charac
teristic
s of the 
sample 

Anal
ysis 
time 

Determin
e the 
usefulnes
s of the 
compone
nt and its 
concentra
tion 

Absolute 
error 

АСА ПП 
(X-ray 
spectrometer) 

Flow of 
pulp in 
the cell 
analyzer 

15 
min 

 Total 
iron 0,05-
70% 

0,7% 

PX-2100 
(EDX X-ray 
method) 

Flow 
of pulp 

30-
60 
sec 

Total iron 
0,01-
100% 

0,5% 

ОКМЦ-3П 
(transducer, 
inductive 
parametric 
suppression 
of the 
segregation 
process of 
pulp) 

0,1 l 
20 
min 

Iron 
magnetite 
5-30% 

0,6 

1 min 
Iron 
magnetite 
0-50% 

0,4% 

satmagan 
135 
(measures 
the total 
magnetic 
moment of 
the sample) 

Powder 
granules 
or silid 
samples 

1min 
Iron 
magnetite 
50-100% 

2,2% 

Shaforostova 
system 
(magnetic 
susceptibility 
sample) 

Sampli
ng, the 
pulp 

30 
min 

Iron 
magnetite 
30-100% 

Significa
nt errors 
due to 
fluctuatio
ns in the 
density 
of the 
pulp 
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Analyzers based on the use of these radiations, have 
several advantages: speed of measurement and 
measurement without direct contact. The main 
disadvantage of these methods is a danger to human use of 
radiation as a result requires special equipment, control 
screens, shutters, and slabs of absorbing materials, and the 
need for a thick-walled containment of a material that 
reduces the intensity of radiation passing. In addition to 
the shortcomings of these methods may include, what 
material, past exposure, he becomes radioactive. 

To control the content of useful components in recent 
years along with X-ray and X-ray radiometric analysis 
methods, are widely used methods using fixed and 
variable electric and magnetic fields. These include 
magnetic analysis, electric oscillometry, paramagnetic 
method, a method using a mass spectrometer, and others. 

The main drawback of these methods is the inability to 
determine the total iron content and iron magnetite in a 
single device which increases the costs of conducting the 
analysis. 

Given the advantages and disadvantages of magnetic 
methods and hardware, the above in «CIMT» was 
proposed device “Magnetic Scales” allows to determine 
the qulity of the ore material both in the number of 
magnetite in it, and the number of total iron. 
“Magnetic scales” are different from those of existing 
analogs, that to improve accuracy, measurements are 
performed in a magnetic field with spatial gradient for 
different magnetic field intensities. The time required for 
the assay 5-10 min. 
Besides these hardware adapted to the peculiarities of a 
particular field. 
The average absolute error obtained for this equipment is 
0,1% for iron magnetite and 0,5 for total iron in the ore 
material with iron content up 20% of total iron and 
magnetic up to 10%. At a higher iron content of total iron 
and magnetite absolute error increase to 1.2% for iron 
magnetite and 1,7% for iron total. 
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Abstract—Thisarticle is anintroductiontothe design 

andcreation ofa reallyhuman-independentsystem 
forenvironment monitoring .It waschosenthe type of 
aircraft,identifiedits advantages and drawbacks. Main part 
contains description of automatic battery charger, which 
allowsa vertical take-off and landing aircrafts to change 
theirbatteries. In the last part, the model of monitoring 
system as general and several issues of exploitation are 
considered. 
 

I. INTRODUCTION 

HISarticleintroduces a new concept of continuous 
monitoring system by using Unmanned Aerial 
Vehicles (UAVs).Nowadays, resembling systems 

with UAV exist, but they cannot perform continuous 
monitoring without human participation. In this paper we 
represent solution which allows excluding human from 
this process. We propose Automatic Battery Charger for 
quadrotors and other Vertical Take-O� and Landing 
(VTOL). 
Of course, first and foremost, we should answer a 
question why the quadrotor. Table 1 presents a short and 
not exhaustive comparison between different VTOL 
devices [1]. 

 
Table 2.VTOL concepts comparison (1=Bad, 4=Very good) 

  A B C D E F G H 

Power cost 2 2 2 2 1 4 3 3 

Control cost 1 1 4 2 3 3 2 1 

Payload/volume 2 2 4 3 3 1 2 1 

Maneuverability 4 3 2 2 3 1 3 3 

Mechanics 
simplicity 

1 2 3 1 4 4 1 1 

Aerodynamics 
complexity 

1 1 1 1 4 3 1 1 

Low speed flight 4 3 4 3 4 4 2 2 

High speed flight 2 4 1 2 3 1 3 3 

Miniaturization 2 3 4 2 3 1 2 4 

Survivability 1 3 3 1 1 3 2 3 

Stationary flight 4 4 4 4 4 3 1 2 

Total 24 28 32 23 33 28 22 24 

.A=Single rotor, B=Axial rotor, C=Coaxial rotors, D=Tandem rotors, 
E=Quadrotor, F=Blimp, G=Bird-like, H=Insect-like 
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As it can be seen, the coaxial helicopter and the 
quadrotor are among the best configurations in miniature 
flying robots area. But coaxial helicopter hasn’t got high 
flight speed. According to data from Table 1, quadrotor is 
the first candidate of the future VTOL. 

 

II. CURRENT SITUATION  

The quantity of researches in quadrotor area has 
considerably increased in the last few years. Clearly, 
control, size and energy requirements are the main 
drawbacks of the quadrotor. Nevertheless, quadrotors are 
simpler in construction and more efficiently in flight 
aspects, which are decisive advantages. 

The number of projects tackling problem with math 
modeling and control is high. Many different methods 
have already been studied to achieve autonomous flights. 
Techniques applied are: PID (proportional-integral-
derivative) controller, classic LQR (linear-quadratic 
regulator) and state depended LQR, H-infinity controller, 
feedback linearization controller, pole placement, 
backstepping and state estimator.The abundance of 
decisions is the reason that we do not contemplate a 
control problem, and at once we can pass to a power part. 

 

A. Application 

Quadrotors with the big payload (and as result with high 
weight) are requiredfor the transport aims. Transport 
application of quadrotor is not widespread, but there are 
projects using them for the construction of buildings, 
compound flying platform.Low weight and high 
maneuver apparatus are suitable for military and 
monitoring aims. Reconnaissance, mapping, photography 
and videography, the observation of objects are the main 
tasks for quadrotors. Thus, the major interest in the 
quadrotors is showing the military sector. In addition, the 
civil organizations start to use them, for example, fire 
service and police. We think it is not far off their applying 
in public places, such as large open spaces, shopping 
malls, open-air events, etc.It is advisable to use the 
system devices in hypermarkets. In Russia 5% of all 
stealing is shoplifting.UK retailers lost 16 milliards 
pounds; USA lost 41.6 milliards dollars. 

Inanycase,bothfor 
themilitaryandcivilianmonitoring,themost important 
characteristicisthe size ofthe device.Military 
reconnaissance indoorsstipulates a tiny device to stay 
inconspicuous. Location ofdevicesin 
publicplacesincludesrequirements forthe 
minimumvisualpollutionof space.In this 
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way,miniaturizationis oneof themain directions of 
developmentquadrotors. 

 

B. Miniaturization problems 

The size and energy are directly related to each other.It 
is obvious that we can reduce the size only due to the 
reduction of propellers.The aerodynamic forces and 
momentum are declined with decreasing of radius of 
propellers [1].Consequently, tomaintainthe 
sameconstantspeedand altitude of movement, it is 
necessary to increasethe rotationalspeed ofthe propellers. 
Thisraises thedemands onthe battery capacity. However, 
withincreasingcapacitythe dimensions andweight 
ofbattery raises. This is the first problem of 
miniaturization. Thiscaneven leadto thefactthatthe 
devicewill not be ableto liftevenitself, ashappenedwiththe 
projectMesicopter (Stanford, 1999-2001). 

Mesicopter aimed to study the feasibility of acentimeter 
scale quadrotor. The project’s driving application was the 
deployment over large areas or planets of a huge number 
of micro vehiclesproviding atmospheric and 
meteorological data [2].This project was closed due to 
insufficient development in the rechargeable batteries. In 
particular, it was closed due to the high weight of recently 
(for 2000) invented the lithium-polymer batteries. 

Sincethen,developers ofbatteriesprogressed, but the 
problem of providingenergyfor a longtimeremainsactual 
for highenergy-consumingquadrotor. 

The second problem of miniaturization is noise. The 
noise level is enlarged with increasing rotational speed of 
propellers.Speaking about military application it 
discovers the device during reconnaissance. 
Incivilianuseit is callednoisepollution, 
andishighlyundesirable. Noise issue can be resolved by 
applying Blue Edge blades and Blue Pulse technology by 
The Eurocopter Group. 

 

C. Comparison 

Table 2 shows comparative characteristics of existing 
and operating devices [3]-[6]. 

 
Table 2.Quadrotors comparison 

Model 
md4-1000 
(Micro-
drones) 

Aeryon 
Scout 

Dragan-
flyer X4 

Crazy 
Flie 

Speed 15 m/s 14 m/s - n/a 

Weight 2650 g  1300 g 680 g  20 g  

Payload 1200g up to  
400 g 

250 g  n/a 

Dimensions 103 cm in 
diameter 

80 cm x  
80 cm x  
20 cm 

64.5 cm x 
64.5 cm x 
21 cm 

12 cm x  
12 cm 

Flight time up to 70 
minutes 

up to 25 
minutes 

 approx. 
30 minutes 

up to 4.5 
minutes 

Battery 12.2 Ah  
or 18.3 
AhLiPo 

Intelligent 
LiPo 
battery 

1900 mAh 110 mAh 

 
First three columns - devices Microdrones, Ayeron and 

Draganflyer - have good time of flight, but do not satisfy 

on sizeat all. Fourth column is device Crazy Flie which 
was developed by Swedish students.Ithasan 
amazingweight and size that satisfythe objectives,butthe 
flight time must be longer, especially,ifthe 
weightgrowsby  additionof newdevices(cameras, 
additionalsensors, etc.). 

We realize UAV as Crazy Flie with some 
modifications. 

 

III.  UAV  CONCEPT 

UAV as a part of monitoring system shouldcomply 
withthe following requirements: high maneuverability, 
goodcontrollability, high safety, low power-consumption, 
small size, simple communication principles and 
sufficient payload. 

To reduce weight we should refuse solid body, and 
mount all parts to the printed circuit board(PCB) like 
Crazy Flie. Motors are also mounted on board. PCB 
serves as a main body of quadrotor.Following sensorsare 
used: 3-axis gyro, 3-axis accelerometer, 1 ultra-sonic 
sensor, 1 camera, for navigation and flight stabilization. 

Thus, the quadrotor weight is about 50 gwiththe 
battery. 

 

IV.  AUTONOMOUS BATTERY CHARGER 

A. Main idea 

The main idea of Automatic Battery Charger is to make 
unmanned air vehicles really autonomous and give them 
ability to operate without human participation for a long 
time. It will be useful in Closed Circuit Television and 
environmental analysis. The main problem whichrequires 
humanparticipation is a necessity to change accumulators 
due to a low battery capacity. This issuecannot be solved 
by using huge long time batteries, because this way is not 
effective if the system must work for days or months. We 
introduce other way to solve this problem and propose to 
make the battery change procedure unmanned, too. 

We need a robotic system which can change batteries 
of UAVs and do it reliablyany time. System 
shoulddismantle batteries from quadrotor, recharge them 
and after all mount full batteries back to quadrotors.So, 
the next step is to findan easy-use junction for battery and 
quadrotor, simple, light and strong at one time. 

The junction shouldhave low weight, be durable and 
simple.  

Our junction satisfies all the requirements. It is easy 
mounted and friendly to use. Robot just makes one push 
to disassemble battery from quadrotor, and other push to 
mount it back. Junction works at any angles and 
velocities. System protection from odd strikes is 
associated with landing by quadrotors chassis. 

Electric commutation is implemented by flexible 
brushes on the bottom of quadrotor. Of course, battery 
contacts should be wider than normal. 

Battery Charger ought to be robotic, but simple and 
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have low weight. Carbon fiber tubes or plastics can be 
used as the material. 

 

 
Fig. 1.  Simplify 3D model of automatic battery charger in cutaway 
view. 

 
There is arotating conveyor to store batteriesand an 

actuator to disassemble batteries from quadrotor. The 
actuator will use low-power DC, because it makes a 
special trajectory. Conveyer will use a stepper motor, to 
position battery container under quadrotors landing 
platform.Inside a container there are brushes for battery 
charge. Using these brushes, system can also spot the 
empty container. 

Landing is implemented by quadrotor’s camera and 
markers on the battery changer’s surface. 

Automatic battery charger can work with any VTOL 
UAVs with batteries at a bottom. 

 

B. Effectiveness and expediency  

Let’s assume that our quadrotor will work for 15 
minutes with 1000 mAh battery, like LP404261 from 
EEMB Battery. 

Maximum charge current for LP404261 is 950 mAh. 
Charging the battery takes one hour. It means that we 
need 4-5 batteries for one quadrotor to make its work 
continuous. Station with 15 battery boxes will provide 
continuous work for 3 quadrotors. Estimated battery 
charge station size for 15 batteries is 50 cm in diameter. 

With emission of Rapid-RechargeLithium Batteries 
developed in MIT the expediency of device will grow [7]. 
Anyway current expediency is sufficientand satisfies our 
entire requirement. 

V. MONITORING SYSTEM 

There are several tasks with quadrotor autonomous 
flying, such as orientation, obstacle avoidance, 
interactionwith people and with other quadrotors. To 
solve these problems we need a control station with the 
strong software which can supervise any phase of 
quadrotors activities. Of course, we need human interface 
and an operator for our software. The operator can take 
control of any quadrotor at any time to obstacle current 
situation more detailed. We need reliable communication 
channels between participants. 

 

A. Structure of monitoring system 

Quadrotors are only the small part of environmental 
monitoring system. It also needs supply devices, radio 
transmitters and a control station. Some of the parts can 
be combined. It is a good idea to install radio transmitter 
into the automatic battery charger. 

 

 
Fig. 2. Structure of monitoring system. (CS – control station, ABC – 
automatic battery charger, RT – radio transmitter) 
 

All the components communicate via wireless network. 
This solution will make the system fast deploymental, 
simple and extendable. 

All high level commands such as sensor analysis, 
markers recognition, route tracking are calculatedat the 
control station. This solution will simplify quadrotor’s 
construction and programming. On the UAV level there 
are only stabilization commands, obstacle avoidance 
commands and “find the signal” command. “Find the 
signal” command is a breakdown mode of quadrotor 
operation. When the signal is lost, quadrotor turns back 
and repeatsits movement in reverse order, or startsrandom 
movementsuntil the signal will be found. 

 

B. Orientation and obstacle avoidance 

UAVs orientation is implemented with radio 
triangulation on operating frequency. We need at least 
three beacons communicated with quadrotor at one time. 
That means the minimum system configuration is one 
control station, one radio transmitter and one automatic 
battery charger. Of course, we must know correct position 
of beacons.  

Accuracy of radio triangulation system is not high. For 
example AOA (Angle-Of-Arrival) Cooperative Position 
Localizationalgorithmwith four nodes will give us half-
meter accuracy [8]. But it is fine and reasonable to rough 
route tracking. Due to low accuracy we got some 
restriction for routing: route must not pass near walls and 
corners. Even one meter accuracy will be enough to 
implementthe reliable monitoring system. 

Obstacle avoidance is a command on UAV level and it 
can interrupt other non-operator commands from control 
station. When quadrotor takes signal from ultrasonic 
sensor it stops and tries to find the way around. If it is not 
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possible, quadrotor sends signal to the control station to 
recalculate his route. Other quadrotor’s ultrasonic will 
also affect as obstacle. We should create security zone 
aroundeach quadrotorto improvesafety. If we make clear 
rules for avoiding, quadrotors will never collide.  

 

C. Control Station 

Control station is a PC with special software on board, 
and radio transmitter connected by USB. There is a lot of 
activity on control station level. First, control station’s 
routing program calculates positions of quadrotors using 
radio triangulation methods. After that program sends 
flying commands like course, speed, altitude, etc. to 
quadrotor. System can analyze routes of quadrotors and 
correct them in near-real-time. Other software reads and 
recognizescamera images, analysis sensors and make 
corrections to the routing program. Timing program 
checks all routes and work time of quadrotors to make 
their interaction more effective. All captures videos are 
stored in the control station memory. 

There is an example of process of battery recharging. 
First, routing program plans a route to the automatic 
battery charger. Then, recognition program finds a marker 
on the charger’s surface and position for landing of the 
quadrotor. Finally, program lands UAV guided by the 
location of optical markers. Simultaneously, timing 
program prohibits other quadrotorsto reload their batteries 
in the occupied changer.If battery is not enough to reach 
next supply station, quadrotor should land near and switch 
off its motors. 

User set basic routes manually, or it can draw observed 
area to switch on an automatic routing program. 

If something goes wrong or warning system fires 
operator can take control for himself. In the control mode 
he can use video image to navigate and joystick to operate 
UAV. He can check sensors and, sometimes, can affect 
the situation using quadrotor. Operator commands get 
highest priority, so he should monitor the UAV’s battery 
and leave the control before quadrotor discharges. 

 

D. Radio Transmitter 

Radio Transmitters are the important component of 
monitoring system. It looks like standard Wi-Fi access 
point and has the same functions. Radio Transmitters 
retranslate command signals from the control station, and 
sensors data and camera images from quadrotor. 
Transmitters also work as beacons and provide orientation 
for quadrotors. Raising the number of transmitters will 
improve system’s coverage and accuracy. 

VI.  EXPLOITATION 

To deploy our system we should find and organize 
places for its components. Already existing network 
infrastructure can be used indoorsor transmitters can be 
placed on the walls and another environment objects. 
Lightingmasts, walls and roofs of nearest 

buildings,electricpoles maybe used outdoors. It is 
necessary to take careof the appearanceof the system.It 
should not be aggressive or stand out from 
thesurroundings. 

Battery chargers should be spread evenly if improving 
of action range is necessary, or should be located nearby 
if we want to concentrate quadrotors in one place. Battery 
chargers should be placed in a zone inaccessible 
forpeople. The control station is placed in the security 
zone. 

Next steps, synchronization of transmitters’ position 
and its territory maps, creating routes (or showing flight 
area for random patrol mode) are required. The system 
will calculate quadrotors’ density for the zone and create 
patrol timing. 

Users can install some extended sensors to quadrotors 
such as gas analyzers or smoke detectors and choose 
special routes for these quadrotors. 

VII.  PROPOSITIONS WITH BIG QUADROTOR 

The big quadrotor can be used as battery charger 
station, too. Payload of its example – md4-100 by 
Microdrones – is about 1200 g. It means a free way to 
utilize a big mobile device as an automatic battery 
charger. 

There are many variations of its exploitation.In 
situations,when it is necessaryto expand the operating 
coverage or theinstallation of the  stationarychargerto the 
desiredpointis difficult, we can mount the charger on a 
big quadrotor. The big quadrotor flies to set point and 
lands on the allocated space.Small quadrotors go to the 
big quadrotor and change batteries until the big quadrotor 
has not enditsown batterycharge(includingthe energyfor 
the returnflight). 

The second case is reverse using. The Automatic 
Battery Charger acts as energy source for the big 
quadrotor. Small quadrotors deliver charged batteries on 
board of big quadrotor. This can improve the flight time. 
Surely, the charger should have special system of 
providing not-completely discharging batteries. 

VIII.  OVERVIEW 

The described systemhasconsiderablepractical 
potential. It can be used for various civilian or military 
aims.Applying of mobilerobots with cameras and/or other 
sensorsenables toorganizethe rapid deployment of the 
system inthe shortest timeevenatnot intended 
forthisarea.Automatic Battery Charger allows using this 
system as non-stop environment monitoring system. 

Future workincludesa detailed disclosure of all aspects 
of the system. Firstly, it is necessary to makethe 
algorithmsof group behaviorof quadrotors that are 
coordinatedby radio.Secondly, the implementation of 
theobject recognitionsystem is required for interaction 
between Automatic Battery Charger and quadrotors.The 
third and very important part is issueof encryptionof 
transmitted data.  
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Combiningall the parts, we acquirea new mobileanda 
continuousmonitoring system. 
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The method of integration control systems hardware on 

the example of Siemens S7-200 controller with Matlab is 

described in this article. This method is based on OPC 

technology and components of Simulink package that 

support this technology. 

I. INTRODUCTION 

URING simulating of different systems we 

frequently come across some situations when we 

should ignore some important parameters of real 

object, build models, which don’t fully match the 

modeling object and do not fully describe one. Usually we 

are forced to do it because of the modeling technologies 

imperfection, models complexity, time limits and other 

factors. 

One way to avoid those defects is to add some real 

devices to the model (sensors, executive devices, 

programmable controllers, intelligent modules etc.) 

The main problem is how to provide data transmission 

between modeling environment and physical devices. 

Control systems elements can work with different data 

transfer protocols that can be not supported by modeling 

environment. These cause the problem of integration of 

control systems hardware devices with modeling 

environment. The way of solving this problem is 

described in this article. But this method isn’t universal 

and can’t be used in general case. 

The method as hardware uses Siemens S7-200 

controller as modeling environment uses Simulink. The 

main technology is OLE for Process Control (OPC). OPC 

(OLE for process control) is the unit of commonly used 

specifications, describing the universal method of data 

exchange for control systems. 

OPC technology is used to provide a universal method 

to exchange data between sensors, executive devices, 

controllers, objects communication devices and 

technological information representation systems, 

operation dispatch management systems and database 

management systems. Using OPC specification vendors 

have opportunity to develop software providing the only 

and most common data access method and data 

transferring to client applications of different vendors. 

 
 

OPC is based on Microsoft Communications Object 

Model (COM/DCOM) and establishes requirements for 

data access objects classes and its custom interfaces to use 

these requirements developers of client and server 

applications. OPC standard’s implementation, description, 

support and distributing is under international voluntary 

organization – OPC Foundation. It’s located in Florida, 

the USA. It includes more than 250 members including 

leading automation companies: Honeywell, Fisher-

Rosemount, Siemens, Wonderware, Intellution and others. 
Nowadays OPC is the standard for automation systems 

building. OPC server is the software environment that 

allows synchronous unified data access to different 

software packages. It can be SCADA-systems of different 

vendors or other software. 

There are several OPC specifications. They can be 

used in different automation areas and data transfer. In 

this method OPC Data Access is used. It’s the main and 

most commonly used standard. It describes a functions set 

for real time data exchange with a PLC and other devices. 

The advantages of using OPC in automation are the 

same as of COM/DCOM: 

 The ability to adapt of system to different networks 

 The ability to scalable 

 The ability to upgrate 

Vendor’s support of OPC is an additional benefit. It 

allows to merge different components in one system. 

II. INTEGRATION OF CONTROLLER AND SIMULINK 

To use this method computer should satisfy following 

requirements: 

 Windows operating system 

 Physical COM-port 

 Installed software: 

 Matlab 2009 + Simulink + OPC Toolbox (OPC 

Toolbox cannot be support in 64-bit version) 

 Step7 microwin for controller programming 

 OPC-server 

Software is installed by standard Windows methods, 

so it isn’t described in the article. Installation of hardware 

drivers is the only required condition. Here it’s Siemens 

drivers. Usually drivers are in the same distributive as the 

OPC-server, otherwise they can be uploaded from 

vender’s web-site.  

Integration of Simulink modeling environment with 

control systems hardware on the example of Siemens S7-200 

controller 

Roman A. Bukharov, Valeria V. Dmitrieva 
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Here the Kepware products are used. The package 

includes, server software and client one, drivers set for the 

most popular devices. 

In this product OPC-server has hierarchical structure 

shown in Figure 1.  

Project.opf

Channel n

Channel 1

Device n

Device 1

Tag n

Tag 1

Name

Address

Description

Type Access

Scan rate

Scalling
 

Fig.  1. OPC server structure 

 

From the client’s side this structure looks like standard 

set of groups and tags of the server instance. Group name 

is formed as Channel[n].Device[m]. Tag name is formed 

as mane specified while  creating the tag. 

In this case OPC-server is used as a communication 

cell between modeling environment and the controller. 

Data transfer between modeling environment and server is 

provided by Simulink and OPCToolbox library. The 

library allows configuring OPC-client. Data transfer 

between controller and server is supported by drivers, 

included in server distributive. 

Usually we can use one group and several tags, 

included in one group, to solve some tasks in Simulink. 

For example to implement PID-controller we should 

transfer the task signal and real value to the controller.  

You’ll get the control signal from the controller. Let’s set 

this example for server configuring. We should create a 

new channel to configure the server’s work. During this 

step the device driver is selected and connection 

parameters are specified. In this example connection with 

the controller  is set through COM-port with the help of 

PPI-converter. Afterwards we should create a new device. 

We select the controller type from the supported devices 

list. After it we should add tags. Controller will get 

information from it and set the new data into it. The 

connection of the tag with the specific variable data in the 

controller memory is carried out by defining variable 

address while creating the tag.  

We should create 3 tags for the PID-controller: 

Control, type – DWORD, access – read and write. The 

control signal value will be written in the tag. 

RealValue, type – DWORD, access – read and write. 

The  system output value will be written in this tag. 

Task, type – FLOAT, access – read and write. The 

task signal value will be written in this tag. 

We should specify the address of variable data in the 

controller’s memory scan rate. 

To make Simulink work we should add OPC 

configuration , OPC Read and OPC Write objects to the 

model. These objects are located in OPCToolbox set.  

OPC Configuration object is used to configure the 

connection with OPC-server. It supports either local 

servers or network ones. It also supports synchronous 

work with a few counts of servers.  

OPC Read object is used to read the value specified 

tag from the server. It has 3 outputs: V, Q and T. V output 

gets the value, Q output gets the quality index of value, T 

output gets the last update time of tag.  

OPC Write object is used to write information to 

specified tag of the server. 

Reading and writing is coursed by the period, equal to 

the simulation step. For correct work the simulation step 

should  be equal to the scan rate, specified while 

configuring server. We should create a primitive model, 

including read and write objects and Display objects to 

check the correct work of Simulink as an OPC-client. 

Display objects should be connected to all outputs of OPC 

Read object. The input of OPC Write should be connected 

to the Constant object 

 
Fig.  2. The model for testing integration. 

 

To make a server without controller work, we should 

create a channel with Simulator driver and afterwards - 

arbitrary device.  In this example it’s one tag with the type 

of variable Short (address=K0000). After saving changes, 

including server into the model, specifying the same tag in 

the parameters of reading and writing and simulation time 

big enough (approximately 100sec) we should turn on the 

simulation.  

Now let’s change the Constant value while the 

simulation is running,  the same value will be displayed on 

the first Display object. The changing of the tag value can 

be examined on the server using OPC-client. This is one 

way to test connections between Simulink and OPC-

server. It covers configuring process, reading and writing. 
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Instead of the Constant object we can use other objects 

(for example Step, Ramp and others), but we should look 

for the types of values if dynamic typifying is not 

supported. 

For testing the full integration of Simulink and 

controller a special task, model and program for controller 

is required. For example we can implement a model with 

PID-controller considered by the configuring of server. 

Controller should be programmed as PID-controller with 

certain parameters. We shouldn’t forget that controller 

deals with normalized values and any transferring value 

should be recounted.  

One method of integration control system hardware 

and Simulink environment is described in the article. 

These are the main advantages of the method: 

 Using technology based on world standards. 

 Using already existed components: Simulink 

objects, hardware drivers. 

 Not necessary to develop any code 

 Easy deployment 

 Real-time support of work 

The main disadvantage of the method is the following. 

It’s necessary to recount the signal values, because 

controllers work with values of the certain limited scale. If 

we use Simulink to solve the problem, we should 

implement special recount objects. This makes the model 

more difficult and slows down the simulating process. 

This method allows to develop the closest to real 

objects models. Control algorithms of these models will 

be easy to port to real objects with minimum 

modifications.  

This method allows to make scientific research in 

control theory  and automation using real objects data not 

interfering in technological process. The only one 

requirement for the objects control system is to support 

OPC.  
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Abstract—This paper is concerned with the problem of 

designing controller for electromagnetic levitation system. 

Using time-scale separation technique and considering the 

structure of the controller as PID algorithm, the controller is 

derived. The expressions for evaluation of the controller 

parameters are proposed. Simulation results in Matlab-

Simulink and experimental results via setup by ZELTOM 

company are presented.

I. INTRODUCTION

YSTEMS OF ELECTROMAGNETIC LEVITATION are 

applied in different industries such as high-speed 

ground transportation systems, vibration isolation systems,

wind tunnel model levitation [1]. 

The main problem in controller design is highly 

nonlinearity of mathematical model of the system. There 

are different design methodologies for electromagnetic 

levitation systems usually presented in literature [2]–[5].

In this paper the time-scale separation technique is used to

design controller for electromagnetic levitation system.

The brief is structured as follows. In the next section 

the problem is stated. In Section III the methodology of 

the controller design is proposed. In Section IV simulation 

results in Matlab-Simulink are presented and compared 

with experimental results via setup by ZELTOM company

[6].

II. PROBLEM STATEMENT

Consider the following model of the electromagnetic 

levitation system described by dynamical equations in the 

state space
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where 1x is the mass position relative to the 

electromagnet, 2x is the mass velocity, 3x is the electric 

current in the electromagnet coil, ag is the gravity 

acceleration, k is a constant that depends on the geometry 

of the system, m is the mass, R and L are the resistance 

and inductance of the electromagnet coil, respectively.

Neglecting transients in electromagnet coil, the model

(1) can be expressed as
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or in the form of the second order differential equation
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A control system is being designed so that the condition 

rtx
t
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)(lim 1                                (4)

holds, where .constr &

III. CONTROL OF ELECTROMAGNETIC LEVITATION SYSTEM

A. Control Law

The time-scale separation technique is used to perform 

the condition (4). Let us apply a control law of the form 
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 is the small positive parameter, .][ 21
TxxX &

The controller parameters Ta ,1 are selected to provide 

the desired output transient performance indices of 1x .

B. Time-Scale Separation

Consider the closed-loop system equations given by the 

model (1) and controller (5)
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Let us replace
''

1x in (5) by the right member of (1). It 

yields the closed-loop system equations in the form 
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Denoting 
'

&& uuuu  21 , the system (7) can be 

expressed as
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Two-time-scale motions are forced as 0) and it is 

should be allocated two subsystems to analyze properties 

of processes in closed-loop system.

Let us now use standard technique for two-time-scale 

motions analysis [7]–[10]. Taking 0tt  & and rewriting 

(8) we have the following system
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By setting 0& we get the system given by
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The inverse replacement tt 1
0

%
&  yields the fast-

motion subsystem (FMS) given by
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where .constX &

Substitution of 0& into (8) yields the slow-motion 

system (SMS) given by
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By comparing (12) and (6) it follows that slow 

processes in closed-loop system correspond to the desired 

behavior 
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It also follows that in the equilibrium mode the 

condition rx &1 holds.

C. Selection of Controller Parameters

This subsection is concerned with selection of 

controller parameters 1, d and .0k

Consider characteristic equation for FMS (11). Let us 

rewrite (11) in the following form
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equation
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Defining
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rewrite (15) in the following form
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and parameter g is changing 
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Roots of the characteristic equation are
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The degree of time-scale separation between the fast 

and slow modes is defined 

,
maxFMS
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t

t
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where SMSt is  the time constant of the SMS (12) and  

maxFMSt is the maximum time constant of the FMS (11).

Defining SMSt and , we calculate maxFMSt and get 

parameters  and 1d .

Let us now define 

min1 2 gd &                             (23)

to provide oscillating processes in the FMS. This selection 

yields complex roots of characteristic equation (17).

The expression for maxFMSt is
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Considering (22) and (26) we get expression for  
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IV. SIMULATION RESULTS

In this section simulation results in Matlab-Simulink are 

presented and compared with experimental results via 

setup by ZELTOM company.

A. Simulation in Matlab-Simulink

Simulations were made with the following values for 

the system parameters

m = 0.041 kg, R = 1.71  !

k = 3.1×10-6, ag = 9.81 m/s2.

The controller parameters are selected as 

T = 0.1 s, 1a = 2, 0k = –3,  = 0.034 s, 1d = 2.05.

The initial condition of the mass position 1x is 0.015 m.

The simulation results of the closed-loop control 

system are shown in Fig. 1.

Fig. 1.  Plots of r(t) and x1(t) (a) and u(t) (b) in the system (2).

B. Experimental Results

Experiments were made with the same parameters of 

the system and the controller. The experimental results are 

shown in Fig. 2.

Fig. 2.  Plots of r(t) and x1(t) (a) and u(t) (b) in the system (2).

The differences between simulation and experimental 

results could be explained by presence of delay in setup 

between computer and electromagnet coil and 

unaccounted dynamics because of neglecting transients in 

electromagnet coil.

V. CONCLUSION

The controller for electromagnetic levitation system via 

time-scale separation technique was designed. Simulation 

results show efficiency of this approach. Analysis of 

experimental results shows that unaccounted dynamics 

affects on mass position. Further it is expected to design 

controller without neglecting of transients in 

electromagnet coil.
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Abstract— IS power supply with cable 

communication line of various length is analyzed and 
conditions of the maximal power in load are 
established. 
 

I. INTRODUCTION 

In mines and enterprises with a potentially explosive 
atmosphere, application of electric-only explosion-proof 
[1]. The most advanced type of protection is intrinsically 
safe: it provides full security of energy use and can be 
used directly in an explosive atmosphere enterprises. The 
main parameter that limits the use of intrinsically safe 
systems, is the small permissible value of the intrinsically 
safe power [2]. Traditionally, for intrinsically safe power 
supplies use different static protection circuits: linear and 
nonlinear restrictive elements - resistors, zener diodes, etc. 
(Fig. 1). They reduce the power coming into the circuit at 
rated speed, to an acceptable level of intrinsically safe due 
to the static characteristics of the limiter.Such a circuit 
switching in an emergency due to low power rating is not 
able to ignite an explosive mixture. 

 
Figure 1. Scheme limits the discharge energy:  
1 - linear limiting resistance, 2 - zener protection; 3 - 
serial key, 4 - Fireplace limiter circuit of power (voltage 
converter PN).  

 
Dependence of the permissible use of intrinsically safe 

power from the power supply output characteristic is 
shown in Figure 2.  
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Especially difficult is the system of power 
transmission through the communication. This is due to 
losses in the line and the inductive nature of the cable 
parameters. For inductive circuits important task is to 
estimate and optimize the parameters of the remote power 
supply. 

 

 
Figure 2. Output characteristics of the power source. 
 

Currently, evaluation is performed on the 
characteristics of Intrinsic: flammable depending on the 
value of inductor current at different voltages in the 
electrical circuit. Features Intrinsic (Fig. 3) for inductive 
circuits can assess their safety for various specific values 
of inductance. Communication line is a continuously 
changing the parameters of the component chain, and 
assess its risk can only be on the comparative parameters 
of the igniting ability for different lengths of cable. In 
such an evaluation can not accurately account for all 
factors that determine risk: the length, voltage, inductance, 
resistivity and rationally choose these options at feeding 
apparatus: 
P = f (U, l, R, L)  
P - Power, W.  
U - voltage, V.  
l - length, km.  
R - resistivity of the lines of communication, Ohm / km.  
L - inductance, H. 
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Figure 3. Characteristic for inductive circuits. 
 

We assume that as the use of spark protection limiter 
based on high-frequency power converter (Fig. 1 
(4)). Scheme for peer-converter and limits the current 
exceeds a safe value. Options limiter practically no 
influence on the losses in the chain: measuring resistance 
is a fraction of Omagh. Consider the option of choosing 
the maximum power intrinsically safe circuit containing 
the power source E, with spark protection, communication 
line and load.  
 

 
Figure 4. Scheme of an intrinsically safe circuit with a line 
of communication.  
 
Legend in Figure 4:  
E - emf of the power source;  
TpFua - Fireplace isolating transformer;  
Mon - voltage converter;  
Rls - the total resistance per unit length communication 
lines;  
RL - load resistance.  
P - power to the load.  
Estimated value of inductance circuit L = 0,5 · 10-3 H / 
km, voltage communication lines U = 27 B.  
Inductance values depending on cable length, we take the 
graphs in Figure 3 (Fig. 5). 
 

The task of automating the evaluation process will 
begin with a formalization of the parameters of the circuit 
and with the choice of inductance values and voltages, 
providing maximum power transmitted by the 
communication line. Scheme is intrinsically safe power 
supply with a line of communication up to 5 km, in the 
form of cable line (Fig. 4). 

 

 
Figure 5. Inductance on cable length for voltage 27V 

 

 
Figure 6. Depending on the current minimum flammable 
induction efficiency circuit and the voltage source for the 
methane-air mixture (Group I)  

 
Block diagram of the automatic evaluation of the 

model is intrinsically safe-Communications Research 
Institute:  
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Symbols in a flowchart:  
L - inductance;  
U - voltage;  
l - the length of the lines of communication;  
R - Linear resistance lines of communication;  
Iv - minimum flammable current obtained from the data 
(*);  
I - safe working current. 

 
Depending on the voltage minimum flammable current 

Imin.vospl from the graph in Figure 6, with equal 
inductance L = 0,5 · 10-3 Hn. Imin.vospl = 1,7 A.  

Work safe current Ibezop = 1.13 A.  
When running cable resistance equal to 1-70 ohms / 

km Shui-largest power has a circuit with minimal loss, ie, 
with linear resistance equal Rpog = 1Om/km.  

Fireplace power limiter (Fig. 1 (4)), if the current is 
1.13 A bar above the transducer and provides intrinsic 
safety of the whole chain.  

Power to the load is reduced by increasing the 
inductance with increasing length of the line (Fig. 5).  

Power to the load calculated by the formula PN = U · I 
- Rpog · I2 · L.  

Operating power for the given parameters U = 27 V, 
Irab = 0.52 A and Rpog = 1Om/km is Pb = 14.1 Tues The 
dependence of the operating power to the load on the 
length of lines (Table 1). 

 
TABLE 1.  

Length, 
km 

0 1 2 3 4 5 

Pн, W 14,1 13,8 13,5 13,3 13 12,8 
 
The values of the intrinsically safe output power line from 
its length supply voltage, obtained in [3], in gonnom 
resistance is 37 ohms / km (Table 2). 
 

TABLE 2.  

Mr values intrinsically safe power 
output line from its length (km) and 

the power supply voltage, of. 

Е, В L, 
Hn 

0 1 2 4 6 
20 10-4 40 8,51 4,76 2,53 1,72 
32 10-3 12,8 8,75 6,65 4,49 3,39 

 
The data given in [3] differ from the data presented in 

this paper: for cable lengths over 1 km above the 
allowable capacity of approximately 2-fold, and at 5 km in 
about 3 times, it is because in [3] as Fireplace element 
uses a linear limiting resistance (Fig. 1 (1)), and we 
consider the variants of the Fireplace power limiter (Fig. 1 
(4)), as well as in the calculations used by the inductance 
determined by the characteristics of intrinsic safety. Power 
up to 1 km are shown net of the total inductance entire 
length of the cable.  

Building such a system is intrinsically safe power 
supply makes it possible to increase power in an 
intrinsically safe load of more than 3 times, with long 
lines of communication.  

This scheme is effective for power supply systems, mine 
automation and communication. 
 

 
Figure 7. Power Curve Pn, power Pn20, Pn32 at voltages 
of 20 and 32V, respectively. 
 

II. CONCLUSION 

The results of the studies can be made the following 
conclusions.  

1. A method for automatic evaluation of intrinsically 
safe circuits with the lines of communication.  

2. Based on the simulation parameters are optimized 
sources of supply, communication lines and loads.  

3. The analysis of the circuit with a line of 
communication allows you to choose the parameters of 
the elements of an intrinsically safe supply of increased 
power. 
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Abstract – The problem of current regulation for a multi-

level DC-DC converter is discussed. The paper addresses 

PI control with an additional low-pass filtering and a high-

frequency pulse-width modulation (PWM) in control loop. 

The problem of controller design is reduced to the contin-

uous-time controller design based on Filippov's average 

model of the multi-level DC-DC converter. The design 

methodology of PI controller via singular perturbation 

technique is presented where two-time-scale motions are 

artificially induced in the closed-loop system.  

I. INTRODUCTION 

HE IMPROVEMENT OF POWER electronic 

switching devices gives the pulse for development 

of new power conversion technologies, such as based on 

the usage of multi-level power converters [1-3]. Social 

problem of acceleration of a volume of passenger traffic 

between large cities, which is important for all devel-

oped countries, and an industrial problem of reinforce-

ment of freight traffic between remote regions of the 

"big" states in the geographical plan (first of all Russia, 

the USA, China, India, Brazil) demand an increase in 

powers of electric locomotives up to 10-15 MW and 

more. This circumstance will even more aggravate a 

problem of maintenance of electromagnetic compatibil-

ity of single-phase networks of electric power supply of 

an alternating current with networks of three-phase 

voltage feeding them. Therefore last years interest to 

systems of electric power supply of high-voltage con-

stant voltage has been renewed. The satisfactory solu-

tion of this problem will probably on the basis of crea-

tion of the converters of the high-voltage direct voltage 

into the direct voltage corresponding to the level of trac-

tion electric motors [4,5]. This paper is a continuation of 

the results discussed in [10]. 

II. MULTI-LEVEL DC-DC CONVERTER 

The multi-level DC-DC converter of a contact catena-

ry 12kV in voltage 3kV for an electric locomotive has 

been offered in [4,5]. The scheme of this converter is 

shown on Fig.1. The converter is based on the concept 

of periodical switching of capacitors from their series 

connection into parallel connection and back. Various 

switching control strategies of this multi-level DC-DC 

converter can be treated. The three-stage operation of 

switching process is discussed in this paper. The first 

stage is the charging stage of all capacitors that are in-

corporated consistently and are connected to a power 

line. The load circuit during this stage is closed through 

the switches which are carrying out functions of the 

free-wheeling diode. The second one is the discharge 

stage of two capacitors 
1C  

2C (Fig.1) in-parallel and 

connected to the load, to be being discharged on it. The 

third one is the discharge stage again of two capacitors 

3C  
4C  in-parallel and connected to the load, to be be-

ing discharged on it. The variation of charge-to-

discharge pulse-time ratio allows regulating average 

value of the output voltage DC-DC converter.  

 

Fig.1 The multi-level DC-DC converter circuit 

 

 Equivalent circuits for three considered stages of the 

converter operation are resulted in Figs.2 and 3. The 

charge circuit of the capacitors from voltage 1E  of a 

power line is shown in Fig.2. The discharge circuit of 

the capacitors 
1C ,

2C  on the load consist of series con-

nection of the inductor L , the active resistance loadR  

and reverse electromotive force (back EMF) of traction 

engine
2E  (Fig.3a). The discharge circuit of two re-

mained capacitors 3C  and 4C  on load is shown in 

Fig.3b. It is assumed, that duration of the second and 

third stages of the discharge of capacitors is identical 

one. 

 
Fig.2 Stage of capacitors charge 
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Fig.3 Stages of capacitors discharge  

III. MODEL OF MULTI-LEVEL CONVERTER 

The discussed multi-level converter operation con-

sists of a periodical sequence of the three stages which 

can be defined by the switching functions 1u , 2u , and 

3u , that are: 

 Stage 1: 1 2 31, 0, 0.u u u    

 Stage 2: 1 2 30, 1, 0.u u u    

 Stage 3: 1 2 30, 0, 1.u u u    

In order to avoid the effect of operation condition 

differences in the charge-discharge of capacitors, the 

switching sequence is doing as the following one: Stage 

1, Stage 2, Stage 3, Stage 1, Stage 3, Stage 2, etc. 

A discontinuous control strategy is provided by the 

pulse-width modulator [6] where the input signal of the 

modulator is defined as the scalar variable   which 

takes values in the interval [0,1] . The output signals of 

the modulator are defined as the switching func-

tions 1u , 2u , and 3u given by  

1

1 ( )

0 ( )

s

s s

for t t t t T
u

for t t T t t T

  

  





  
 

   
 

2

0 ( )

1 ( ) [1 ( )] / 2

0 [1 ( )] / 2

s

s s

s s

for t t t t T

u for t t T t t t T

for t t T t t T

  

   

  



 



  


     
     

 

3

0 ( )

0 ( ) [1 ( )] / 2

1 [1 ( )] / 2

s

s s

s s

for t t t t T

u for t t T t t t T

for t t T t t T

  

   

  



 



  


     
     

 

where sT  is the PWM sampling period, ( )t  is the 

value of the duty ratio function when t t , st T  , 

and 0,1,2,  . 

Let us consider the simplified circuit of the DC-DC 

multi-level converter shown in Fig.1 where the ideal 

switches are used.  
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Stage 2: 

 

12

1

1 2

2

1 2

3

4

,

,

,

0,

0.

load CL
L

C L

C L

C

C

R udi E
i

dt L L L

du i

dt C C

du i

dt C C

du
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Stage 3: 

 

32
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3
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,

,
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C

C

C L
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R udi E
i

dt L L L

du

dt

du

dt

du i

dt C C

du i

dt C C

 



















 (3) 

The system (1), (2), and (3), can be rewritten, for short, 

as the nonlinear system given by 

 1 1 2 2 3 3( ) ( ) ( )x u f x u f x u f x   , (4) 

where 

 1 2 3 4[ , , , , ]T

L C C C Cx i u u u u . 

IV. AVERAGED MODEL 

Assumption 1: The pulse-width modulator is not satu-

rated, that is the following inequality 0 1   holds. 

Assumption 2: The sampling period sT  is assumed to 

be sufficiently small in compare with time constants 

associated with the dynamics of the converter. 
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Let us denote 
1 2 3 4[ , , , , ]T

L C C C CX I U U U U  as the 

averaged vector of
1 2 3 4[ , , , , ]TL C C C Cx i u u u u . 

From Assumptions 1 and 2, by following to the Filip-

pov's approach [7], the geometric approach to PWM 

control [8, 9], by taking into account the definition of 

the switching functions
1u ,

2u , and 
3u , the response of 

discontinuously controlled system given by (4) coin-

cides with Filippov's average model 

 

 2 3

1 2 3

1
( ) ( )

2

1 1
( ) ( ) ( ) .

2 2

X f X f X

f X f X f X 

 

 
   
 

 (5) 

The averaged model (5) can be rewritten as  

 ( ) ( )X f X g X   , (6) 

where the following inequality 0 1   holds. 

In accordance with (1),(2),(3), the averaged system 

(6) has the following form: 

1 3 1 32

1 1

1 2 1 1 2

2 1

1 2 2 1 2

3 1
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4
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1

3 4 4 3 4

,
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E U I

C C R C C C


  
  

  

where 1 2 3 4Ci C C C CU U U U U     .  

V. REDUCED MODEL OF CONVERTER 

Take 1 2 3 4C C C C C     and, under assumption 

that the condition 1 2 3 4C C C C CU U U U U    holds, 

let us consider, instead of the full order averaged system 

(6), the reduced order averaged system given by 

 

2

1

,

4
.

4 4

load C CL
L

C CL L

in

R U UdI E
I

dt L L L L

dU E UI I

dt C R C C





  

 
  





 



 (7) 

Since the voltage processes are in many times faster 

than currency processes,  and assume that the condition 

1 / 4CU E  holds. Finally, we consider the simplified 

model given by  

 2 1 1 .
4 4

loadL
L

RdI E E E
I

dt L L L L
     (8) 

 

 

 

VI. CURRENT PIF CONTROLLER 

 

   The current regulator is being designed for the dis-

cussed multi-level converter so that to maintain the de-

sired value of the current 
Li  that is 

 lim ( ) d

L L
t

i t i


 , (9) 

where 
d

Li  is the reference value (reference input) of the 

load current. Moreover, the controlled transients of 
Li  

should have desired transient performance indices, for 

instance, the desired settling time.   

In accordance with the singular perturbation design 

methodology [10-12], consider the current continuous-

time controller given by the following differential equa-

tion:  
2 (2 1)) ( (1) [( ) / ]d

L LL L L L LLd k i i T i             (10) 

where L  is a small positive parameter of the control-

ler, 0,L  0Ld  , and 0LT  . The control law (10) 

can be expressed in terms of transfer functions, that is 

the structure of the PI controller with an additional low-

pass filtering (PIF controller) given by 

1
( ) [ ( ) ( )] ( ) .

( )

dL

L L L

L

L

L L

k
s i s i s i s

s d sT


 

 
   

  
 

The closed-loop system analysis is provided below 

based on the consideration of the reduced average sys-

tem (8) with controller (10) where the current Li  is re-

placed by LI , that is 

 

2 1 1

2
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4
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,
4
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L L
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T d
k
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i







  

 
   

 



 (11) 

 Denote 1 2, L      .The replacement of LI in 

the second equation of (11) by the right member of the 

first equation of (11) yields the reduced order averaged 

closed-loop system in the form 

 

2 1 1
1

1
1

1

1
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2
1 2
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4

.
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4
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4
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adL
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d
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RdI E E E
I

dt L L L L

d

dt

d E

dt L

Ri I

k
d

k
T

E E
I

L L L


 






 





 

 
  












 (12) 

Since 
L  is the small parameter, the above equations 

(12) are the singularly perturbed differential equations. 

Fast and slow modes are artificially forced in the 

closed-loop system (12) as 0L  . The degree of time-

scale separation between these modes depends on the 

parameter L . From (12), the average fast-motion sub-

system (FMS) 
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results, where 
LI  is treated as the frozen variable during 

the transients in  (13). 

Remark 1: The stability of FMS transients is provided 

by selection of the gain 
Lk  such that the condition 

1 0Lk E   holds given that 0L   and 0Ld  . 

Assume that the control law parameters
Lk ,

L , and 

Ld  have been selected such that the FMS (13) is stable 

as well as time-scale decomposition is maintained in the 

closed-loop system (12).  Take, for example,  

 

1

4
Lk

E

L
  , 

then the FMS (13) characteristic polynomial is given by 

 
2 2 1L L Ls d s   . (14) 

Letting 0L   in (12), we obtain the steady state 

(more precisely, quasi-steady state) of the FMS (13), 

where 
1 1

id  (that is inverse dynamics solution). Sub-

stitution of
1 1

id  into the first equation of (12) yields 

the averaged slow-motion subsystem (SMS) given by  

 ( ) /d

L LLL II i T  , (15) 

So, the average behavior of the current 
LI  is prescribed 

by the stable reference equation (15) and by that the 

requirement (9) is maintained, in the average sense, that 

is  

 lim ( ) ,d

L L
t

I t i


  

where the steady-state of (15) yields
d

L LI i .  

Remark 2: The parameter 
LT  is selected in accord-

ance with the desired settling time SMSt  for the cur-

rent
LI such that /3S SL MtT  . The time-scale decompo-

sition is maintained in the system (12) by selection of 

the parameter L  such that the condition /L LT   

holds, where   is the degree of time-scale separation 

between fast and slow modes. The desired damping of 

the FMS transients is provided by selection of the pa-

rameter Ld .  

VII. IMPLEMENTATION OF PIF CONTROLLER 

In order to practical implementation, the discussed 

PIF controller (10) can be rewritten in the form given by 

 

2

2 1 1 0 0

d

L L
Ld id d

dt dt dt
i c i

 
      , (16) 

where 

1 1 2

0 0 02

, ,

, .
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k
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. 

Then, from (16), we may get the equations of the dis-

cussed PIF controller in the state-space form without an 

ideal differentiation of 
Li , that is  

 

1 1 1 2 1

2 0 0

1

,

,

.

L

d

L L

u u u i

u i c i

u

 





   

 



 (17) 

In order to avoid excitation of transients caused by the 

initial condition mismatching between (4) and (17) in 

the closed-loop system, the following expressions 

 
1

2 1 1 1

(0) (0),

(0) (0) (0)L

u

u u i



 



 
 (18) 

can be used for initial conditions selection of the con-

troller (17) where (0) (0)d

L Li i . 

VIII. SIMULATION OF CLOSED-LOOP SYSTEM 

Let the multi-level converter parameters are as the 

following ones: 1 2 3 4 0.002C C C C C F     ,  

0.0015L H , 0.16loadR   , 0.1inR   , 

1 12E kV , 2 0E  . The sampling period of the pulse-

width modulator is selected as 0.001sT  s. 

Take, for example, 0.01LT  s and 8  , then 

0.0013L  s. Take 
7

1 104 5/L Ek L      and 

2Ld  . The initial conditions in the closed-loop system 

given by (4),(18) are assigned as the following ones: 

 

1 2 3 4

1

2 1 1 1

(0) (0) (0) (0) 3 ,

(0) 3 , (0) 0.84, (0) (0),

(0) (0) (0).

C C C C

L

L

u u u u kV

i kA u

u u i

 

 

   

  

 

 

 The simulation of the discussed multi-level converter 

(4) with controller (17) has been done based on 

Matlab/Simulink Tools. The results of simulation are 

displayed in Figs.4-7 for the time interval [0-0.1] s. The 

reference input d

Li takes two values, 3kA and 1kA, as 

shown in Fig.4.  
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Fig. 4 Simulation results: Plots of 

Li (A) and 
d

Li (A). 

 
Fig. 5 Simulation results: Plot of 

1Cu (V) 

 
Fig. 6 Simulation results: Plot of   

 
Fig. 7 Simulation results: Plot of 

ini (A) 

IX. CONCLUSIONS 

The discussed PIF controller with the small parameter 

(high gain) in feedback produces slow-fast decomposi-

tion in the closed-loop system. It has been shown that if 

a sufficient time-scale separation between the fast and 

slow modes in the closed-loop system and stability of 

FMS transients are provided by selection of controller 

parameters, then averaged SMS has the form of the pre-

scribed reference equation, thus the desired transient 

performance indices of the average current ( )LI t are 

maintained. 

The advantage of the presented singular perturbation 

technique of controller design for the discussed multi-

level DC-DC converter is that the desired transients of 

the current are maintained in the presence of uncertain-

ties of load and converter parameters.  
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Randomized Smoothing for Near-Convex Functions in Context of Image
Processing

I. Minin, A. Vakhitov

Abstract— In this paper near-convex functions are presented
which are a sum of strongly convex and bounded functions.
We have noted that in several optimization problems in area of
image processing cost functions be approximated in such a way.
Here we present an algorithm how to minimize such functions
using randomized smoothing technique.

I. INTRODUCTION

The intensive research in the area of randomized algo-
rithms of optimization started in second half of XX century
in [1]–[4]. The randomization allowed to reduce number of
function measurements needed to achieve certain quality of
minimum estimates [4] or even in case of additional mea-
surement noise achieve optimal convergence rate in general
class of zero-order stochastic approximation algorithms [2],
cancel out unknown but bounded measurement noise [3] or
smoothen non-differentiable functions [5].

Here we analyze another property of randomized algo-
rithms of optimization, namely their ability to come by
local minima while minimizing non-convex functions with
gradient-type optimization procedures. We bound ourselves
to a class of functions f(x) being a sum f(x) = f0(x)+v(x)
of strongly convex in minimum point f0(x) and bounded
v(x) (we call them near-convex). We than show that this
approach can lead to some sound results in applications of
optimization in area of image processing.

In papers of Katkovnik [1] the possibility of smoothing a
function in order to overcome local minima while minimiz-
ing with gradient-type procedures was mentioned but from
our point of view detailed analysis was up to now missing.

There is a number of challenging problems in image
processing such as image restoration, registration, segmen-
tation and e.t.c. which often require large-scale nonsmooth,
nonconvex optimization.

Image registration problem [7] may be stated as: given two
images taken, for example, at different times, from different
devices or perspectives, the goal is to determine a reasonable
transformation, such that a transformed version of the first
image is similar to the second one.

The image restoration problem [8] is that of reconstructing
an image of an unknown scene from an observed image.
This problem plays an important role in medical sciences,
biological engineer- ing and other areas of science and
engineering [9]–[11]. The most common image degradation
model can be represented by the following system:

b = Ax+ η,

I. Minin and A. Vakhitov are with the Saint-Petersburg State University,
Saint-Petersburg, Russia alexander.vakhitov@gmail.com

where η ∈ Rm represents the noise, A is an m× n blurring
matrix, x ∈ Rn and b ∈ Rm are the underlying and observed
images respectively.

II. PROBLEM SETTING

Assume that f(x) : Rq → R is a non-convex function, but

f(x) = f0(x) + v(x),

where f0(x) is strongly convex with parameter µ:

f0(x) ≥ f0(y) + 〈∇f0(y), x− y〉+
µ

2
‖x− y‖2,

for all x, y ∈ Rq , and v(x) is a continuous function with
properties...

∀x ∈ Rq v(x) ≤ Cv.

The problem is to find a minimum of f0(x) :

f0(x)→ min .

III. ALGORITHM

A. Definition

Define averaged fh(x) as

fh(x, b) =

∫
Q

h(u)f(x− bu)du,

where h(u) is smoothing kernel function and b ∈ R, u ∈ Rq,
Q ⊂ Rq is width of smoothing kernel.

We will use in the rest of the paper potential averaging
kernels. Denote u = (u(1) . . . u(q))T . The main property of
such kernels of order ν is that for

ms1,...,sq =

∫
Q

h(u)(u(1))s1 ...(u(q))sqdu = 1,

n∑
i=1

si = S, si ≥ 0, S ≤ ν.

the following equality is true:

ms1,...,sq = 1, S = 0; ms1,...,sq = 0, S > 0, S ≤ ν.

You can find several examples of such functions in [1].
Moreover, potentiality of the kernels means that for one-

time continuously differentiable f(x):

f(x) =

∫
Q

h(u)f(x− bu)du+ Φ(x)b2

f ′(x) = fh′(x) =
1

b

∫
Q

h′(u)f(x− bu)du+ Φ(x)b,

where Φ(x) denotes some function.
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So, gradient of f can be approximated with gradient of
kernel h as a new kernel. Then this new kernel will have the
following property:∫

Q

h′(k)(u)u(i) = −δki;

Ψs1,...,sn =

∫
Q

h′(u)(u(1))sq ...(u(q))sqdu = 0,

n∑
i=1

si = S, si ≥ 0;S = 0, 2, . . . , ν.

where δki is Kronecker symbol.
Let us define parametric statistical gradient [1] as

η(x,N, b) =
1

Nb

N∑
j=1

ηj(x, b),

ηj(x, b) = d(uj)f(x− buj), d(uj) =
h′(uj)

p(uj)
,

where p(·) is some probability density function, and uj are
sampled from corresponding distribution.

In [1] several examples of such functions are given, among
them for order ν = 1:

p(u) =
1

(2π)q/2
e−

‖u‖2
2 ,

c = 1, d = −us. (1)

Now it’s time to formulate a randomized optimization algo-
rithm: Starting with some initial point θ̂0,

θ̂n = θ̂n−1 − αη(x,N, b), (2)

where α, b are some coefficients.

B. Properties

Theorem 1. Let f, f0, v, fh be as defined in paragraph II.
Assume that ν ≥ 2, the following bounds hold:∫

Q

‖u‖2du ≤ U,∫
|h(u)|du ≤ H,∫

h(u)∇v(θh − bu) ≤ C2
v + C4b

2.

Then method (2) converges to a neighbourhood of a
minimum of fh in mean squares sense, that is

E‖θ̂n − θh‖2 ≤ D2 (n→∞).

Exact value of D can be obtained in the proof.
Proof It is needed to show only that fh is strongly convex

in its minimum, the rest can be based, for example, on the
book [6].

fh(x) =

∫
h(u)f0(x− bu) +

∫
h(u)v(x− bu) ≥

≥
∫
h(u)f0(θh− bu) +

∫
h(u)〈∇f0(θh− bu), x− θh + bu〉

+

∫
h(u)

µ0

2
‖x− θh + bu‖2du+

∫
h(u)v(x− bu)du ≥

≥ fh(θh) + 〈∇fh(θh), x− θh〉+
µh

2
‖x− θh‖2 +R,

where

R =

∫
h(u)(v(x−bu)−v(θh−bu))du+

∫
〈∇f0(θh−bu), bu〉−

−
∫
h(u)〈∇v(θh − bu), x− θh〉+

∫
h(u)

µ0

2
b2‖u‖2.

Following bounds are true:∫
h(u)(v(x− bu)− v(θh − bu))du ≥ −2Cv − C2b

2,

from properties of h(u):∫
h(u)〈∇f0(θh − bu), bu〉 ≥ −C3LHb

2U2, ,∫
h(u)µ0b

2‖u‖2 = 0,

−
∫
h(u)〈∇v(θh−bu), x−θh〉 ≥ −(C2

v +C4b
2)‖x−θh‖ ≥

≥ −1

2
(T 2ε−2 − ε2‖x− θh‖2).

We see that

fh(x) ≥ fh(θh) + (µ0 − ε2)‖x− θh‖2 − C,

for some constant C > 0 and some ε > 0 such that µ0−ε2 >
0.

For a method to be convergent to a neghbourhood of θh
we need

(µ0 − ε2)‖x− θh‖2 ≥ C,

or

D = ‖x− θh‖ ≥

√
C

µ0 − ε2
.

Theorem 2. Let f, f0, v, fh be as defined in paragraph II.
Let µh be a strong convexity constant for fh.

Then minimum of fh θh and minimum of f0 θ satisfy the
following equation

‖θh − θ‖ ≤ C.

Proof of Theorem 2. fh is a strongly convex function, so

〈∇fh(θ), θ − θh〉 ≥ µh‖θ − θh‖2.

Therefore,
‖θ − θh‖ ≤

1

µh
‖∇fh(θ)‖,

∇fh(θ) =

∫
h(u)∇f0(θ − bu) +

∫
h′(u)v(θ − bu) ≤

≤
∫
h(u)Lb‖u‖+ C1

v = C1
h + C1

v ,

and
C =

1

µh
(C1

h + C1
v ).
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Fig. 1. Initial function f(x) in one-dimensional case (see text)

Fig. 2. Convex averaged function fh(x) in one-dimensional case (see text)

IV. EXPERIMENTS

In our simulation, we’ve tested with kernel (1)functions

f(x) = x2 + 10 sin(x),

f(x0, x1) = x21 + x22 + 10 sin(x1) + 10 sin(x2),

We used N = 100,termination criteria was chosen as

‖θ̂k+1 − θ̂k‖ < 0.0001,

Starting point θ0 = (100,−100),
αn = 1

n0.6 , and b = 1.2.
Average number of iterations was 17. You can see f(x)

at Fig. 1 and fh(x) at Fig. 2.
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Optimization of the CVaR by a Stochastic Quasigradient Algorithm

Alexey I. Chernobrovov

Abstract— A stochastic quasigradient algorithm for solving
the CVaR optimization problem with a convex loss function is
suggested. The algorithm is based on stochastic approximations
of CVaR function gradients by using the order statistics. The
features of the construction numerical algorithm are considered.
Several examples are also considered.

I. INTRODUCTION
In recent years, risk measures have become important tools

in financial mathematics, in optimization under uncertainty
and optimal control theory. Especially in coping with the
losses that might be incurred the insurance industry or control
the moving objects. The value-at-risk (VaR) and Conditional
value-at-risk (CVaR) are important risk measures.

Detailed features of VaR criterion and its properties have
been researched in the monograph [1]. Several important
practical applications are considered in [2].

In practice, it is hard to find the explicit form of the VaR
function. Therefore it is difficult to use numerical methods
to solve such an optimizational problem. In [3] a stochastic
quasigradient algorithm for minimizitaion VaR is proposed
and its convergence is proved almost surely. One does not
need to know the explicit form of the function to apply this
algorithm. However, application of this algorithm is difficult
because it requires the convexity of VaR. This condition is
difficult to verify [1].

Attractive alternative to VaR is CVaR. As a tool in
optimization modeling, CVaR has superior properties in
many respects. For CVaR it is easy to check convexity [4].
Moreover, CVaR is a coherent risk measure [5]. CVaR is
essentially the averaged value of the VaR on the ”tail” of the
distribution [6].

Also in [7] it is proved that the CVaR for bilinear loss
function could be computed by solving a linear programming
problem. But this method is based on scenarios and it leads
to high-dimensional problems. Moreover, to reach the con-
vergence the method was constructed for discrete distribution
of uncertain parameters.

This paper proposes a stochastic quasigradient algorithm
of minimizing CVaR-criterion. We noticed that the scheme
of the algorithm proposed in [3] of minimizing VaR could be
adapted to construct an algorithm of minimizing the CVaR.
We formulate the convergence theorem of this algorithm. We
consider the features of the construction numerical algorithm.
We also consider some pratical examples.

This work was supported by federal target program ”Scientific and
scientific-pedagogical personnel of the innovative Russia” (Measure 1.1.
State Contract 02.740.11.0481), this work was supported by Russian Foun-
dation of Basic Research (Project 11-07-00315-a.)

A. I. Chernobrovov is with the Moscow Aviation Institute, Applied
Mathematics and Physics, Moscow, Russia 4ernobrovov@mail.ru

II. STATEMENT OF THE PROBLEM

Let Φ(u,X) : Rm × Rs → R1 be a real function that is
continuous with respect to all arguments. Here X is a random
vector with realizations in Rs and absolutely continuous
distribution function FX(x). Let us determine the probability,
quantile functions (α-VaR), α-CVaR and “upper” α-CVaR
(α-CVaR+) as follows

Pϕ(u) , P{X : Φ(u,X) ≤ ϕ}, ϕ ∈ R1,

ϕα(u) , min{ϕ : Pϕ(u) ≥ α}, α ∈ (0, 1),

ψα(u) ,
1

1− α

∫ 1

α

ϕβ(u)dβ, α ∈ (0, 1), (1)

ψ+
α (u) , M[Φ(u,X)|Φ(u,X) > ϕα(u)],

where P(·) is a probability measure defined on the Borel
sets in Rs.

Let us recall some properties of the α-CVaR that are used
below.

Theorem 1 ([4]): If Φ(u, x) is convex with respect to u
on a convex set U ⊂ Rm for all x ∈ Rs, then function
ψα(u) is convex with respect to u as well.

Theorem 2 ([6]): If for some u ∈ U satisfied |ψα(u)| <
∞, then we have following equality

ψα(u) = λα(u)ϕα(u) + (1− λα(u))ψ+
α (u), (2)

with

λα(u) ,
Pϕα(u)(u)− α

1− α
.

Let us consider the following minimization problem for
the α-CVaR

u∗ = arg min
u∈U

ψα(u), (3)

where U ⊂ Rm is a convex compact set.

III. OPTIMIZATION OF THE CVAR FOR THE
CONVEX LOSS FUNCTION BY A STOCHASTIC

QUASIGRADIENT ALGORITHM

A. Estimation CVaR by using the order statistics

Let us suppose that for every u ∈ U we can get a sample
of size nk of values {Φ(u,Xi)}nki=1 of the function Φ(u,X).
By {Φ(i)(u)}nki=1 we denote the ordered series of the sample,
i.e. increasing ordered statistics

Φ(1)(u) ≤ Φ(2)(u) ≤ ... ≤ Φ(nk)(u).

Basing on this ordered series of the sample, we construct the
statistic

ψ̂k(u) ,
1

1− α

(
lk
nk
− α

)
Φ(lk)(u) + ψ̂+

k (u), (4)
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with

ψ̂+
k (u) ,

1

nk(1− α)

nk∑
j=lk+1

Φ(j)(u),

lk ,

{
αnk, αnk ∈ N+,

[αnk] + 1, αnk 6∈ N+.

This estimate is based on equation (2).

B. The idea of the algorithm

As mentioned earlier, the idea of constructing an algorithm
is based on a Stochastic Quasigradient Algorithm of VaR
minimization described in [3]. This is possible because of
the following trivial lemma.

Lemma 1: If ϕβ(u) a continuous function with respect to
β on the interval [α, 1) for some u ∈ U , then there exists a
ω ∈ [α, 1), such that

ψα(u) = ϕω(u).
Proof: This is a special case of the First mean value

theorem for integration.

ψα(u) =
1

1− α

∫ 1

α

ϕβ(u)dβ = ϕω(u).

Thus, α-CVaR at each u is shifted VaR.
Algorithm in paper [3] is also based on order statistics for

estimating VaR. For this estimation the proof of convergence
almost sure is well-known [1], [8]. Therefore, the following
theorem is also necessary for the algorithm construction.

Theorem 3 ([9]): If M[Φ(u)] <∞ for some u ∈ U , then
ψ̂k(u)

a.s.−→ ψα(u).
Through this statement we can construct an analogue of

the algorithm from [3]. But a class of functions to which it
can be applied is much wider. Because it is easy to explore
the convexity of α-CVaR using Theorem 1.

C. A Stochastic Quasigradient Algorithm

Let us choose some ε > 0 and introduce a notation U1 ,
U ⊕ Uε, where

Uε , {u ∈ Rm : ||u|| ≤ ε}

and U ⊕ Uε denotes the Minkowski sum of sets U and Uε,
i.e. U ⊕Uε , {u+ v : u ∈ U, v ∈ Uε}. Thus U1 is a convex
compact set.

By ΠU we denote the operator of random projection to the
domain U1, i.e. the mapping ΠU : Rm → U1. This mapping
is given by the following relation

ΠU (u) ,

{
u, u ∈ U,
û, u 6∈ U.

(5)

Here the random vector û is distributed uniformly on the
full-sphere

Bε ,

{
u1 ∈ U1 :

∣∣∣∣∣∣∣∣u1 − arg min
v∈U
||u− v||

∣∣∣∣∣∣∣∣ ≤ ε} .
Now let δk > 0 be a numerical sequence such that δk → 0

as k →∞.

A random vector

ξk(u, δk) ,
1

2δk

m∑
i=1

[ψ̂k(ũ1, . . . , ui + δk, . . . , ũm)−

ψ̂k(ũ1, . . . , ui − δk, . . . , ũm)]ei

is called the stochastic quasigradient of the α-CVaR function.
Here, ũi are distributed uniformly on segments [ui−δk, ui+
δk], i = 1,m.

Let us consider the algorithm generated by the sequence
uk, k = 1, 2, . . . , where

uk+1 =

{
ΠU [uk − ρkξk(uk, δk)] , ||ξk(uk, δk)|| ≤ L,
ũ, ||ξk(uk, δk)|| > L.

(6)
Here ΠU [·] is an operator of randomized projection (5), ũ
is distributed uniformly on the set U , L > 0 is a sufficiently
large number, ρk is the length of the algorithm step and
ξk(uk, δk) is a random sequence with the following property

E[ξk(uk)|u1, . . . , uk] = ∇uψk(uk) + bk(uk), k = 0, 1, . . . .

Here bk(uk) is a random sequence that is induced by
the family of random vectors u1, . . . , uk, and the one has
the following property ||bk(uk)|| a.s.−→ 0, ∇uψk(u) is the
subgradient of the function ψk(u), i.e. a vector that for any
z ∈ Rm satisfies the inequality

ψk(z)− ψk(u) ≥
(
∇uψk(u), z − u

)
.

By (·, ·) we denote the scalar product in Rm.
Remark 1: Using the operator (5) is necessary to avoid

possible circling of the algorithm (6).
Introduce the notation:

Vε(u) , {ϕ(u) : ϕ(u) ≥ ϕα(u)− ε},

with ε > 0 small quantity.
Theorem 4: Let the following conditions hold:

(i) the loss function Φ(u, x) : Rm × Rs → R1 is convex
with respect to u on convex compact set U1 for every
x ∈ Rs

(ii) the CVaR ψα(u) has the bounded second derivatives on
the convex compact set U1;

(iii) the probability function Pϕ(u) has the bounded second
derivatives with respect to ϕ and ∂

∂ϕPϕ(u) > 0 for all
u ∈ U and ϕ ∈ Vε(u);

(iv) for all u ∈ int(U1) quantile function ϕβ(u) is con-
tinuous with respect to β ∈ [α, 1) and fΦ(ϕβ(u)) =
O(1− β) with β → 1;

(v) the sequence ρk satisfies the following conditions

ρk > 0,
∞∑
k=1

ρk =∞,
∞∑
k=1

ρ2
k <∞;

(vi) the sequences δk and nk satisfy the conditions

δk > 0,

∞∑
k=1

δ2
k <∞,

∞∑
k=1

1
√
nk

<∞,
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∞∑
k=1

1

nkδ2
k

<∞,
∞∑
k=1

ρk
δk
√
nk

<∞;

(vii) there exists γ > 1 that satisfies the condition

γ > max

{
1

nk − [nkα]
,

1

[nkα] + 1

}
,

such that

E[|Φ(u,X)|γ ] <∞ for all u ∈ U1;

(viii) mes {(u, x) ∈ U1 ×Rs : Φ(u, x) = ϕ} = 0 for all ϕ ∈
R1.

Then uk
a.s.−→ u∗, where the sequence uk is generated by

algorithm (6) and u∗ satisfies (3).
This theorem proved in [10].

Remark 2: When a confidence probability α is rather high
(i.e., when α > 1/2) two restrictions for γ (see (vii)) are
reduced to γ > 1

nk−[nkα] .
Remark 3: Let us give examples of sequences that satisfy

conditions (v)-(vi) of Theorem 4:

ρk =
ρ0

k
, δk =

δ0

k
1
2 +ε

, nk = [n0k
2+3ε].

Remark 4: Condition (iv) is equivalent to that distribution
of random variable Φ does not have “fat tail”. This condition
is satisfied for exponential and normal, Laplace distribution,
as well as for any bounded distribution. This condition is not
satisfied, for example, the Cauchy distribution.

Example 1: Let’s check condition (iv) for the exponential
distribution. Indeed, for the random variable Φ ∼ E(λ) the
probability density function and the quantile are as follows

fΦ(ϕ) =

{
λe−λϕ ϕ ≥ 0,

0 ϕ < 0,

ϕβ = − 1

λ
ln(1− β).

Thus,
1− β
fΦ(ϕβ)

=
1− β

λeλ
1
λ ln(1−β)

=
1

λ
.

Therefore condition (iv) is satisfied.
Example 2: Let’s check condition (iv) for the normal

distribution. Indeed, for the random variable Φ ∼ N (0, 1),
the probability density function as follows
fΦ(ϕ) = 1√

2π
exp{−ϕ

2

2 }. Lets use the estmation of
quantile ϕβ from [11] for β → 1:

ϕβ =

√
ln

(
1

2π(1− β)2

)
− ln

(
ln

(
1

2π(1− β)2

))
+o(1).

Thus, for β → 1:
1− β
fΦ(ϕβ)

=

=

√
2π (1− β)

exp
{
− 1

2

(
ln
(

1
2π(1−β)2

)
− ln

(
ln
(

1
2π(1−β)2

))
+ o(1)

)}
=

√
2π (1− β)√

2π(1− β)2 (−2 ln(2π(1− β))) + o(1)
=

= O

(
1

− ln(1− β)

)
→ 0.

Therefore condition (iv) is satisfied.

IV. NUMERICAL STUDY
A. Construction numerical algorithm

The absolute disadvantage of this algorithm is its relatively
slow speed, because each iteration is difficult to calculate.
Several techniques can be used in the numerical implemen-
tation to speed up its work. Also, there are some important
practical aspects worth to be noted in this paper.

1) The choice of starting point: The speed of the algo-
rithm depends on the choice of starting point. Therefore,
it is possible to use any heuristic approach to select it.
For example, randomly distribute points in the U using the
Monte Carlo method, and then choose the one for which the
estimation of α-CVaR will be minimal.

In [4] a method of reducing the problem of finding the
minimum CVaR to solve linear programming problems, with
the loss function Φ(u,X) having a bilinear structure is
described: Φ(u,X) =

∑m
i=1 uiXi. This approach is based

on scenarios and for using this method it is necessary to
have a discrete distribution of Xi, i = 1,m. However, it is
perfect for an approximate solution and choice of starting
point for algorithm (6). It is enough to construct a discrete
approximation of the density of Xi, i = 1,m. The accuracy
of the solution will depend on the number of scenarios (the
accuracy of approximation). With the increase in accuracy
the dimension of the linear programming problem will also
increase.

2) The first steps of the algorithm: It is not necessary the
first few steps of the algorithm to satisfy condition (iv) . For
example, assign nk = n0 on the first step of the algorithm.
It will help to speed up the calculations.

3) The calculation estimation of CVaR: As can be seen
from Remark 3 with increasing k there is a following
problem. The size of samples nk grows with a speed k2,
and calculation estimation of CVaR (4), hence, becomes
complicated. It should be noted that for calculating the
estimation of CVaR not necessarily sort a sample, and only
enough to know some maximal elements of them. To find the
estimate (4) proposed to use the following simple algorithm:

1) Get a sample of size (1 − α)nk of values
{Φ(uk, Xi)}(1−α)nk

i=1 and store them into array
A[1..(1− α)nk]. In parallel assign Amin the value of
the minimum element of the array A, and let Aindex
be the value of corresponding index.

2) Calculate the elements {Φ(uk, Xi)}, i =
(1− α)nk + 1, nk. If {Φ(uk, Xi)} > Amin then
A[Aindex] := {Φ(uk, Xi)}, and set Amin value of
the minimum element of the array A, and set Aindex
value of corresponding index.

3) Calculate the estimate of CVaR (4), using an array A.
This approach minimizes the number of comparisons

between elements, as when array is fully sorted. Moreover,
this method economizes memory because it does not store
the entire sample {Φ(uk, Xi)}nki=1.
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4) The stopping criterion: The most important, perhaps,
is the stopping criterion of the algorithm. This is especially
important in the case when the CVaR is not strictly convex.

We can not use the criteria ||uk−uk−1|| < ε1 or |ψ̂k(uk)−
ψ̂k−1(uk−1)| < ε2 as stopping criterion, since we use the
randomized projection operator (5). After this projection
we can get uk+1 ”close” to uk, but ”far” from the optimal
value. Therefore it is offered to use following conditions of
a stop:

||uk − uk−1|| < ε1, ||uk−2 − uk−1|| < ε1,

||uk−2 − uk|| < ε1, |ψ̂k(uk)− ψ̂k−1(uk−1)| < ε2,

|ψ̂k−2(uk−2)− ψ̂k−1(uk−1)| < ε2 and k > K,

where ε1, ε2 and K are some constants.

B. Examples

Example 3: Consider the loss function of the following
form

Φ(u,X) = u2X − u+ 1, (7)

where X ∼ R[0, 1] is a uniform distribution random variable.
It is easy to solve problem (3) in this case, since there is the
explicit form of the CVaR function

ψα(u) = u2xα − u+ 1.

We find that u∗ = 1
1+α , and ψα(u∗) = 1− 1

2(1+α) .
It is easy to verify that the function (7) satisfies the

conditions of Theorem 4.
The CVaR function of the level α = 0.95 and the sequence

generated by algorithm (6) (dotted line) are showed in Fig. 1.
We see that u∗ = 0, 5128, and ψα(u∗) = 0, 7436.

Fig. 1. Optimization of the CVaR for the Convex Loss Function by a
Stochastic Quasigradient Algorithm

Note that 100 iterations were conducted. Absolute devia-
tions were as follows

|u∗ − û100| = 0, 001, |ψα(u∗)− ψα(û100)| = 0, 005

and relative deviation were as follows
|u∗ − û100|

u∗
= 0, 2%,

|ψα(u∗)− ψα(û100)|
ψα(u∗)

= 0, 7%.

Example 4: Consider the loss function of the following
form

Φ(u,X) = −
8∑
i=1

uiXi, (8)

TABLE I
THE RESULTS OF EXAMPLE 4

Algorithms u∗ SQG LP LP+SQG
Iterations - 20 100 - 20

u1 0,125 0,212 0,135 0,116 0,132
u2 0,125 0,107 0,130 0,101 0,139
u3 0,125 0,114 0,112 0,161 0,114
u4 0,125 0,120 0,121 0,117 0,121
u5 0,125 0,117 0,133 0,155 0,128
u6 0,125 0,107 0,109 0,114 0,119
u7 0,125 0,112 0,129 0,113 0,133
u8 0,125 0,111 0,131 0,122 0,114∑8
i=1 u

2
i 0,125 0,1338 0,1257 0,1282 0,1256

The relative
time of - 11 253 1 1+11

computation

where Xi ∼ N (0, 1), i = 1, 8 are a normal distribution
random variable. Xi, i = 1, 8 are independent and identically
distributed. Let

U =

{
(u1, u2, ..., u8)

∣∣∣∣∣
8∑
i=1

ui = 1, ui ≥ 0, i = 1, 8

}
.

Obviously, U is a convex set. It is easy to verify that
the function (4) satisfies the conditions of Theorem 4. The
explicit form of the α-CVaR function in this case is

ψα(u) = − 1

1− α

∫ 1

α

ϕβdβ

√√√√ 8∑
i=1

u2
i ,

where ϕβ is β-quantile of N (0, 1).
If α > 1

2 then 1
1−α

∫ 1

α
ϕβdβ < 0, and then it is easy to

solve problem (3):

u∗ = arg min
u∈U

ψα(u) ⇐⇒ u∗ = arg min
u∈U

8∑
i=1

u2
i ⇐⇒

⇐⇒ u∗ =

(
1

8
,

1

8
, ...,

1

8

)
.

We also solve the problem (4) by three methods:
(i) We solve the problem by a Stochastic Quasigradient

Algorithm (6) (SQA) with nk = [100k2+0.00001]. As the
start point we use the point (1, 0, 0, ..., 0). We perform
20 and 100 iterations.

(ii) We solve the problem of the algorithm from [4]. I.e. we
reduce this problem to a linear programming problem
(LP). In the solution we use samle size of 2000 for
each random variable Xi, i = 1, 8. Thus, the number of
constraints in linear programming problem were 2009.
And the number of variables were 2009. For more
details, see [4].

(iii) We solved the problem by the algorithm (6) with nk =
[100k2+0.00001], but as the start point we used the
solution of LP-method (LP+SQA). We performed 20
iterations.

Results can be seen in the table 1.
There is also the relative time of calculation in the table.

As you can see from the table the time required to solve
the problem using a stochastic quasigradient algorithm (6)
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multiplied up more than 250 times in comparison with the
method from [4]. However, using a combination of these
methods it is possible to achieve available time of calculation.
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The H2 norm of a transfer function of a scalar time-delay equation

Victoria Sumacheva

Abstract— The H2 norm of a transfer function plays an
important role in synthesis of optimal control. The main
contribution of this paper is an explicit expression of the H2
norm of a transfer function.

I. INTRODUCTION
The norm of transfer functions plays an important role in

study of dynamical systems. It is a measure of dependence
between input and output signals. For example, it can be
used for synthesis of an optimal control, which delivers a
minimum of the H2 norm of a transfer function between an
input influence and an output signal. It is known, that the
Lyapunov function can be used to compute the H2 norm
of linear time-invariant systems. In paper [3] this theory is
extended to the case of time-delay systems. The H2 norm
can be computed with the use of the Lyapunov function
for a time-delay system. However, the result is obtained for
systems with single delay in the input and output signals,
only. In this paper we present a similar result for a wider
case. Let us consider an exponentially stable linear time-
invariant equation of the form

ẋ(t) = a0x(t)+a1x(t−h)+ . . .+amx(t−mh)+

+b0v(t)+b1v(t−h)+ . . .+brv(t− rh), (1)

y(t) = c0x(t)+ c1x(t−h)+ . . .+ cnx(t−nh), (2)

where h > 0, a0,a1, . . . ,am,b0,b1, . . . ,br,c0,c1, . . . ,cn are real
coefficients, r ≤ m, n≤ m. Function v(t) is an input signal,
y(t) is an output signal and x(t) is a state of the system.

II. TRANSFER FUNCTION
Laplace transformation can be used for study of linear

time-invariant systems. It is define as

F(s) =
∫

∞

0
e−st f (t)dt.

The Laplace image F(s) will exists, if function f (t) satisfies
to following conditions:

1) f (t)≡ 0 for t < 0,
2) ∃L > 0, p : | f (t)| ≤ Lept ,
3) function f (t) is allowed to have at most a finite number

of discontinuity points on any bounded set.
Let us consider the solution of (1), which has a trivial

initial condition x(t) = 0, t < 0, v(t) satisfies conditions 1)-
3). Then the Laplace transformation for v(t), y(t), x(t) exists.

Let us apply the Laplace transformation to the sys-
tem. Functions V (s), Y (s), X(s) are Laplace images of
v(t), y(t), x(t). Then the following relation between these
images takes place

(s−a0−a1e−sh− . . .−ame−smh)X(s) =

= (b0 +b1e−sh + . . .+bre−srh)V (s),

Y (s) = (c0 + c1e−sh + . . .+ cne−snh)X(s).

Y (s) = G(s)V (s).

Function G(s) is called the transfer function. For (1) it has
the form

G(s)=
(b0 +b1e−sh + . . .+bre−srh)(c0 + c1e−sh + . . .+ cne−sh)

s−a0−a1e−sh− . . .−ame−smh .

(3)

III. THE H2 NORM OF A TRANSFER FUNCTION

The H2 norm of a transfer function is a measure of
dependence between the input and the output signals. For
an exponentially stable systems it is defined as [4]

‖G‖2
2 :=

1
2π

∫
∞

−∞

G2(iω)dω.

The impulse response h(t) can be used for computing the H2
norm. The impulse responce is the output signal of a system
with the trivial initial condition and the input signal in the
form of Dirac delta function. For all continuous functions
f (t) for t ∈ [a,b]∫ b

a
δ (τ− t) f (τ)dτ = f (t).

Since the Laplace image of the Dirac delta function is 1,
than the transfer function is the Laplace image of the impulse
response. According to the Parseval’s theorem the following
equality takes place

‖G‖2
2 =

∫
∞

0
h2(t)dt. (4)

IV. THE IMPULSE RESPONSE

Let us find the impulse response of (1). General solution
of (1) has the form

x(t,φ) = k(t)φ(0)+
m

∑
j=1

a j

∫ 0

− jh
k(t− jh−θ)φ(θ)dθ+

+
s

∑
i=0

bi

∫ t

0
k(t− τ)v(τ− ih)dτ, t ≥ 0,

where k(t) is the fundamental solution of (1), witch satisfies
equation

k̇(t) = a0k(t)+a1k(t−h)+ . . .+amk(t−mh)

with the follow initial condition

k(0) = 1, k(θ) = 0 θ < 0.
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Let the input signal be the Dirac delta function, initial
condition is trivial φ(θ) = 0, θ ∈ [−mh,0]. According to
the above property of the Dirac delta function the following
equality takes place∫ t

0
k(t− τ)u(τ− ih)dτ = k(t− ih).

The state of (1) takes the form

x(t) = b0k(t)+b1k(t−h)+ . . .+brk(t− rh),

and corresponding output signal, i.e., the impulse response
is of the form

h(t) = c0[b0k(t)+ . . .+brk(t− rh)]+ . . .+ cn[b0k(t−nh)+

+ . . .+brk(t− rh−nh)] = c0b0k(t)+ . . .+ c0brk(t− rh)+

+ . . .+ cnb0k(t−nh)+ . . .+ cnbrk(t− (n+ r)h).

The H2 norm has the form

‖G‖2
2 =

∫
∞

0
(c2

0b2
0k2(t)+ . . .+ c2

0b2
r k2(t− rh)+ . . .+

+c2
nb2

0k2(t−nh)+ . . .+ c2
nb2

r k(t− (n+ r)h)+

+2c2
0b0brk(t)k(t− rh)+ . . .+2c0brcnb0k(t− rh)k(t−nh)+

+ . . .+ c2
nb0brk(t−nh)k(t− (n+ r)h))dt.

Let us use the Lyapunov function, which is defines as

u(τ) =
∫

∞

0
k(t)k(t + τ)dt,

then the above expression for the H2 norm looks as

‖G‖2
2 = u(0)[c2

0b2
0 +(c0b1 + c1b0)2 +(c0b2 + c1b1 + c1b0)2+

+ . . .+ c2
nb2

r ]+2u(h)[c0b0(c0b1 + c1b0)+

+(c0b1 + c1b0)(c0b2 + c1b1 + c2b0)+ . . .+

+(cn−1br + cnbr−1)cnbr]+ . . .+2u((r +n)h)c0cnb0br,

or

‖G‖2
2 =

n+r

∑
i=0

u(ih)


n+r

∑
l,k=0
|l−k|=i

 ∑
j1=0,...,n
j2=0,...,r
j1+ j2=l

c j1b j2 ∑
j3=0,...,n
j4=0,...,r
j3+ j4=k

c j3b j4


 .

(5)
For example, for a system with a single delay n = 1,r = 1

(5) takes the form

‖G‖2
2 = u(0)[c2

0b2
0 +(c0b1 + c1b0)2 + c2

1b2
1]+

+2u(h)[c0b0(c0b1 + c1b0)+(c0b1 + c1b0)c1b1]+

+2u(2h)c0c1b0b1.

For computing of the H2 norm of the transfer function it
is needed to find the Lyapunov function.

V. THE LYAPUNOV FUNCTION

Lyapunov function can be defined differently - as a func-
tion, which satisfies the following properties:

1) u′(τ) = a0u(τ)+ a1u(τ − h)+ . . .+ amu(τ − h), τ ≥ 0
(dynamical property),

2) u(−τ) = u(τ), τ ≥ 0 (symmetry property),
3) a0u(0)+a1u(h)+ . . .+amu(mh) =− 1

2 (algebraic prop-
erty).

Let us define vector

z(τ) = (u(τ +(m−1)h), . . . ,u(τ), . . . ,u(τ−mh))T

on the interval [0,h] and differentiate it. Taking into account
the properties 1) and 2) we obtain

u′(τ +(m−1)h) = a0u(τ +(m−1)h)+a1u(τ +(m−2)h)+

+ . . .+amu(τ +h),

. . .

u′(τ) = a0u(τ)+a1u(τ−h)+ . . .+amu(τ−h),

. . .

u′(τ−mh)= u′(mh−τ)=−a0u(mh−τ)−. . .−am−1u(h−τ)−

−amu(τ) =−amu(τ)−am−1u(τ−h)− . . .−a0u(τ−mh).

So, vector z(τ) satisfies the system of ordinary differential
equations

z′ = Az, (6)

where matrix A has the form

A =



a0 · · · am−1 am · · · 0
...

. . .
...

...
. . .

...
0 · · · a0 a1 · · · am
−am · · · −a1 −a0 · · · 0

...
. . .

...
...

. . .
...

0 · · · −am −am−1 · · · −a0


.

The solution of this system with a given initial vector z(0)
can be found by Cauchy formula

z(τ) = eAτ z(0).

Let us compute the initial vector z(0). From the algebraic
property it can be found, that

2a0u(0)+2a1u(h)+ . . .+2amu(mh) =−1,

a0zm(0)+a1zm+1(0)+ . . .+amz2m(0)+

+a0zm+1(h)+a1zm(h)+ . . .+amz1(h) =−1.

According to the definition of z, the following equalities hold

zk(0) = zk+1(h), k = 1, . . . ,2m+1.

z1(0) = z2(h),

This set og boundary value condition can be written as

Mz(0)+Nz(h) = (−1,0, . . . ,0)T .
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According to Cauchy formula z(h) = eAhz(0), so this sys-
tem can be transformed to the following system of linear
algebraic equations

(M +NeAh)z(0) = (−1,0, . . . ,0)T , (7)

where matrices

M =



0 · · · 0 a0 · · · am−1 am
1 · · · 0 0 · · · 0 0
...

. . .
...

...
. . .

...
...

0 · · · 1 0 · · · 0 0
0 · · · 0 1 · · · 0 0
...

. . .
...

...
. . .

...
...

0 · · · 0 0 · · · 1 0


,

and

N =



am am−1 · · · a0 0 · · · 0
0 −1 · · · 0 0 · · · 0
...

...
. . .

...
...

. . .
...

0 0 · · · −1 0 · · · 0
0 0 · · · 0 −1 · · · 0
...

...
. . .

...
...

. . .
...

0 0 · · · 0 0 · · · −1


.

If z(0) is known, then z(τ) on the interval [0,h] is defined
by (6). On the interval [mh,(n + r)h] u(τ) can be found by
means of the step by step method. For τ ∈ [mh,(m+1)h] the
dynamical property takes the form

u′(τ) = a0u(τ)+a1u(τ−h)+ . . .+amu(τ−mh) =

= a0u(τ)+ f (τ),

because τ−h ∈ [(m−1)h,mh], . . . ,τ−mh ∈ [0,h] and func-
tion u is known on these intervals . Above equation takes
the form of an ordinary differential equation, so the solution
can be found according to Cauchy formula

u(τ) = ea0(τ−mh)
(

u(mh)+
∫

τ

mh
e−a0(ξ−mh) f (ξ )dξ

)
.

Similarly u(τ) can be found on the interval [(m + 1)h,(n +
r)h]. So u(0),u(h), . . . ,u((n+ r)h) are known and H2 norm
formula is completely defined.

VI. EXAMPLE

Let us consider the exponentially stable system

ẋ(t)=−3x(t)+2x(t−1)−2x(t−2)+v(t)+2v(t−1)+3v(t−2),

y(t) = x(t)+2x(t−1).

In this case the H2 norm of the transfer function has the
form

‖G‖2
2 = 102u(0)+148u(1)+62u(2)+12u(3).

The vector z(τ) is defined as

z(τ) = (u(τ +1),u(τ),u(τ−1),u(τ−2))T ,

so matrices

A =


−3 2 −2 0
0 −3 2 −2
2 −2 3 0
0 2 −2 3

 ,

N =


−2 2 −3 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 ,

M =


0 −3 2 −2
1 0 0 0
0 1 0 0
0 0 1 0

 ,

and the system for z(0) takes the form
−1.4244 −6.9618 2.3572 −13.5445
−1.201 2.3438 −5.9946 2.0374
−2.0374 0.8363 −3.7683 −3.9573
3.9573 −5.9946 12.7082 −7.7255




u(1)
u(0)
u(1)
u(2)

=


−1
0
0
0

 .

Fig. 1. The Lyapunov function

The solution is z(0) = (0.0655,0.2406,0.0655,−0.0453)T ,
i.e. u(0) = 0.2406, u(1) = 0.0655, u(2) = −0.0453. The
method of continuation gives u(3) = −0.0420 (Fig. 1). So
the H2 norm is

‖G‖2 = 5.5608.
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The efficiency of applying suboptimal filters with guaranteed 
estimation quality to navigation problems is analyzed. The 
attendant difficulties and the means of coping with them are 
discussed.  

I. INTRODUTION 

t present, it has become a common practice to use 
real time Kalman-type filtering algorithms [1] for 
estimation of motion parameters in integrated 

navigation systems. Despite the rapid advancement of 
computer aids, it remains urgent to simplify 
implementation of optimal algorithms adjusted to real 
models of systems which include detailed descriptions of 
the disturbances and errors of measuring aids. On the one 
hand, it is dictated by a widening scope of problems that 
need to be solved, on the other hand, by the requirements 
for data to be processed at a higher frequency. In addition, 
valid simplification of algorithms makes the whole 
system more robust.  
Development of reduced filters with the state vector of 
smaller dimension is one of the ways to solve this 
problem [3,4]. This results in a large volume of 
mathematical simulation because the design covariance 
matrix generated by the reduced filter does not coincide 
with the real matrix. There exist several approaches to 
designing reduced filters that provide a deliberate excess 
of the design matrix over the real matrix. The filters 
designed in this manner are called filters with guaranteed 
estimation quality [2,5]. Nonetheless, in navigation 
problems, the covariance matrix is an important parameter 
of accuracy, which is why it is required that the loss of the 
suboptimal algorithm be minimized as compared with the 
optimal one. In most cases this also calls for simulation 
[5,7]. 

The present paper studies the efficiency of designing 
suboptimal filters with guaranteed estimation quality, 
which is illustrated by a specific example.  
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II. STATEMENT AND PROBLEM SOLUTION OF 
GUARANTEED ESTIMATION 

Given below are the equations frequently used in 
solving filtering problems that involve processing of 
navigation information: 
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where 0x  is the vector of the parameters to be 
estimated; 1x  is the state vector of the shaping filter used 
for description of nonwhite noise disturbances that are not 
supposed to be estimated; 0 , 1 ,   are the vectors of 
uncorrelated white noise disturbances and measurements 
of intensity 0Q , 1Q  and R , correspondingly; Z  is the 

vector of the measurements; 0F , 1F , 2F  are the known 
matrices.  

When solving a filtering problem corresponding to 
model (1), (2), the traditional method is used to estimate 
the composite vector X , which includes the vector of the 
sought parameters 0x  and the vector of nonwhite noise 

disturbances 1x : 
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where K is the Kalman gain matrix; P is the 
covariance matrix of the optimal Kalman filter with the 
following equation to describe it: 

).0(,1 PQHPRPHPFFPP TT    

 (4) 
When this kind of problem is solved with the use of the 

reduced suboptimal algorithm of filtering, only part of the 
composite vector X needs to be estimated, to be more 
exact, the vector 0x : 
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Here, 0K  is the suboptimal Kalman gain matrix; *P  is 
the design covariance matrix for which the following 
equation holds good: 
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where *F  is the matrix for dynamics of the suboptimal 
filter; supQ  is the intensity matrix of supplementary 

noises.  
Let us place the requirement that the design covariance 

matrix *P  should be an upper estimate for a real 
covariance matrix of the estimate errors D  at any instant 
of time. This kind of problem is a problem of suboptimal 
filtering with guaranteed estimation quality, which 
consists in finding such matrices *F , supQ , and )0(*P  

that the inequality 
PDP *    (7) 

should hold true for any instant of time  0t  at an 
insignificant “loss” in accuracy as compared with the 
optimal filter. 

Using design models in the reduced filter, that is, 
models with the state vector of a lower dimension, usually 
leads to inconsistency of the design covariance matrix 
generated in the filter, with its real value, the one that 
characterizes the estimation accuracy. 

The consistency of the design and real covariance 
matrices is provided by an adequate adjustment of the 
reduced filter. 

This paper studies the efficiency of two methods used 
for designing reduced filters with guaranteed estimation 
quality [5,6]. 

According to one of these methods, the matrices *F , 
supQ  are chosen with the use of the following expressions: 
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where *
1D  is the solution of the supplementary 

equation: 
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The matrix 
*
1Q  and the matrix of initial conditions 

)0(*
1D  are assumed to be specified positive-definite 

matrices. 
In this variant of the reduced filter, guaranteed 

estimation is made possible owing to variation of the 
intensity matrix of the supplementary noises supQ . 

Reference [6] is concerned with the application of the first 
variant of adjustment of the reduced filter. The results 
have shown that, when going from the real model (1) to 
the design model due to the replacement of the nonwhite 
disturbance vector 1x  described by the first-order Markov 
process with a large correlation interval, “the loss” is 
rather significant as compared with the optimal filter. 

The second method of designing the reduced filter [7], 
which is distinguished by the fact that guaranteed 
estimation involves the change of both the intensity 
matrix of the supplementary noises supQ  and the 

dynamics matrix *F , is aimed at overcoming this 
drawback. In this method, the matrices *F , supQ  are 

chosen with the use of the following relations: 

EFF
20

* 
 ,        (10) 

where   is a positive-definite parameter; 



TFDFQ 212
sup  ,       (11) 

where 1D  is the solution of the supplementary 
equation: 

0)0(,0, 11111111  DQQFDDFD T . (12) 

The matrix 1Q  and the matrix of initial conditions 

)0(1D are assumed to be specified positive-definite 
matrices. 

For the both variants of adjustments of the reduced 
filters the initial conditions )0(*P  satisfy the inequality

)0()0(* PP  . 
The aim of this paper is to analyze the efficiency of 

designing the reduced filtering algorithms described 
above and their application to the solution of a certain 
navigation problem. Also, we identify the difficulties 
associated with it. 

  

III. THE RESULTS  OF  COMPARISON OF THE REDUCED 
FILTERS DESIGNED ON THE  BASIS OF  DIFFERENT 

APPROACHES 
Let us analyze the efficiency of applying two variants 

of designing the reduced filter. With this aim in view, 
consider a problem of coordinate generation in the 
altitude channel of a navigation system (NS) using data 
from an accelerometer and altimeter. Since there are two 
measuring devices, it is possible to use the invariant 
approach. The differential measurements appear in the 
following form: 

,vhyyy altacc        (13) 

 where accy  are the altitude measurements from the 

accelerometer; alty  are the altimeter measurements; v  
are the errors of the altimeter measurements described by 
the white noise; h  are the errors of the altitude 
measurements from the accelerometer described as: 
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where V is the velocity error; A  is the 
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accelerometer bias described by the steady-state first-
order Markov process;  ,  are the parameters of this 

Markov process;  is the zero mean white noise of the 

unit intensity.  
It should be noted that Equation (13) takes the form of 

(2), whereas the set of equations (14) can be represented 
as (1), assuming TVhx ][0  , Ax 1 . Taking into 
consideration the above-said, it is possible to state the 
problem of filtering the system state vector (14) using the 
measurements (13). 

Let us simulate the solution of this problem using the 
optimal Kalman filter designed on relations (3), (4), and 
the reduced filters with guaranteed estimation quality 
described above. 

To do the simulation, we introduced the following: 
1h m, 25.0V m/s are the initial root mean square 

(RMS) for the altitude and velocity errors, 
correspondingly; 1r m is the RMS for the measurement 
noise; 5/1   k h, 0001.0 m/s are the correlation 
interval and the RMS for the Markov process that 
describe the accelerometer drift. 

During the adjustment of the filter with guaranteed 
estimation quality being synthesized, the accelerometer 
drift described by the first-order Markov process is 
replaced with the white noise. As a result, we derive an 
NS design model: 

.
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For the first variant of adjustment of the reduced filter, 
the intensity of supplementary noise supQ  is calculated by 

the following formula [3]: 

.2 2

sup 


Q        (15) 

For the second variant of the reduced filter adjustment, 
the analysis of Expressions (9) and (10) has shown that it 
is possible to state an optimization problem by   from 
the following expression: 




TFDFPI 212*  .       (16) 

Consequently, we can choose the   at which the 

design covariance matrix *P  will be minimal and the 
condition of guaranteed estimation is met.  

One of the ways of choosing the parameter   is 
minimization of one of the elements of the covariance 
matrix calculated in the reduced filter in the steady-state 
regime. The plots in Fig. 1 and 2 show the dependencies 
of altitude and velocity RMS deviations of the reduced 
filter on ε in the steady-state regime. 

 
Fig. 1. Coordinate dependence of the steady-state RMS on ε. 

 
  

 
Fig. 2. Coordinate dependence of the steady-state RMS on ε. 

 
As can be seen from the curves, the steady-state 

altitude RMS is minimal at ε = 0.01. This value will be 
used for further simulation.  
The simulation made possible the plots that characterize 
the estimation errors in coordinates and velocity of a 
vehicle (Fig. 3, 4). The curves show the time dependence 
of the estimation RMS for different filters. 

 
Fig. 3. Estimation error in determining the vehicle altitude at  

ε = 0.01. 
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Fig. 4. Estimation error in determining the vehicle velocity at  

ε = 0.01. 
 

Here, opt
i  is the RMS for the optimal Kalman filter; 

21, sub
i

sub
i   are the design RMS for the suboptimal 

Kalman filters built in accordance with the first and the 
second approaches, correspondingly; 21, d

i
d
i   are the 

real RMS for the suboptimal Kalman filters designed in 
accordance with the first and the second approaches, 
correspondingly. 

From the plots it can be seen that the filter designed 
within the second approach allows a more accurate 
estimate as compared with the first approach. In so doing, 
the condition of guaranteed estimation is met.  

 How to decrease the loss in accuracy and solve the 
problem of ε choice is the line for future studies. 

IV. CONCLUSION 
The results of the study have shown that difficulties of 

designing efficient reduced filtering algorithms in solving 
the problems of navigation data processing still persist. It 
concerns, in particular, the validation of parameters of the 
reduced filter and identification of classes of problems for 
which application of reduced filters is most efficient. It 
also makes sense to develop software that will make the 
choice of the acceptable filter easier, the one similar to the 
software used for analysis of the efficiency of algorithms 
for nonlinear problems of navigation data processing 
[8,9]. 

REFERENCES 
[1] О.А. Степанов, “Основы теории оценивания с приложениями 

к задачам обработки навигационной информации”. Часть 1 
Введение в теорию оценивания. – СПб.: ГНЦ РФ ЦНИИ 
«Электроприбор», 2009. – 496 с. 

[2] В.А. Тупысев, “Синтез алгоритма с гарантированным 
качеством оценивания на базе редуцированного фильтра 
калмановского типа” Тр. 9-й Международной Четаевской 
конф. – Иркутск, 2007. – С. 247–252. 

[3] G. Soto, E. Mendes, and A. Razek, “Reduced-order observers for 
rotor flux, rotor resistance and speed estimation for vector 
controlled induction motor drives using the extended Kalman filter 
technique”, IEE Proc. Electric Power Application. – 1999. 
№146(3). 

[4] D. Simond Reduced Order Kalman Filtering without Model 
Reduction. Available at 
http://academic.csuohio.edu/simond/kalman redust/Redust.Pdf. 

[5] В.А. Тупысев “Синтез редуцированного фильтра 
калмановского типа с гарантированным качеством оценивания 
состояния динамической системы” Теория и системы 
управления. – М: Наука, 2010. 

[6] А.Б. Торопов, Т.П. Тосикова “Применение алгоритма с 
гарантированным качеством оценивания для коррекции 
показаний навигационной системы.” Материалы XII 
Конференции молодых ученых «Навигация и управление 
движением». – СПб, 2011. – С.125–132. 

[7] В.А. Тупысев, Ю.А. Литвиненко. “Сравнительный анализ 
редуцированных фильтров Калмановского типа  с 
гарантированным качеством оценивания.” Труды 18 
Международной конференции по интегрированным 
навигационным системам, 2011. – C. 284–289 

[8] А.Б. Торопов, В.А. Васильев “Программный комплекс для 
анализа эффективности алгоритмов решения нелинейных 
задач обработки навигационной информации.” Научно-
технический вестник СПбГУ ИТМО, 2010 г. – С.48–52. 

[9] О.А. Степанов, Д.А. Кошаев. “Универсальные MATLAB-
программы  для анализа потенциальной точности и 
исследования чувствительности фильтров в интегрированных 
навигационных системах”. Гироскопия и навигация №2, 2004. 
– С. 81–92. 

 
 

14th International Student Olympiad on Automatic Control 
Saint Petersburg, Russia, 21-23 September, 2011

BOAC 2011 111



Non-Stationary Optimization With Prediction Step for Object Tracking
With Two Cameras

D. Krivokon, A. Vakhitov

Abstract— The paper shows an example of non-stationary
randomized optimization with prediction step applied to ob-
ject tracking based on noisy observations of two calibrated
perspective cameras. Results show performance superior to
previously proposed non-stationary randomized optimization.
Paper contains both theoretical justification and simulation.

I. INTRODUCTION

The problem of non-stationary optimization is solved in
many applications in the domains of control and communi-
cations where optimal value of a parameter to be controlled is
changing in time (drifting). There is a functional F (x,w, n)
depending on optimization argument x, uncertainty w and
discrete time moment n. Using the measurements of the
functional yn = F (xn, wn, n) + vn in points xn corrupted
by additional noise vn it is needed to build a sequence
of estimates θ̂n which will stay close to true minimums
of average functionals f(x, n) = EwF (x,w, n). Here we
denote the expectation as Ew.

Non-stationary (or dynamic) optimization is generalization
of classical stochastic optimization problem [1] by adding
variations of the functionals F and f happening in discrete
time. Robbins and Monro and later Kiefer and Wolfowitz
proposed and analyzed convergence of stochastic approxi-
mation algorithms which can be used to optimize a function
using noisy measurements. These algorithms were in fact
gradient descent-type algorithms. Later it was shown that in
case of additional noise asymptotically optimal order of con-
vergence can be achieved by using randomized algorithms of
stochastic approximation, called Simultaneous Perturbation
Stochastic Approximation [2].

Non-stationary optimization by gradient and Newton-type
algorithms was analysed in [3]. ODE-type approach to
analyze such algorithms was used in [4], however only
asymptotical properties of the algorithm can be derived using
this approach. In the previous papers with this problem
setting [5], [6] there was a general assumption about non-
stationarity: drift of minimum was bounded in average.

However, often a system has a known evolution law.
For example, in classical control theory used in numerous
applications linear law of system evolution is assumed, that
is, current system state is equal to application of some linear
operator to system state at the previous moment. In this
paper we assume this kind of system evolution and show
how error bounds similar to presented in [5] can be derived
in this setting. Comparison of theoretical bounds can show

D. Krivokon and A. Vakhitov are with the Saint-Petersburg State Univer-
sity alexander.vakhitov@gmail.com

that here, as always, the use of additional knowledge about
the system improves performance of optimization.

From practical point of view, Extended Kalman Filter
(EKF) is often used in similar setting. Optimal filtering
problem which can be solved by EKF can be stated as [7]

E|yn(θn)− ŷn|2 → min,

where yn is the noisy output, θn is the system state and ŷn
is estimate of the output.

Very illustrative example of a system with linear evolution
and non-linear measurements is object tracking problem for
an object moving with constant velocity observed by two
projective cameras [8]. The system state is the object’s
velocity and position. The measurement is a projection of
object’s position onto a calibrated camera pair [8], that is,
a pair of cameras where position of the second one with
respect to the first one is known.

Object tracking can be considered as a problem of a state
estimation for some dynamical system. Usually position and
velocity of an object are used to represent system’s state.
Based on some chosen type of measurements the problem
of object tracking can be solved using different filtering
techniques. The use of Kalman filter for object tracking using
multiple cameras was considered in [9]. It was suggested
to use reconstucted from multiple images 3d coordinates of
an object as measurements and it’s position and velocity as
a state of a dynamical system. The main problem in such
approach is that the reconstructed 3d coordinates are based
on noisy estimates of object’s positions on different images.
Kalman filter assumes additive white gaussian noise while
any noise from estimated object’s position will transform
to nonlinear noise in reconstructed 3d coordinates. Other
approach for choosing observation process was presented in
[10], [11]. Authors considered taking vector constructed from
point’s projections on camera’s planes as a measurement
at each moment of time. Such approach leads to nonlinear
observation process but doesn’t have a problem with noise
described above.

II. FORMAL SETTING

A. General case

Assume that we have a dynamical system in discrete time
moment n ∈ N with state θn ∈ Θn ⊂ Rq , set Θn is compact.
Let the system state evolve as follows:

θn = Aθn−1 + ξn,

where A is invertible linear operator.
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Let us assume that there is a continuously differentiable
convex function f(x, n) for which θn is a single (in Θn)
minimum point.

Let F (x,w, n) be a function such that

f(x, n) = EwF (x,w, n),

where w ∈ Rp is some random vector and Ew is a mean
value with respect to w.

The problem is to track θn using observations yn of values
of F (x,w, n) made in arbitrary points xn:

yn = F (xn, wn, n).

The notion ’to track’ is defined as follows.
Definition. Sequence of points θn is tracked by a sequence

θ̂n if there exists some constant L > 0 such that there exists
N > 0 such that for all n ∈ N, n > N

E‖θ̂n − θn‖2 ≤ L.
Further we will assume that the following conditions are

true.
(A) Assume that function fA(x, n) = f(Ax, n) is strongly

convex in its minimum point with respect to x:

〈AT∇f(Ax, n), x−θn−1−A−1ξn〉 ≥ µ‖x−θn−1−A−1ξn‖2,

where µ > 0.
(B) Gradient ∇F (·, w, n) is Lipschitz ∀n,∀w with param-

eter M ∈ R, M > 0:
‖∇F (x,w, n)−∇F (y, w, n)‖ ≤M‖x− y‖.

(C) Local Lebesgue property for the function
∇F (x,w, n): ∀x ∈ Rd ∃ neigbourhood Ux such
that ∀x′ ∈ Ux ‖∇F (x,w, n)‖ < Φx,n(w) where
Φx,n(w) : Rp → R is integrable by w:

∫
Rp Φx(w)dw <∞

(D) Boundedness of the gradient of F (x,w, n) in the
minimum point, with F1, F2 ∈ R, F1 > 0, F2 > 0:
E‖∇F (θn, wn, n)‖ ≤ F1, E‖∇F (θn, wn, n)‖2 ≤ F2;

Let us denote expectation conditioned on random
values θ1 . . . , θn, θ̂1, . . . , θ̂n as En{·}, conditioned on
θ1 . . . , θn, θn+1, θn+2, θ̂1, . . . , θ̂n as Ēn{·}.

Drift satisfies:
(E) In case of random drift,

θn−1 − En−1θn ≤ A0,

En−1‖θn − θn−1‖ ≤ A1,

En−1‖θn − θn−1‖2 ≤ A2,

En−2(θn − θn−1)T (θn−1 − θn−2) ≤ A3.

If drift is not random, then

‖θn−1 − En−1θn‖ ≤ A0,

‖θn − θn−1‖ ≤ A1 = A2 = A3.

(F) Constraint on the function values’ change in arbitrary
point x with Cji ∈ R for i = 1, 2, j = 0, 1, 2:

En{F (x,wn, n)−F (x,wn−1, n−1)} ≤ C1
1‖x−θn−1‖+C0

1 ,

En(F (x,wn, n)− F (x,wn−1, n− 1))2 ≤

C2
2‖x− θn−1‖2 + C1

2‖x− θn−1‖+ C0
2 .

B. Double Camera Tracking Problem

Lets consider a moving point Xk ∈ R3. Assuming that
point’s movement is characterized by velocity Vk ∈ R3 and
noise component ξk we can construct dynamical system with
a state θk = (Xk, Vk) and transition equation:

θk = Aθk−1 + ξk,

A =


1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


Now suppose we have a pair of cameras with known pro-
jection matrices P1 and P2 . At moment of time k we can
calculate projections of point Xk on planes of each camera
using equations:

λ1,k ∗ (x1
1,k, x

2
1,k, 1)T = P1(X

(1)
k , X

(2)
k , X

(3)
k , 1)T

λ2,k ∗ (x1
2,k, x

2
2,k, 1)T = P2(X

(1)
k , X

(2)
k , X

(3)
k , 1)T

where λ1,k, λ2,k are positive numbers, (x1
1,k, x

2
1,k)T and

(x1
2,k, x

2
2,k)T represent point’s projections on correspoding

camera’s planes. Combining both projections into single
measurement vector (x1

1,k, x
2
1,k, x

1
2,k, x

2
2,k)T we can consider

following observation process:

zk = h(θk) + wk

h(θk) = (x1
1,k, x

2
1,k, x

1
2,k, x

2
2,k)T

Minimizing measurement error with such choice of h(θk)
will be equivalent to minimizing geometric reprojection error
[8]. It was shown in [12] that this function does not have
global convexity even in the case of two cameras. This
leads to diffictulties in finding it’s minimum using local
optimization methods. In our modeling we used gradient
projection step for restricting domain of minimum search
to a neighbourhood where convexity remains.

III. ALGORITHM

A. Formulation

Let the perturbation sequence {∆n} be an independent
sequence of Bernoulli random vectors, with component val-
ues ±1 with probability 1

2 . Let vector θ̂0 ∈ Rq be the initial
estimate. We will make estimates {θ̂n} of real system’s states
{θn} using a following procedure:

θ̂n = A(θ̂n−1 − αgn(θ̂n−1, β∆n),

where α > 0 is step-size coefficient, gn(x, β∆n) is an
approximation for ∇x(f(Ax, n)) = ∇xf(x, n)TA defined
below, β is ’working step’ size defining accuracy of gradient
approximation.

It is possible to use one the following approximation:

gn(x, β,∆n) =
1

2β
∆n(F (A(x+β∆n))−F (A(x−β∆n)));
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or

gn(x, β,∆n) =
1

β
∆n(F (A(x+ β∆n)) + v+

n ).

B. Theoretical analysis

Theorem. Let the system and algorithm be as defined in
previous sections, assumptions A-F hold.

Then for some α, β sequence θn is tracked by a sequence
θ̂n with some constant L.

Proof.

E∆,w‖θn−θ̂n‖2 = E∆,w‖A(θ̂n−1−αgn(θ̂n−1, β,∆n))−θn‖2 ≤

≤ E∆,w‖A‖2‖θ̂n−1−αgn(θ̂n−1, β,∆n)−θn−1−A−1ξn‖2 =

= E∆,w‖A‖2(‖θ̂n−1 − θn−1 −A−1ξn‖2−

−2〈αgn(θ̂n−1, β,∆n), θ̂n−1 − θn−1 −A−1ξn〉+

+‖αgn(θ̂n−1, β,∆n)‖2) =

= ‖A‖2(‖θ̂n−1−θn−1−A−1ξn‖2(1−2αµ)+α2E∆,w‖gn‖2+.

+Cβ‖θ̂n−1 − θn−1 −A−1ξn‖).

Using an inequality

Cβ‖θ̂n−1 − θn−1 −A−1ξn‖ ≤

≤ 1

2
(C2β2ε2 + ε−2‖θ̂n−1 − θn−1 −A−1ξn‖2)

E∆,w‖θn − θ̂n‖2 ≤ aE∆,w‖θn−1 − θ̂n−1‖2 + b

for some b > 0 and a ∈ (0, 1) with appropriate choice of α
and β. Therefore,

E∆,w‖θn − θ̂n‖2 ≤ an‖θ0 − θ̂0‖2 + (1− an)
b

1− a
,

and
L =

b

1− a
.

IV. EXPERIMENTAL RESULTS

We use an algorithm presented in part III together with
gradient projection step mentioned above to track a position
of a moving 3D point. The function we optimized is 2 times
differentiable almost everywhere in its domain, so in some
open local neighbourhood of a minimum point it is always
strongly convex.

In our modeling we considered a pair of cameras with
matrices:

P1 =

1 0 0 0
0 1 0 0
0 0 1 0


P2 =

1.0000 0 0 5.0000
0 0.7071 −0.7071 0
0 0.7071 0.7071 0


Initial state of the system θ0 was selected as:

θ0 = (2.5, 1.5, 5.5, 3, 3, 1)T

Fig. 1. Average measurement error. σξ0 = 0.5, σξk = 0, σw = 0.01,
α = 30, β = 8, γ = 0.01

Fig. 2. Example of trajectories. Green color - true trajectory. Blue color
- estimated trajectory. σξ0 = 0.5, σξk = 0, σw = 0.01, α = 30, β = 8,
γ = 0.01

All noise was modeled as gaussian with zero mean. Let
σξ0 , σξk , σw be variances of noise in inital state, state change
process and measurement process accordingly. Let γ be
a threshold value for gradient norm in the algorithm. At
Fig. 2, 3 examples of trajectories estimated using presented
algorithm are shown along with true trajectories. It is clear
that the algorithm succesfully tracks position of moving
point based on it’s projections on camera’s planes. However
estimates in case of noise in state change process are less
precise, but still remain in vicinity of true point. Fig. 1,4
represent graphs of measurement error averaged using 2000
runs of algorithm. In both cases measurement error decreases
at first iterations (algorithm suppresses error in initial state)
and stays in fixed bounds during most of the tracking process.
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Fig. 3. Average measurement error. σξ0 = 0.5, σξk = 0.05, σw = 0.01,
α = 30, β = 8, γ = 0.01

Fig. 4. Example of trajectories. Green color - true trajectory. Blue color -
estimated trajectory. σξ0 = 0.5, σξk = 0.05, σw = 0.01, α = 30, β = 8,
γ = 0.01

V. CONCLUSIONS

In this paper algorithm for tracking linearly drifting min-
imum was presented. We have shown how this algorithm
perform on a well-known problem of object tracking based
on noisy observations from 2 projective calibrated cameras.
We are going to develop theory deeper, to analyse variance
of estimates and to compare quantitatively the theoretical and
experimental error bounds. We are going to try this algorithm
not only on simulated models, but on real videos.

Dynamic optimization with prediction step, a new topic
opened in this paper, can be enriched with notions of
observability to include prediction based not only on one,
but on several previous estimates.
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Obtained the analytical expression dynamical quality 

assessment scores of transients allow a unified position to 
consider the qualitative exponential stability and instability, 
that use of their local sufficient conditions allow to create 
efficient numerical procedures for analysis of the dynamical 
properties continuous and discrete dynamical systems and 
constructing for them control systems. 
 

I. INTRODUCTION 

N modern industries various control systems are widely 
used. That systems provide solutions of several control 

problems from simple stabilization problem to complex 
problem of multivariable control. Any problem of 
automatic control gets its solution according to quality 
characteristics. 

The strongest attractive properties equilibrium of 
systems are provided on condition the exponential decay 
of transients.  However, the exponential stability 
guarantees only the convergence of the processes to 
equilibrium, but it has nothing to unrelated with the 
quality of their behavior.  Therefore, there is a need for 
more local conditions and concepts of stability related 
with increased restrictions on the properties of the system.  
For this purpose introduce the concept of qualitative 
exponential stability, which is closely related to the 
qualitative scores of processes such as the performance 
assessment and the overshoot and restriction of the 
concept of exponential stability with the introduction of 
additional conditions that is restrict actually the values of 
rate of change the norm of the state vector of the system 
[1]. 

One of the biggest challenges of theoretical research is 
to determination the parametric relationships between 
qualitative characteristics of the dynamic processes of the 
systems and object to the fundamental properties of 
dynamical systems, namely the kinds of stability and 
instability, which allows to develop efficient technologies 
for analyzing the behavior of systems in condition their 
operation and design of control devices - controllers  
providing the required quality scores.  And if the 
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qualitative exponential stability allows to exercise analysis 
of the behavior of stable object control, that the 
qualitative exponential instability allows the analysis of 
unstable behavior that may be needed in case of failure of 
automatic control system, when an unstable object can 
represent a significant threat, the danger for humans and 
for  environment.  Therefore, when designing the control 
system unstable object must be taken care that the loss of 
control caused by one or another reason, based on the 
dynamic properties of the object to fire protection and 
alarm systems, providing minimization of losses related 
with this incident. 

II.  PROBLEM STATEMENT 

A. Document layout 

Let a behavior of dynamic system is described by 
differential equation  
 ( ) ( )( )txftx =ɺ  (1) 

where nRx∈  - thr vector state of a dynamical system, 

( ) nRxx ∈= 00  - the vector of initial states, 0≥t  - time, 

( )xf  - n-dimensional nonlinear vector function of vector 

argument, such that for any nRx ∈0  solution nRx∈  of 

equation (1) exists and is unique. 
Represent a definition of the qualitative exponential 

stability [1], [2]. 
Definition 1. Continuous system (1) at the equilibrium 

0=x  called the qualitatively exponentially ( )r,β  stable if 

for all trajectories of the system coming from arbitrary 

initial conditions nRx ∈0  exist parameters ρ  ( )1≥ρ , r  

( )0>r  and β  ( )r−<β ,  in which at any given time 0≥t  

runs condition 

 ( ) [ ]( ) ,00 xeexetx ttrt ⋅−⋅ρ≤⋅− ⋅β⋅+β⋅β  (2) 

and for 0≥β  continuous system (1) at the equilibrium 

0=x  called the qualitatively exponentially ( )r,β  

unstable.  Here the vector norm is given by 

 
2/1

1

2







∑=
=

n

i
ixx  (3) 

where ix  - i-th coordinate of the state vector. 

Assume that the behavior of the discrete system is given 
by the difference equation of the form 

Quality Assessment Scores from Condition the Qualitative 
Exponential Stability and Instability 

E. Rabysh, V. Grigoriev 

I 
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 ( ) ( )( )mxfmx =+1  (4) 

where nRx∈  - a vector state of a dynamical system, 

( ) nRxx ∈= 00  - the vector of initial states, ...2,1,0=m  - 

the number of discrete intervals, ( )xf  - n-dimensional 

nonlinear vector function of vector argument, such that for 

any nRx ∈0  solution nRx∈  of equation (4) exists and 

is unique.  
Definition 2. Discrete system (4) at the equilibrium 

0=x  called the qualitatively exponentially ( )r,β  stable if 

for all trajectories of the system coming from arbitrary 

initial conditions nRx ∈0  exist parameters ρ  ( )1≥ρ , r  

( )0>r  and β  ( )r−<β≤ 10 , in which any number of the 

interval discreteness 0≥m  runs condition 

 ( ) ( )( ) ,00 xrxmx mmm ⋅β−+β⋅ρ≤⋅β−  (5) 

and for 1≥β  discrete system (4) at the equilibrium called 

the qualitatively exponentially ( )r,β  unstable. 

Parameters r  and β  have the following meaning: the 

parameter β  is similar to the drift coefficient and for 

stable systems determines the average rate of convergence 
of trajectories to the equilibrium, while for unstable 
systems determines the zero average rate of divergence of 
trajectories from the initial states.  Parameter r  is similar 
to the diffusion coefficient and determines the deviation of 
the trajectories of the average trajectory. 

By the settling time of continuous and discrete 
dynamical systems respectively understand the value 

stt =  , such that 

 ( ) ,,0 ss ttxtx ≥⋅δ≤  (6) 

 ( ) ,/,0 Ttmxmx ss ≥⋅δ≤  (7) 

ie the time after which the transition process develops 
within a given sδ -neighborhood of steady-state value. 

Under the overshoot of continuous and discrete 
dynamical systems understand value determined by the 
equations 

 
[ ] ( )

,
min

0

,0

x

txmtt s∈−
=σ  (8) 

 
[ ] ( )

,
min

0

/,0

x

mxmTtm s∈−
=σ  (9) 

where mx  - minorant x , ie a function bounding the 

bottom of the current values of the norm of state vector, 

so that xxm ≤ . Overshoot indirectly characterizes the 

oscillation in the dynamical system. 
By the critical time of continuous and discrete 

dynamical systems respectively understand the value 

ctt =  , such that 

 ( ) ( ) ,,1 0 cc ttxtx ≤∀⋅+δ≤  (10) 

 ( ) ( ) ,/,1 0 Ttmxmx cc ≤∀⋅+δ≤  (11) 

ie the time to which the transition process develops within 
a given cδ -neighborhood of steady-state value ( 0>δc ). 

The choice of relative values of the neighborhoods cδ  is 

determined by the requirements of the specific problem 
and depends on technological parameters of the control 
object. 

The task is based on sufficient conditions for the 
qualitative exponential stability and instability (2) and (5) 
for continuous and discrete dynamical systems determined 
by (1) and (4) respectively to find assessments of 
dynamical quality scores in terms of the settling time, the 
overshoot and the critical time, which would together with 
sufficient conditions of qualitative exponential stability 
and instability allow would establish effective procedures 
for analytical design of regulators and analyze the 
behavior of continuous and discrete dynamical systems. 

III.  DYNAMICAL QUALITY ASSESSMENT SCORES 

To quality assessment the processes use quadratic 
Lyapunov function of the form 

 ( ) xPxxV T ⋅⋅=  (12) 

where TPP =  - the positive definite matrix.  For this 
function the relation of Rayleigh 

 ( ) ,
2

2
2

1 xсxVxс ⋅≤≤⋅  (13) 

where 1с  and 2с  are the minimum and maximum 

eigenvalues of the matrix P  respectively. 
Determine the types of stability and instability allow 

only assess the required quality scores.  Give sufficient 
conditions for qualitative exponential stability and 
instability [1]. 

Theorem 1. Continuous system (1) is qualitative 
exponentially ( )r,β  stable at the equilibrium 0=x , if for 

all trajectories of the system coming from arbitrary initial 

conditions nRx ∈0  exist a quadratic Lyapunov function 

( )( )txV  and such parameters r  ( )0>r  and β  ( )r−<β , 

in which at any given time runs condition 

 ( ) ( )( ) ( )( ),2 txVrtxtxV ⋅≤⋅β−ɺ  (14) 

and for 0≥β  continuous system (1) at the equilibrium 

0=x  is qualitatively exponentially unstable. 
Theorem 2. Discrete system (4) is qualitative 

exponentially ( )r,β  stable at the equilibrium 0=x , if for 

all trajectories of the system coming from arbitrary initial 
conditions, there exists a quadratic Lyapunov function 

( )( )mxV  and such parameters r  ( )0>r  and β  

( )r−<β≤ 10 , in which any number of the interval 

discreteness runs condition 

 ( ) ( )( ) ( )( ).1 2 mxVrmxmxV ⋅≤⋅β−+  (15) 

and for 1≥β  discrete system (4) at the equilibrium 0=x  

is qualitatively exponentially unstable. 
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From execution of theorems 1 and 2 follow the 
assessment (2) and (5) respectively [3], while a value ρ   

is 

 12 / сс=ρ  (16) 

Statement 1 Quality assessment scores as the settling 
time and the overshoot for continuous systems have the 
form 

 ( )sst δ⋅
β

= ln
1

 (17) 

 

( )
( ) ( )

( )
( ) 







+βρ
β+ρ⋅







 β









+βρ
β+ρ⋅







 +β

⋅+ρ−⋅ρ=σ rrrr

r

ee

1
ln

1
ln

1  (18) 

Statement 2 Quality assessment scores as the settling 
time and the overshoot for discrete systems have the form 
 ( )ss Tt δ⋅= βlog  (19) 

 ( )
( )

( )

( )
( )

( ) 







+βρ
β+ρ








 +β









+βρ
β+ρ








 +β

β⋅+ρ−+β⋅ρ=σ
r

r

rr
r

r

r
ln

ln1
log

1
ln

ln1
log

(20) 

where T  - is the interval of quantization. 
Example 1: For given parameters: 

 1,05,0sec,1,05,0 =ρ=δ==σ
пп

t  (21) 

condition of qualitative exponential ( )r,β  stability of a 

given tubes assessment, whose form is shown in fig. 1.  
All trajectories coming from the initial values of state 
vector lie within these tube assessment. 

 
Fig. 1.  Tube assessment from the condition qualitative exponential 
stability 

 
Statement 3 Quality assessment scores as the critical 

time for continuous dynamical systems is given by 

 ( )cct δ+⋅
β

= 1ln
1

 (22) 

Statement 4 Quality assessment scores as the critical 
time for discrete dynamical systems is given by 
 ( )cc Tt δ+⋅= β 1log  (22) 

Example 2: For given parameters: 
 693,0,1,1sec,1 ==β=ρ=δ= rt cкп

 (21) 

condition of qualitative exponential ( )r,β  instability of a 

given tubes assessment, whose form is shown in fig. 2.  
All trajectories coming from the initial values of state 
vector lie within these tube assessment. 

 
Fig. 1.  Tube assessment from the condition qualitative exponential 
instability 

IV.  CONCLUSION 

The resulting assessment of dynamical quality scores 
together with sufficient conditions the qualitative 
exponential stability and instability allow create efficient 
numerical procedures for analyzing behavior of control 
systems, as well as algorithms for constructing regulators 
that provide for the continuous and discrete systems given 
direct quality scores as the settling time and the overshoot. 

 

REFERENCES 

[1] Grigoryev V.V, Mansurova O.K. Qualitative Exponential Stability 
and Instability of Dynamical System. Preprints of 5 th IFAK 
Symposium on Nonlinear Control Systems (NOLCOS’01). St-
Petersburg: ИПМаш РАН, 2001. – Р. 899-902. 

[2] Grigoryev V.V, Michailov S.V. Analysis and Synthesis Methods 
Based on Lyapunov’s Method// Abstracts the Second Int. Conf. 

Diff. Eq. and Appl. St.- Petersburg:СПбГТУ, 1998, - Р. 37-38. 

 

14th International Student Olympiad on Automatic Control 
Saint Petersburg, Russia, 21-23 September, 2011

BOAC 2011 118



Allocation of agents on a line: simple algorithm and generalizations

S. E. Parsegov

Abstract— In recent years, a new framework for systems to
be handled appeared based on decentralized cooperative control
using simple, identical, cooperating subsystems named agents.
Such systems are named multi-agent systems. In this paper,
some linear algorithms which extend and generalize the known
results for formation control are proposed. As a first step, the
algorithms of allocation of a group of agents on a segment
are considered, stability criteria and some convergence analysis
results are presented.

I. INTRODUCTION

In recent years, control systems to be handled in various
fields of engineering and industry have become large and
complex. This is explained by the tremendous progress
in the computer, communication and network technologies.
Centralized control framework has become computationally
intensive due to permanently increasing complexity of such
systems and their network structure. In some cases, central-
ized control is undesirable or even can not be employed at all.
This motivates the use and development of a new framework
for large-scale systems with decentralized structure. In fact,
we can see existing systems (e.g., biological systems such
as animal groups) where a lot of subsystems interact with
each other by means of simple rules of local communication.
Such systems demonstrate the achievement of some global
behavior and receive a lot of attention. In this context, the
idea of decentralization and cooperative control is a topic of
current interest in the control community. In modern control
theory, systems employing decentralized/distributed control
paradigm are referred to as multi-agent systems and their
subsystems are called simply agents.

The intrinsic parallelism of decentralized multi-agent sys-
tems provides robustness to failures of particular agents and,
in many cases, guarantees better performance, efficiency
and reliability. Multi-agent systems are usually high-order
systems due to a large number of cooperating agents. There
are many important directions in the field of cooperative
control. The main two ones are

• Consensus control problem also known as
agreement/rendez-vous problem. The main idea
of consensus algorithms is to drive a group of agents
to some common state;

• Distributed formation control. This direction refers to
the desired behavior where the agents tend to form a
certain geometrical configuration through a local inter-
action. Consensus can be also regarded as a special case
of formation control.

S. E. Parsegov is with the Institute for Control Science, Moscow, Russia
parsegov@ipu.ru

The classification above is quite rough and very rel-
ative. There are many other directions in the field such
as distributed optimization, scheduling, coordination, etc.
However, in this paper we focus on the two main directions
mentioned above.

In cooperative control problems, the shared information
can take the form of common objectives, common control
algorithms, information about the relative position, etc [1].
In this context, geometric pattern formation problems are
currently of particular interest. Recently, J. L. Ramirez, M.
Pavone, E. Frazzoli, and D. W. Miller [3] have studied a
special case of the consensus algorithm known as cyclic-
pursuit and developed some generalizations. First, they stud-
ied cyclic-pursuit control laws for both single- and double-
integrator models and showed that if every agent pursues its
leading neighbor along the line-of-sight rotated by a common
offset angle α, the overall collection of agents eventually
converge to a variety of symmetric formations. Second, they
discussed potential applications and obtained experimental
results. Y. Petrikevich [4] developed the control laws for
allocation of agents on a line and studied the stability and
convergence of the proposed algorithms. P. Shcherbakov
in [5] developed and studied similar algorithms and their
extensions in the class of discrete-time systems.

Hierarchical multi-agent systems is a recent direction in
the field of decentralized/cooperative control. Using the con-
cept of hierarchy the subgroups of interacting agents can be
considered as the higher order agents. The first hierarchical
schemes were obtained and studied by A. Williams, S.
Glavaski and T. Samad in [6]. They also introduced some
new theoretical concepts in [7]. Then, S.L. Smith, M.E.
Broucke and B.A. Francis in [8] applied the concept of
hierarchy to cyclic pursuit and it was shown that the proposed
scheme yields a higher rate of convergence of a group of
agents to their centroid than the traditional cyclic pursuit
scheme.

Motivated by the ideas in [2], [3], [4], we propose and
study some generalizations of the control laws mentioned
above. The contribution of this paper is threefold. As the
first contribution, we extend the control law for the allocation
on a line for the case where all the velocities of agents
are rotated by a common offset angle α. Then, we study
the generalization of the control strategy [4] for the case
of double-integrator models of agents and its extension to
the common offset angle case. We also study the stability
and convergence of the proposed algorithms using stability
criteria for multi-agent systems proposed and proven in [9],
[10]. Finally, we apply the concept of hierarchy to the
algorithm of allocation on a segment. Motivated by [8], we
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consider a collection of N agents divided into ng groups,
each containing n agents, n × ng = N and propose a
two layer hierarchical scheme. The local control strategy is
chosen in such a way as to arrange the cyclic pursuit for the
agents within each group and force the centroids of groups
to be asymptotically located uniformly on a given segment.

II. UNIFORM ALLOCATION OF AGENTS ON A SEGMENT

In this section, we briefly review the control laws pre-
sented in [4]. We first consider the one-dimensional case.

Consider n ordered mobile agents on the line with their
positions at time t ≥ 0 denoted by xi(t) ∈ R, i = 1, 2, ..., n,
and let xb, xe denote the endpoints of a target segment. The
kinematics of each agent is described by a simple integrator:

ẋi = ui, i = 1, 2, . . . , n. (1)

The following control law is proposed in [4]:

u1 =
x2 + xb

2
− x1,

ui =
xi+1 + xi−1

2
− xi, i = 2, . . . , n− 1 (2)

un =
xe + xn−1

2
− xn.

Let x = [x1, x2, . . . , xn]T ; then the overall dynamical
system can be written in the compact form as follows:

ẋ = Ax + b, (3)

where the matrix A and the vector b are of the form

A =




−1 0, 5 0 . . . 0
0, 5 −1 0, 5 . . . 0

...
...

0 0 . . . 0, 5 −1


 ∈ R

n×n, (4)

b = [0.5xb, 0, . . . , 0.5xe]
T ∈ Rn. (5)

The eigenvalues of A are given by λk = −2 sin2 kπ
2(n+1) ,

k = 1, 2, ..., n [11].
Theorem 1: System (3) is stable and there exists a

final position of agents xi → xb+ i
n+1 (xe−xb), t →∞, i =

1, 2, . . . , n, i.e., for arbitrary initial positions, the agents tend
to allocate uniformly on the segment with fixed endpoints xb

and xe.
It is shown in [4] that the following estimate is true for

system (3): ‖x(t) − x∗‖ ≤ eλ̂‖x(0) − x∗‖, where x(0) and
x∗ = −A−1b are the vectors of the initial and final positions
respectively, λ̂ = maxk Reλk = −2 sin2 π

2(n+1) . Thereby,

for large n the rate of convergence is estimated as λ̂ ≈ − π2

2n2 .
We also present the algorithm devised in [4] for the

uniform allocation of the agents in the two-dimensional case.
Let xi(t) and yi(t) be the position coordinates of the i-th
agent, i = 1, 2, . . . , n at time t ≥ 0, and let xb, yb and xe, ye

denote the coordinates of the endpoints of the segment. The

proposed algorithm is similar to the previous one for each
coordinate.

ẋ1 = x2+xb

2 − x1, ẏ1 = y2+yb

2 − y1,

ẋi = xi+1+xi−1
2 − xi, ẏi = yi+1+yi−1

2 − yi,

ẋn = xe+xn−1
2 − xn, ẏn = ye+yn−1

2 − yn,

(6)

where i = 2, . . . , n− 1.
It is shown [4] that the dynamics of the overall system

can be written in the compact form as
[
ẋ
ẏ

]
=

[
A 0
0 A

] [
x
y

]
+

[
bx

by

]
, (7)

where the matrix A is given by (4), and bx =
[0.5xb, 0, . . . , 0.5xe]

T
, by = [0.5yb, 0, . . . , 0.5ye]

T . The the-
orem for the eigenvalues and convergence proven in [4] is
similar to the Theorem 1.

It is easy to see that system (7) consists of the two inde-
pendent subsystems, i.e., the Cartesian coordinates xi, yi of
an agent are decoupled. In contrast to the existing algorithms,
different collective motions can result from the Cartesian
coordinate coupling. It is shown in [2], [3] that the Cartesian
coordinate coupling matrix can be taken as a rotation matrix
so that the velocity vector of every agent is rotated by an
offset angle due to some physical restrictions or according
to the statement of the problem. In addition, by the algorithm
for single-integrator models we can change the velocity of
the agent which appears in idealized situation.

The main purpose of this paper is to develop the control
laws taking possible coordinate couplings into account as
well as double-integrator models of the agents.

III. FIRST-ORDER ALGORITHMS

1) Two-dimensional case: Let us obtain a generalization
of the control laws given in [4] for the two-dimensional case.
First of all, let us notice that the matrix of the system in (7)
is of the form I2 ⊗A, where I2 is the 2× 2 identity matrix
and ⊗ denotes the Kronecker product. Let us introduce the
new notation. Let ξi(t) = [xi(t), yi(t)]

T ∈ R2 denote the
position at time t ≥ 0 of the i-th agent, i = 1, 2, . . . , n, ξb =
[xb(t), yb(t)]

T and ξe = [xe(t), ye(t)]
T denote the endpoints

of the segment. Using this notion, (7) can be rewritten in
matrix form as

ξ̇ = (A⊗ I2)ξ + b̂, (8)

where ξ=
[
ξT
1 , . . . , ξT

n

]T
, b̂=

[
0.5ξT

b , 0, . . . , 0.5ξT
e

]T ∈R2n.
Let us consider the case where the velocity vector of each

agent is rotated by a common offset angle α ∈ [−π, π].
The algorithm using the rotation matrix for the cyclic-pursuit
problem was first proposed in [2]. Motivated by the ideas in
[2], let us use the same approach to develop the algorithm
of the uniform allocation of the agents on a line. Consider
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the following feedback control law:

u1 = R(α)
(

ξ2 + ξb

2
− ξ1

)
,

ui = R(α)
(

ξi+1 + ξi−1

2
− ξi

)
, i = 2, . . . , n− 1, (9)

un = R(α)
(

ξe + ξn−1

2
− ξn

)
.

where R(α) denotes the rotation matrix of the form

R(α) =
[

cos α sin α
− sin α cos α

]
. (10)

Then, the overall dynamics of the n agents are described
by:

ξ̇ = (A⊗R(α))ξ + b∗, (11)

b∗ = (In ⊗R(α))b̂ ∈ R2n. (12)

Theorem 2: The eigenvalues of the matrix A⊗R(α)
are

λ+
k =

(
−2 sin2 kπ

2(n + 1)

)
e+jα,

λ−k =
(
−2 sin2 kπ

2(n + 1)

)
e−jα, k = 1, 2, . . . , n,

and

1) if 0 ≤ |α| < π
2 , the system (11) is stable and there

exists a final position ξk = ξb + k
n+1 (ξe − ξb), k =

1, 2, . . . , n, i.e., for every initial condition, as t →∞,
the agents tend to allocate uniformly on the segment
with fixed endpoints ξb and ξe. The estimate of the rate
of convergence of the algorithm for large n is of the
form λ̂ ≈ −π2 cos α

2n2 ;
2) if |α| = π

2 all eigenvalues are purely imaginary, and
every agent moves regularly in some bounded region;

3) if π
2 < |α| < π the system is unstable and the uniform

allocation on a segment is not achieved.
Proof: The eigenvalues of the matrix A ⊗ R(α) can be

found by the properties of the Kronecker product, and for
α = 0, all 2n eigenvalues are real and lie in the open
left-half complex plane. The system looses its stability for
the offset angle greater or equal to π

2 . Let us show that
for the stable system (11), the final position of the agents
is given by (8). The final position (11) can be found as:
ξ∗ = −(A⊗R(α))−1b∗. By the properties of the Kronecker
product: (A⊗R(α))−1b∗ = (A−1⊗R−1(α))(In⊗R(α))b̂ =
(A−1 ⊗ I2)b̂, where In is the identity n × n matrix. The
rate of convergence of the algorithm is defined by the value
λ̂ = maxk Reλ±k = −2 cos α sin2 π

2(n+1) . Thereby, for
n → ∞, we have the estimate for the rate of convergence:
λ̂ ≈ −π2 cos α

2n2 . In other respects the proof is equivalent to
that of Theorem 1 in [4].

2) Three-dimensional case: The previous results can be
easily generalized to the three-dimensional case. As above,
for the three-dimensional case we consider n agents. The
position of each agent at time t ≥ 0 is defined by
ξi(t) = [xi(t), yi(t), zi(t)]

T ∈ R3, i = 1, 2, . . . , n. Let
ξ =

[
ξT
1 , ξT

2 , . . . , ξT
n

]T , and ξb, ξe denote the endpoints of
the segment.

The kinematics of each agent is described by a simple
integrator

ξ̇i = ui, (13)

and the control law is defined as (9). The overall dynamics of
the collection of n agents are described by (11). The matrix
R(α), α ∈ [−π, π] is the rotation matrix with rotation axis
(0, 0, 1)T :

R(α) =




cosα sinα 0
− sinα cos α 0

0 0 1


 , (14)

where the matrix A is of the form (4) and b∗ = (In ⊗
R(α))

[
0.5ξT

b , 0, . . . , 0.5ξT
e

]T ∈ R3n.
The following theorem characterizes the eigenvalues of

A⊗R(α) and possible types of behavior of the system.
Theorem 3: The eigenvalues of the matrix A⊗R(α)

are

λk = −2 sin2 kπ

2(n + 1)
,

λ+
k =

(
−2 sin2 kπ

2(n + 1)

)
e+jα,

λ−k =
(
−2 sin2 kπ

2(n + 1)

)
e−jα, k = 1, 2, . . . , n,

and
1) if 0 ≤ |α| < π

2 , the system (11) is stable and there
exists final position of agents ξk = ξb + k

n+1 (ξe − ξb)
, k = 1, 2, . . . , n, i.e. for every initial condition, as
t → ∞, the agents tend to allocate uniformly on the
segment with fixed endpoints ξb and ξe. The estimate
of the rate of convergence of the algorithm for large n
is of the form λ̂ ≈ −π2 cos α

2n2 ;
2) if |α| = π

2 , all eigenvalues are purely imaginary and
every agent moves regularly in some bounded region;

3) if π
2 < |α| < π, the system is unstable and the uniform

allocation on a segment is not achieved.
Proof: The eigenvalues of the matrix A ⊗ R(α) can

be found by the properties of the Kronecker product, n

eigenvalues
{

λk = −2 sin2 kπ
2(n+1)

}n

k=1
do not depend on α,

are always real and lie in the open left-half complex plane.
In other respects the proof is equivalent to that of Theorem 2.

IV. SECOND-ORDER ALGORITHMS

The previously studied algorithms use single-integrator
models of agents. In essence, such an approach means that
we can control each agent changing its velocity instantly
which is an idealization. In this section, we propose some
linear algorithms for uniform allocation on a segment using
double-integrator models. In the general case, we design
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a control law that requires measurements of the absolute
position and the velocity.

We consider the problem in the three-dimensional space.
As above, ξi(t) = [xi(t), yi(t), zi(t)]T ∈ R3 is the position
of the i-th agent at time t ≥ 0, i = 1, 2, . . . , n, and let
ξ = [ξT

1 , ξT
2 , . . . , ξT

n ]T . Besides, following [2], [3], let R(α)
denote the rotation matrix R3 with rotation angle α ∈ [−π, π]
and rotation axis (0, 0, 1)T (see (14)). The dynamics of each
agent are now described by a double-integrator model:

ξ̈i = ui, i = 1, 2, . . . , n. (15)

Simplest case
Consider the following control law:

u1 =
ξ2 + ξb

2
− ξ1 − aξ̇1,

ui =
ξi+1 + ξi−1

2
− ξi − aξ̇i, i = 2, . . . , n− 1 (16)

un =
ξe + ξn−1

2
− ξn − aξ̇n.

Let s = d/dt denote the differentiation operator. Then,
using (15) and (16) we can obtain the equation that describes
the overall dynamics of n agents.

(s2 + as)ξ = (A⊗ I3n)ξ + b̂, (17)

where the matrix A is of the form (4) and b̂ =[
0.5ξT

b , 0, . . . , 0.5ξT
e

]T ∈ R3n.
An important concept of the Ω-domain is a cornerstone of

the stability criterion for multi-agent systems introduced and
proven in [9]. Similar results were obtained later in [10].

We provide some definitions and results from [9] which
are important for the stability analysis of multi-agent sys-
tems. Let φ(s) = s2 + as be a formal polynomial in
the differentiation operator applied to each component of
the vector ξ. The system of differential equations of the
form φ(s)ξ = Aξ is stable, if the polynomial G(s) =
det (A− φ(s)In) is Hurwitz. Let us denote by D(p) the
characteristic polynomial of the matrix A:

D(p) = dnpn + . . . + d1p + d0 (18)

Then, if the characteristic function of the form

G(s) = D(φ(s)) = dnφn(s) + . . . + d1φ + d0 (19)

has no right zeros, G(s) is said to be stable. One way of
verifying this condition is to apply general stability criteria in
the straightforward way and pay no attention to the structure
of G(s). However, this approach can be undesirable for
polynomials of high degrees. The following notion simplifies
the stability analysis.

Definition 1: The Ω-domain of the function φ(s) is
defined to be the set of points λ on the complex plane, for
which the function φ(s)− λ has no right zeros:

Ω = {λ ∈ C : φ(s)− λ 6= 0, Res ≥ 0}
In [10], the function φ(s) is called the generalized fre-

quency variable, and the function h(s) = 1/φ(s) is called
the transfer function of an agent.

As it shown in [9], such a set can be constructed by
the general D-decomposition rules. A curve z = φ(jω),
−∞ < ω < ∞, divides the complex plane into open
connected domains containing the points of the curve. The
domain (if any) that contains no right zeros of φ(s) − λ is
precisely the Ω-domain. The procedure of constructing such
a domain can be simplified for rational fractions φ(s). The
curve z = φ(jω), −∞ < ω < ∞, is said to encircle the
point λ l times (l need not necessarily be an integer), if
the increment in the argument of the function φ(jω) − λ
is 2πl, −∞ < ω < ∞. As a rule, for a fixed domain, the
number of encirclements does not depend on the choice of
the point λ in this domain; therefore, the term “the number
of encirclements about a domain” is meaningful.

The following lemma from [9] is important.
Lemma 1: Let φ(s) be a fractional rational function

φ(s) = A(s)/B(s), (A(s), B(s) are polynomials), degA =
k, degB = m, B(jω) 6= 0, ω ∈ R and let B(s) have l right
zeros. Then, the Ω-domain is the domain which is encircled
N times by the curve z = φ(jω). Here,
• N = l, if φ(s) is a proper function (k ≤ m).
• N = (k − m)/2 + l, if φ(s) is a non-proper function

(k > m).
A more general stability condition from [9] is given below.

Theorem 4: The characteristic function G(s) =
D(φ(s)) is stable if and only if, the zeros of the polynomial
D(p) all lie in the Ω-domain of the function φ(s).

Here we apply the results of [9] to study the stability and
the rate of convergence of system (17).

Theorem 5: The matrix of system (17) is Hurwitz
and its eigenvalues are given by

{
−0.5a±

√
(0.5a)2 − 2 sin2 kπ

2(n + 1)

}n

k=1

,

and the estimate of the convergence rate for n →∞ is given
by ŝ ≈ − π2

2an2 .
Proof: For the function φ(s) = s2 + as, a > 0, the Ω-

domain is the interior of the parabola φ(jω) = −ω2 + jaω
on the complex plane. It follows from Lemma 1 that for
any negative a such region does not exist. The eigenvalues
of A of the form (4) are real and negative. Thereby, all
the eigenvalues lie in Ω-domain of the function φ(s) =
s2 + as, a > 0 and system (17) is stable. Let us find the
eigenvalues of the matrix of system (17) and study the
convergence rate of the algorithm. It is obvious that the
eigenvalues of the matrix of system (17) can be easily found
as a solution of the following set of characteristic quadratic
equations:

s2 + as− λk = 0, a > 0, k = 1, 2, . . . , n, (20)

where λk is the k-th eigenvalue of the matrix A. In the
general case, the solution of (20) is of the form

s1,2 = −0.5a±
√

(0.5a)2 − 2 sin2 kπ

2(n + 1)
.
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Since 0 < kπ
2(n+1) < π

2 for any n and k = 1, 2, . . . , n,

we have maxk

(
−2 sin2 kπ

2(n+1)

)
= −2 sin2 π

2(n+1) , and
the rate of convergence is defined by the root with the
largest real part, ŝ = −0.5a +

√
(0.5a)2 − 2 sin2 π

2(n+1) .

Let us show that ŝ ≈ − π2

2an2 for large n. It is obvious that
−2 sin2 π

2(n+1) ≈ − π2

2n2 as n → ∞. Let us introduce the
auxiliary infinitesimal quantity x. It is easy to obtain the
following equivalence property: −c+

√
c2 + x ≈ x

2c at n →
∞, where c denotes some constant, since lim

x→0

−c+
√

c2+x
x/2c =

lim
x→0

c2+x−c2

(x/2c)(c+
√

c2+x)
= 1. The estimate of the convergence

rate follows from the last equation.
Second-order algorithm with rotation

Here we consider more general form of the allocation on
a line algorithm with double-integrator models (15), with
the rotation matrix R(α). The following control law is
considered

u1 = R(α)
(

ξ2+ξb

2 − ξ1 − aξ̇1

)
,

ui = R(α)
(

ξi+1+ξi−1
2 − ξi − aξ̇i

)
, i = 2, . . . , n− 1

un = R(α)
(

ξe+ξn−1
2 − ξn − aξ̇n

)
.

(21)

In this case, the overall dynamics of n agents is

(s2 + as)ξ = (A⊗R(α))ξ + b∗, (22)

where the matrices A and R(α) are of the form (4) and (14)
respectively, and b∗ =(In ⊗ R(α))

[
0.5ξT

b , 0, . . . , 0.5ξT
e

]T ∈
R3n.

Let us study the stability properties of the system using
the criterion mentioned above. As it was shown before, 3n
eigenvalues of the matrix A⊗R(α) are given by

λk = −2 sin2 kπ

2(n + 1)
,

λ+
k = λke+jα =

(
−2 sin2 kπ

2(n + 1)

)
e+jα,

λ−k = λke−jα =
(
−2 sin2 kπ

2(n + 1)

)
e−jα, k = 1, 2, . . . , n.

The following stability criterion is true.
Theorem 6: The system (22) is stable if and only if

a2 cos α

sin2 α
> 2 sin2 πn

2(n + 1)
Proof: As it was mentioned above (see the proof of Theo-

rem 5), the Ω-domain for the function φ(s) = s2 +as, a > 0
is the interior of the parabola. Thus, for any α, the real
eigenvalues λk, k = 1, 2, . . . , n, lie in the Ω-domain. Chang-
ing the angle α can affect the location of 2n eigenvalues{
λke±jα

}n

k=1
and therefore the stability properties of the

system. The system looses its stability if the eigenvalues{
λke±jα

}n

k=1
cross the boundary of the Ω-domain. If the

eigenvalues λke±jα = λk(cosα±j sin α) are located on the
boundary of the Ω-domain φ(jω) = −ω2 + jaω, −∞ <
ω < ∞, we have the following equations: λk cosα = −ω2

−1.5 −1 −0.5 0

−1.5

−1

−0.5

0

0.5

1

1.5

Real part

Im
ag

in
ar

y 
pa

rt

Ω
αλn

λ−

n

λ+
n

−ω2 + jaω

φ(jω) =

Fig. 1. Location of the eigenvalues λn, λ±n in the Ω-domain

and λk sin α = aω. Let us solve them with respect to λk.
Two obtained solutions are: λ

(1)
k = 0, λ

(2)
k = −a2 cos α

sin2 α
.

The first one has no sense as λk = −2 sin2 kπ
2(n+1) 6= 0 for

∀n. It is easy to see that for increasing α, the eigenvalues
move over the complex plane and the first crossing of the
boundary of the Ω-domain is performed by the following pair
of eigenvalues: λne±jα (see Fig.1). The stability criterion
follows immediately.

V. TWO LAYER HIERARCHICAL ALGORITHM

In this section we apply the concept of hierarchy to
allocation on a segment algorithm. We consider a collection
of N agents divided into ng groups, each containing n
agents n × ng = N , and propose a two layer hierarchical
scheme. Then, we obtain the local control algorithm such
that the agents within each group are in cyclic pursuit and
the centroids of groups tend to allocate uniformly on a given
segment.

First, let us consider cyclic pursuit in R where each agent
follows the displacement of the next agent [8]:

ẋi = (xi+1 + ci)− xi, i = 1, 2, . . . , n− 1.

ẋn = (x1 + cn)− xn, (23)

where ci, i = 1, 2, . . . , n are the displacements. Let us
denote the centroid of the agents (23) by x̄. Then, the
following equality is true [8]:

˙̄x =
1
n

n∑

i=1

ci (24)

By properly selecting the ci’s, we can arrange a hier-
archical scheme. Let us denote each agent by xp,q , where
p = 1, 2, . . . , ng , is the group index, and q = 1, 2, . . . , n, is
the agent index. Therefore, the two layer hierarchy system
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can be written as

group 1





ẋ1,1 = x1,2 − x1,1 + d1,1

ẋ1,2 = x1,3 − x1,2 + d1,2

...
ẋ1,n = x1,1 − x1,n + d1,n





...
(25)

group ng





ẋng,1 = xng,2 − xng,1 + dng,1

ẋng,2 = xng,3 − xng,2 + dng,2

...
ẋng,n = xng,1 − xng,n + dng,n.





where the dp,q’s are the displacements. We require the
centroids of the groups to move according to the algorithm
of allocation on a segment.The desired equations of motion
for the centroids of each group are:

˙̄x1 =
x̄2 + xb

2
− x̄1,

˙̄xp =
x̄p+1 + x̄p−1

2
− x̄p, p = 2, . . . , ng − 1 (26)

˙̄xng =
xe + x̄ng−1

2
− x̄ng ,

where xb, xe are the endpoints of the segment.
By definition, the centroid of the p-th group is described

as

x̄p :=
1
n

n∑
q=1

xp,q. (27)

The question is how to choose the displacement in order to
achieve the desired motion of the centroids (26). From (24),
the dynamics of the centroid of group p is

˙̄xp =
1
n

n∑
q=1

dp,q. (28)

Combining this with (26) we get
n∑

q=1

dp,q = n

(
x̄p+1 + x̄p−1

2
− x̄p

)
, (29)

or
n∑

q=1

dp,q = n

(∑n
q=1 xp+1,q +

∑n
q=1 xp−1,q

2
−

n∑
q=1

xp,q

)
.

One of possible ways of choosing the displacements dp,q

is shown below:

d1,q =
x2,q + xb

2
− x1,q,

dp,q =
xp+1,q + xp−1,q

2
− xp,q, p = 2, . . . , ng − 1 (30)

dng,q =
xe + xng−1

2
− xng .

This means that the qth agent in the p-th group tends to
locate itself in the middle of the segment joining the q’s
agents in the (p − 1)-th and (p + 1)-th groups. The overall

dynamics of N agents (25) combining with (30) has the
following vector form

ẋ = Āx + b̄, (31)

where the matrix of the system has the form Ā = Ing ⊗C +
D⊗ In. The matrix C is a circulant matrix of each group of
agents

C =




−1 1 0 . . . 0
0 −1 1 . . . 0
...

...
1 0 . . . 0 −1


 ∈ R

n×n, (32)

The matrix D ∈ Rng×ng has the form (4) and is used to
describe the motion of the centroids. The vector b̄ = b ⊗ 1,
where 1 = [1, 1, . . . , 1]T ∈ Rn, and b ∈ Rng is defined
similarly to (5). The matrices In, Ing are identity matrices.

Using the fact that the matrix Ā is the Kronecker sum of
the matrices C and D: Ā = C⊕D, we arrive at the following
theorem.

Theorem 7: System (31) is stable and the set of
eigenvalues of the matrix Ā is the direct sum of the sets
of eigenvalues of the matrices C and D. Moreover, there
exists a final position of agents xp,q → xb + p

ng+1 (xe−xb),
t →∞, p = 1, 2, . . . , ng, i.e. for every initial condition, each
agent converges to the centroid of the group and the centroids
tend to allocate uniformly on a segment with fixed ends xb

and xe. The rate of convergence estimate for ng → ∞ is
λ̂ ≈ − π2

2n2
g

.
Proof. As it was shown before the eigenvalues of the ma-

trix D have the form λp = −2 sin2 pπ
2(ng+1) , p = 1, . . . , ng ,

and the eigenvalues of C are also known (see e.g. [2]) and
can be written as λ̄q = e2πjq/n − 1, q = 1, . . . , n. The
eigenvalues of the matrix Ā = Ing ⊗C + D ⊗ In = C ⊕D
can be easily found by the properties of the Kronecker sum.
The matrix C has one zero eigenvalue and the nonzero
eigenvalues are left, the eigenvalues of the matrix D are
negative. Thereby, the eigenvalues of the matrix Ā are left
and the system (31) is stable. It is evident that the rate of
convergence estimate of the system (31) for ng → ∞ has
the form λ̂ ≈ − π2

2n2
g

.
We considered the problem in one-dimensional space and

it can be easily generalized to two- or m-dimensional case.

VI. EXAMPLES

Here we present some results of the analysis of the studied
algorithms.

VII. CONCLUSIONS

In the work we proposed and studied some algorithms
generalizing the strategy of uniform allocation of agents on
a segment, firstly proposed in [4]. The generalizations were
constructed in the following way: first, we proposed the first-
order algorithm with the Cartesian coordinate coupling and
studied the special case with the rotation matrix. Then we
obtained the second-order algorithm, and studied a combi-
nation of the previous two algorithms, taking into account
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Fig. 2. The initial positions and the trajectories of the agents. First-order
algorithm without rotation
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Fig. 3. The initial positions and the trajectories of the agents. Second-order
algorithm, the offset angle α = π/2.5
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Fig. 4. The initial positions and the trajectories of the agents. Second-order
algorithm without rotation, a = 0.5

both double-integrator models and rotation matrix. Finally,
we proposed and studied a two layer hierarchical strategy
such that the agents within each group are in cyclic pursuit
and the centroids of groups tend to allocate uniformly on a
given segment.
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Software System for Forecasting  the Financial                            
and Economic Indicators 

 
Gusev K.Y. 

 
 

Abstract - The paper analyzes and conclusions the mod-
ern methods of forecasting. The analysis of mathematical 
methods of forecasting and applications to them for use in 
short-term forecasting. The analysis of econometric methods 
for use in short-term forecasting as a supplement to the ma-
thematical methods. In the paper consider the possibility of 
using artificial neural networks to construct a model pre-
dicting the dynamics of the state of economic systems. In this 
paper we propose an approach to reduce the error of fore-
casting by incorporating tentative steps, which is based on 
two-step method of least squares. Also, we propose to filter 
the input signal based on Fourier transformation 

 

I.   ITRODUCTION 
Feature of modern systems of decision-making is the 

operator integrating the short run changes in the state sys-
tems. At the same time interval is determined not by days 
or hours and minutes. The most striking examples of such 
systems are economic systems.1 

Management of economic systems - is the manage-
ment of complex economic entities in market economy 
conditions. Management economically objects based on 
their mathematical modeling and computer equipment. 
Modeling the behavior of economic entities cannot ignore 
accelerating their dynamics. Only on the basis of renewal 
of paradigmatic positions becomes possible to achieve an 
effective mix of historical trends and specific features of 
modern processes. 

In modern conditions the global market has undergone 
a restructuring. Thus, time spent on transactions, de-
creased significantly, which has a large impact on short-
term market behavior. In this situation, the market is de-
scribed by the so-called "efficient market hypothesis"[1]. 

In a market economy plays an important role not only 
information about the current state of the market as an 
objective forecast of state of a particular term. For analy-
sis and forecast the spread of the apparatus was of neural 
networks. Neural networks are transforming the informa-
tion in the image of the processes occurring in the human 
brain. This information is numerical in nature, which al-
lows the use of neural network, for example, as a model 
of the object with a completely unknown characteristics 
(description of an object like a "black box") [2]. The ac-
curacy of forecasting of economic indicators provided by 
a number of factors, among which include: 

 - Software, which is based on economic and mathe-
matical models; 
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- Efficiency of processing in-house and external in-

formation; 
- The ability to critically analyze forecasts; 
- Timeliness of necessary changes in the methodical 

and informational support forecasting. 
 

II.   ANALISYS 

Most modern methods of forecasting the market as the 
economic system are long-term (1 day). Such methods 
have proved their efficiency and are widely used in prac-
tice. Below we consider the problem of short-term predic-
tion of integrated economic indicators as the most rele-
vant in today's market. For long-term forecasting is possi-
ble to adjust the forecast over time, as the forecasting sys-
tem constantly receives information about the current 
state of the dynamics of economic indicators and there is 
leeway to increase objectivity and quality of the forecast 
[3]. When short-term forecasting ability adjustments fore-
cast data is virtually absent for the following reasons: 

- Time prediction coincides with a time interval of re-
ceiving information about the dynamics of economic in-
dicators, that is, a system of forecasting available inter-
mediate information value, allowing to implement the 
adjustment of the forecast. 

- Reaction time forecasting system commensurate 
with the desired time interval of the forecast. Economic 
systems are very complex in terms of mathematical de-
scription, so their analysis tools are used to predict the 
respective applications and modifications, which inevita-
bly increases the direct formation time of the forecast. 
Therefore, increasing the accuracy of short-term forecast-
ing leads to the inevitable expansion of use of machine 
resources. 

It is proposed to minimize the impact of the first cause 
to implement the introduction of trial steps prediction on 
the time interval that, firstly, allows the use of long-term 
forecasting techniques within this problem, and, secondly, 
it is possible to reduce the error prediction of the econom-
ic indicator. Effect of the second of the above reasons 
offered to compensate by selecting the appropriate fore-
casting systems with the required speed. . 

Thus, for short-term forecasting systems must submit 
the following basic requirements: 

- Possibility of introducing a tentative steps in the time 
interval forecast for the decrease in the error of predic-
tion; 

- While the system is forecast to be much less than the 
time interval of the forecast. 
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III.   STRUCTURE OF THE NEURAL NETWORK 

Let forecasting procedure, is basing on the implementa-
tion of a neural network, which is the basis of a simple 
perceptron McCulloch-Pitts without activation function 
[4]. To solve the problem of forecasting the economic 
indicators extend a simple perceptron by introducing an 
additional layer containing the multipliers. 

We introduce the notation of elements of the neural 
network. Let the input of the neural network receives dis-
crete values that are represented in the form of a vector  

),,,( 21 nuuuu   
or, if present, each input value as an element of the dis-

crete time series  
))(,),2(),(( ntytytyu   , 

n - number of inputs of neural network model. 
The signal from each of the n-th input goes to the R 

weighting coefficients that can be represented as a vector  
 ),,,,,( )1(

*
)1()1(

2
)1(

1
)1(

RnR ymymymymym  , 
njRni  1,1  . 

The output of the first layer of a neural network to ob-
tain a vector S 

,)1(
jii uymS     

njRni  1,1  . 
The second layer consists of multipliers, strengthens the 

internal communication of the neural this subnetwork, 
which allows to analyze complex input functions. In the 
proposed neural network model, an increase of internal 
connections occurs by multiplying a multiplier values 
from different weight coefficients and inputs. The output 
of the second layer we obtain the vector Z:  





3

1k
kii SZ ,  

где )1*(1  Rni  . 
The output value of the network y is the sum of ele-

ments of the vector Z: 







)1*(

1

)1(
Rn

i
iZty . 

As a result, we obtain the equation functioning of the 
neural network: 

 


 
 

)1*(

1

3

1

)1()1(
Rn

i k
jki uymty ,                                 (1) 

or by presenting a neural network as a model "black 
box", which realizes the function f, 

),()1( jufty   
nj 1 . 

Error dty  )1( , where d - a reference signal for a 
given iteration (t+1), is used to train the network by ad-
justing the weight of the layer. 

IV. SERVICE TOOLS 

A. Filter 
We propose to use Fourier transform to filter out high 

frequency components and seasonal variations. 

B. Tentative steps 
As a trial step artificially into the equation functioning 

neutral network (1) an intermediate variable [5]: 
))(,()1( 1 htyufty j   , 

h - value of the trial step. 
Then the forecasting process will be divided into two 

stages: 
- At the first stage is the intermediate variable 

)( hty   as the output value of neural network model, 
which serves the values of the vector u: 

 


 
 

)1*(

1

3

1

)1()(
Rn

i k
jki uymhty . 

If the time interval the flow of information to the neural 
network is less than the required time interval forecast, 
after calculating the intermediate variable )( hty   is 
possible to adjust the forecast y by finding the error 

)()( htdhty  . 
- At the second stage the new vector according to the 

resulting values: 
))1(,),1(),((  ntytyhtyu   

and the input of the neural network. 
 
C. Methods in Econometrics 
For a comprehensive forecast of the work is proposed 

to use not only mathematical, but also economic forecast-
ing methods. Consider the problem of forecasting from 
the perspective of econometrics.  

It is known that 99% of all transactions - speculation, 
ie, not aimed at servicing the real trade, and concluded 
with a view to profit on the scheme "has bought more 
cheaply - has sold more expensive."All are based on pre-
dictions of exchange rate transaction parties. And, last but 
not least, the predictions of participants in each transac-
tion are opposite to each other. So that the volume of spe-
culative trading characterizes the differences between the 
predictions of market participants, that is really - the de-
gree of volatility of financial time series.  

Efficient market theory is not shared, quite naturally, by 
the market participants. Most of them are confident that 
the market time-series, despite the seeming randomness, 
full of hidden regularities, at least partially predictable. 
Such hidden empirical regularities and became the basis 
of technical analysis of economic indicators. 

Technical analysis is the study of past prices to deter-
mine the likely direction of future development. The cur-
rent dynamics in prices compared with price movements 
in the past, whereby is achieved a more or less realistic 
prognosis [6]. 

Basis of technical analysis are three rules: 
- Prices move directionally. This assumption is the ba-

sis for all methods of technical analysis. The main task of 
technical analysis is to determine the direction of price 
movements (trends or trends) for use in trade. There are 
three types of trends - bullish (upward price movement), 
bearish (downward price movement) and lateral (the price 
is almost not moving). All three types of trends do not 
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occur in pure form, because the motion "as the crow flies" 
on the chart can be found very rarely; 

- Movement of the market considers all ("efficient mar-
ket"). Any factor that affects the price - economic, politi-
cal, and psychological - previously accounted for and 
reflected in its schedule; 

- History repeats itself. It is assumed that if certain 
types of analysis worked in the past, it will work in the 
future, because this work is based on sustainable human 
psychology. 

Technical analysis is realized on the basis of the follow-
ing methods: 

- A graphical method based on the analysis of price 
charts - drawing on a graph of price changes over time; 

- Mathematical methods, based on the analysis of ma-
thematical functions that are based on price or volume 
pricing. 

As mentioned above, the price includes all the informa-
tion on this product. Fundamental analysis is used in most 
cases to identify global trends in economic development 
[7]. As a consequence, implementing strategic investors 
for long-term investment. However, it should be noted 
that in this case are usually ignored short-term fluctua-
tions in prices. Fundamental analysis for prediction uses 
information from which the sum price. In our time, fun-
damental analysis is reduced to the analysis of news and 
rumors about a particular product or company. For exam-
ple, an article this morning that the company received a 
large order, and by noon the price of their stock starts to 
rise. That is fundamental analysis allows us to predict 
trends. 

A characteristic feature of fundamental analysis lies in 
the fact that he is opposed to technical and probabilistic 
analysis examines the reasons that led to a change in the 
national currency. At the same time as the technical and 
the probabilistic approach, the above reasons do not cause 
interest. Thus, the central tenet of fundamental analysis 
can be formulated as follows: first reason, then the corol-
lary. In other words, any change in exchange rates due to 
changes in supply and demand, which in turn can be eva-
luated using methods of fundamental analysis. 

In practice, fundamental analysis is reduced, usually to 
the analysis of macroeconomic indicators (economic indi-
cators, key interest rates, equity indexes, etc.) in terms of 
their impact on the currency. In this case, any news neces-
sarily analyzed in two ways. On the one hand, this esti-
mate of the overall state of the national economy, and 
with another - the effect on the basic interest rate (s) the 
countries studied. 

There are three factors of fundamental analysis: 
- Economic: data on the development of the country, 

meeting of the Central Bank, trade negotiations, the per-
formance of Heads of State; 

- Political; 
- Force majeure (eg natural factor). 
Fundamental analysis uses economic data (GNP, un-

employment, housing, etc.). 

V. RESULTS 

In the end was modeled neural network (fuzzy-neural 
module) with the filtration of input and implementation of 
the trial step.  Result of functioning of the software is 
shown in Figure 1. 

 
Fig. 1. The results of forecasting Dow Jones 

VI. CONCLUSION 

Thus, the globalization of the economy there is an ur-
gent need short-term forecasting of economic indicators. 
Using modern methods of forecasting in conjunction with 
the methods of economic analysis, it is possible to predict 
variables such as growth or decline in prices, socio-
economic status of countries, national currencies. If, as an 
annex to the prediction methods (neural networks, chaos 
theory, probabilistic methods) to use not only mathemat-
ics (wavelets, fuzzy logic, genetic algorithms), but also 
the methods of econometrics (technical and fundamental 
analysis) it is possible to increase the accuracy of short-
term forecasting of economic indicators. 

REFERENCES 
[1]      Fama E.F., Miller M.G. Theory of Finance. New York: Holt, 

Rinehart and Winston, 1972, pp. 230-232. 
[2] Rutkovskaya D. Neural networks, genetic al-Algorithms and 

FuzzySystems. MM: Hotline, 2006, pp. 87-95. 
[3] E. Peters, Fractal analysis of financial markets: the application of 

chaos theory to investment and economics. MM: Online Trading, 
2004, pp 51-55. 

[4] Baestaens ZH.-E., V.-M. Van Den Berg, D. Wood. Neural net-
works and financial markets. Moscow: TVP, 1977, pp. 49-53. 

[5] Aivazian S.A. Applied Statistics. Foundations of econometrics. 
MM:YUNITIDANA, 2001, pp. 342-351. 

[6] Stephen B. Akelis. Technical Analysis from A to Z. M.: Graph, 
1999, pp. 111-113. 

[7] Michael Brett. How to read financial information. M.: Prospekt, 
2004, pp. 305-308. 

 

 

14th International Student Olympiad on Automatic Control 
Saint Petersburg, Russia, 21-23 September, 2011

BOAC 2011 128



 

 
Abstract — An algorithm for structural-parametric 

identification of recycle objects based on the inverse Z-
transform of equivalent discrete transfer functions 
determined with continued fractions representation of 
discrete series of input and output values is represented in 
the paper. 

I. INTRODUCTION 

 
dentification accuracy is the key factor which 

determines the performance of the whole control 
system. The key role in this is played by the structural 
identity of the identified model to the original object. 
Generally, the more the structure differs from the 
original, the less is the conformity of the dynamic 
properties with the range change increasing in process 
variables. Besides, even slight structural divergences of 
the model may lead to the significant distortion of model 
parameters (roots and time-delay values) comparatively to 
the original object. 

In some situations, such differences can be neglected, 
but there are relevant cases when the structural 
divergences are extremely undesirable. For instance, high 
requirements for the model structure are brought if there 
is control system’s synthesis for the models with 
significant time-delay.  

The problem of structural-parametric identification of 
systems with delay is difficult by itself and it becomes 
much more complicated when there are outlines with 
positive feedbacks with delay – recirculation streams. 

The latter are quite common in use, especially in 
chemical processes when a reactant or processed 
substance is put back to the previous stage of the process. 
For instance, recycle processes can take place in crushing 
machines and recycle columns for sulfuric acid 
production [1], [2]. 

As information on the technological process’s 
parameters in modern control systems is introduced in a 
digital form it seems to be convenient to use the 
identification approach, based on the mathematical 
apparatus of discrete systems. In that case the problem of 
structural-parametrical identification comes to the 
determining of the discrete transfer function (DTF) and 
reconstruction of desired continuous transfer 
function(CTF) of the controlled object on its base. 
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Thereby the objective is a structural-parametric 

identification of delay-type objects containing the 
recirculation outlines based on the discrete input and 
output data. 

II. MAIN RESULT 

Determination of a discrete transfer function (DTF) in 
fact comes to the problem of analytical function power 
series approximation. It is because DTF is determined as 

 0
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, (1) 

where y(nT) – sequence of output values;  
x(nT) – sequence of input values. 
Elements of the series are related by recurrent 

equations determined by the system structure. As a 
consequence, to determine the most proper structure of 
the object the continued fraction approximation methodic 
is used as it is proposed in [3]. The definition of the 
structure is made by dropping the number of indexes that 
correspond to values close to zero in the residual fraction 
numerator. 

General theory of continued fractions conformity with 
formal Loran series is presented in [4], [5]. The variety of 
practical methods of representing the power series in a 
continued fraction form are also given there. As for the 
method to be used in this work it is the Viskovatov’s 
method based on the formal identity 
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. (2) 

This choice is conditioned by the simplicity of its 
computer program realization: according to (2) the 
denominator of each next convolved fraction represents 
the numerator of the previous one, so that, the 
determination of continued fraction coefficients can be 
realized by the calculation of the identification matrix 
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where 0, ( )
j

a y jn d  ;  

d  – transport discrete time-delay;  

1, ( )
j

a x jn . 

Zero-row elements of matrix (3) is the order of the 
discrete system-response values, shifted to the first non-
zero one. Thereby, according to the delay theorem the 
determined continued fraction should be multiplied by 

dz , where d is a shift of system-response discrete order. 
The first row is presented by the sequence of input 

signal. The rest matrix coefficients are calculated with the 
recurrence relation 
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where ,i ja  - matrix elements (i>1, j=0,1,2,…). 

The calculation of matrix (3) is finished when the row 
with the zero-column coefficient close to zero is achieved 
(this coefficient absolute value should be several orders 
less then the previous one). 

Then, on the basis of the zero-column elements up to 
the zero-element the continued fraction is formed 
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As result of fraction (4) convolution, considering dz , 
the DTF in fractionally rational form is determined 
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where l  - the order of the transfer function defined by 
the order of identification matrix; 
d  - discrete value of the transport time-delay. 
On the assumption of the strict equivalency of discrete 

model to the continuous one, the original CTF can be 
retrieved with the inverse Z-transform. 

To provide the exact structure equivalence of retrieved 
and original CTF the matched Z-transform is used 
 ln( )i

i
z

s
T

 , (7) 

where 
i
s – CTF roots; 

i
z  – DTF roots; 

T – sampling period, s. 
Transformation is carried out within the general 

frequency band, limited by Nyquist frequency according 
to the Nyquist-Shannon-Kotelnikov sampling theorem. 
On the basis of matched Z-transform properties the 
negative roots of z-plane are looped off during the 
mapping to the s-plane [6]. This fact makes the structural 
equivalence possible. The parametrical equivalence 
during the transformation mainly depends on the time-
delay sampling error.  

In general case the time-delay of continuous object can 
be represented as: d T     , where   - time-delay 
sampling error, 0     . 

The most accurate CTF retrieving is possible when the 
discrete transport time-delay is equal to the 
continuous(    ). Otherwise the shift of lattice 
function takes place that causes the zeroes distortion of 
retrieving CTF. 

Determination of delay time with assumption of the 
strict structural equivalency can be realized with the 
backtab, but it isn’t so efficient when zeroes substantially 
distorted. In that case the accurate determination of 
continuous time-delay becomes more complicated. It is 
possible to determine time-delay and zeroes of CTF using 
the modified Z-transform formula   
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 , (8) 

where p
is - CTF poles; 

M  - CTF residues; 
m - lattice function shift. 
Thereby based on (8) it is necessary to represent DTF 

(5) preliminary divided into the discrete part of data-hold 
transfer function as a sum of simple fractions 
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where . . ( )
d h
G z  - discrete transfer function of data-

hold;  
p
is - CTF poles; 

i
X - numerators of the simple fractions. 

Based on (8) the system of equations can be worked 
out 
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, (10) 

where k - gain coefficient; 
p
is – known poles of the TF of continuous part of the 

system; 

 z
is – unknown zeroes of CTF;  
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 m  – unknown shift of the lattice function;  

i
X  – determined numerators of simple fractions;  

( )p
i

D s  – derivative of the characteristic polynomial of 
transfer function of the continuous part of the system as 
function of known poles. 

Systems of transcendental equations (10) can be solved 
with numerical methods. To speed up the calculations and 
guarantee the correct convergence of solution it is 
appropriate to use preliminary determined zeroes and 
steady-state value of DTF (10) to define the initial 
approximations of desired parameters. Initial 
approximations of zeroes should be determined according 
(7), while the gain coefficient is determined by formula 

 p

ss
z

s
k y

s
 


, (11) 

where ssy - steady-state value of the 

DTF(
1

lim ( )ss
z

y G z


 );  

ps  - CTF poles;  

zs  - initial zero approximations. 
As result there’ll be found gain coefficient, zeroes and 

shift which can be used to determine the continuous time-
delay value 
 ( )d m T    . (12) 

The transient process of the system with the single 
recycle loop can be divided into three stages: 1) The 
process in the open-loop main channel (because of the 
time-delay in the feedback, during this delay the system is 
open-loop by fact) 2) the process which is caused by the 
delayed feedback 3) the process which is caused by the 
feedback reaction onto the second stage. 

Impact on the each stage of transient process progress 
is characterized by changing the sign of the second 
derivative of output value that makes it possible to 
determine these stages by analysis of second order finite-
differences of the output sequence. 

Basing on the fist stage the transfer function of the 
main loop can be determined. At the same time there is no 
practical possibility to identify the transfer function of the 
recycle loop on the values of input and output sequences 
of the system while feedback is active because of the 
difficult nature of the time-delay impact. Based on this, 
the transfer function of recycle loop should be determined 
on the output signal of the feedback loop. 

As the only observed values are input and output of the 
system the respective impact for the main channel can be 
determined from the identified on the first stage transfer 
function and output sequence of the system, which 
correspond to the stages two and three. 

In order to achieve this, it is necessary to shift from 
DTF main loop to a difference equation in correlation to 
 

an input signal 
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As result the sequence will be found which can be used 
to determine the sequence of the recycle loop as the 
system input signal is known. After that it’ll not take a lot 
of trouble to retrieve CTF on the method mentioned 
above. 

To demonstrate this method of identification consider 
the identification problem of object with transfer function 
of main loop 
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And the transfer function of the recycle loop 

 4,60,3( )
( 1,2)

s
rW s e

s



. (15) 

The block scheme of the identified system is 
represented in fig. 1. 
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Fig. 1.  Block scheme of the identified system: x-input impact, y-output 
signal of the system, yр – output signal of the recycle loop 

 
It is assumed that the input signal x(t) is a step-signal,  

ADC sampling period T=0,5с. The corresponding 
sequence of the system response values: y(0)=0 … 
y(13,5)=0; y(14) = 0,0992; y(14,5) = 0,2558;  
y(15) = 0,3944; y(15,5) = 0,5125; y(16) = 0,6106;  
y(16,5) = 0,6908; y(17) = 0,7555; y(17,5) = 0,8073;  
y(18) = 0,8484; y(18,5) = 0,8809; y(19) = 0,9066;  
y(19,5) = 0,9267; y(20) = 0,9426; y(20,5) = 0,9549;  
y(21) = 0,9646; y(21,5) = 0,9722; y(22) = 0,9781;  
y(22,5) = 0,9827; y(23) = 0,9863; y(23,5) = 0,9891;  
y(24) = 0,9913; y(24,5) = 0,9930; y(25) = 0,9943; 
y(25,5) = 0,9954; y(26) = 0,9962; y(26,5) = 0,9968;  
y(27) = 0,9973; y(27,5) = 0,9977; y(28) = 0,9980;  
y(28,5) = 0,9982; y(29) = 0,9984; y(29,5) = 0,9985;  
y(30) = 0,9986; y(30,5) = 0,9988 … 

On the second order finite differences of output 
coordinate there were found extremums at the following 
discrete moments of time: 13,5; 14,5; 32; 36; 51,5; 57,5; 
72 … So the first stage lasts from 13,5 to 32 s, second – 
from 36 s to 57,5; after that the third stage begins. As the 
discrete time-delay in main loop is 13,5 s(27 samples), 
the recycle loop delay: 36 2 13, 5 4, 5   s(9 samples). 

Let’s work out the identification of CTF of the system 
main loop with a sample period T=2s (sampling 
rarefaction is necessary to increase differences between 
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identification matrix coefficients and to decrease the 
disturbances impact on the TF retrieving accuracy). 

The identification matrix for the main loop is 
represented in table 1. 

 
Table 1. Identification matrix for the main loop 

0,0992 0,6106 0,8484 0,9426 0,9781 0,9913 0,9962 

1 1 1 1 1 1 1 

0,5114 0,7492 0,8433 0,8789 0,8921 0,8696  

-0,465 -0,649 -0,719 -0,744 -0,754   

0,0352 0,0529 0,0601 0,0628    

0,0496 0,0746 0,0848     

0 0      

 
On the basis of the zero-column of the table 1 

according to (5) the continued fraction was formed 

 

1

1

1

1

( ) 0,0992

1
0,5114 0,5114

0,465 0, 465
0,03520,0352
0,0496

G z

z

z

z

z









 





 



. (16) 

In the result of the convolution of continuous fraction 
(16) the DTF of object is determined 

 7
.

0,0992( 4,682)( 0,03106)( )
( 0,3679)( 0,1349)m in

z z
G z z

z z
 


 

. (17) 

Step responses of the original transfer function (14) 
and the determined discrete transfer function (17) of the 
main loop are represented in fig. 2. 
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Fig. 2.  Step responses of the original transfer function and the 
determined discrete transfer function of the main loop 

 
DTF zeroes: 1 0,03106zz  ; 2 4,682zz   .  

DTF poles: 1 0,3679pz  ; 2 0,1353pz  . 

So considering the looped off roots it is obtained: 
CTF zeroes: 1 1,736zs   . 

CTF poles: 1 0,5ps   ; 2 1ps   . 
According to (9) we divide (17) into the transfer 

function of the zero-order hold and represent the result as 
a sum of simple fractions 

 8
. .

2,0657 0,4445 1,8( ) ( )
0,3679 0,1353 1m in fG z z

z z z


  
  

. (18)  

The characteristic polynomial of the continuous part of 
the system (considering the transfer function of the zero-
order hold) 
 3 2( ) ( 0,5)( 1) 1,5 0,5оD s s s s s s s      . (19) 

Gain coefficient of the system: 
0,0992(1 4,682)(1 0,03106) 0,5 0,2877

(1 0,3679)(1 0,1349) 1,736
k

 
  

 
. (20) 

Based on (17-19) there is formed the system of 
equations  

 
1

2
1

1

( 0,5 ) 0,2866
( 1 ) 0,1233

0,4995

z m

z m

z

k s e

k s e

ks





   


  
  

. (21) 

The solution of the system (21) obtained with computer 
program using the trust-region-dogleg algorithm(initial 
approximation: k=0,2877; 1 1,736zs   ; m =0,5): 

k=0,3331; 1 1, 4996zs   ; m =0,1499, and according to 
(12) the continuous time-delay: 

(7 0,1499) 2 13, 7     s.  
The result transfer function  

 13,7
. .

0,3331( 1, 4996)( )
( 0,5)( 1)

s
m r

s
W s e

s s



 

. (22) 

Retrieved CTF (22) corresponds to the original (14) 
with a high accuracy. 

The difference equation for the main loop for the 
sample period T=0,5 s, resolved for the output impact 

( ) ( ( ) 1,38568 ( 1) 0,47264 ( 2)
0,01903 ( 1) 0,03138 ( 2)) / 0,0992289

x k y k y k y k

x k x k

     
   

. (23) 

The solution of this difference equation considering 
known values of the output and input signal before the 
second stage(single step impact) gives us the following 
discrete sequence of input impact as for the main loop: 
x(18) = 1; x(18,5) = 1,003058; x(19) = 1,0255; x(19,5) = 
1,0525; x(20) = 1,0827; x(20,5) = 1,1103; x(21) = 
1,1356;  x(21,5) = 1,1571; x(22) = 1,1754; x(22,5) = 
1,1904;  x(23) = 1,2026; x(23,5) = 1,2125… 

This sequence represents the sum of input step impact 
and the feedback of the recycle loop. In such a way for 
the identification of the recycle loop the output sequence 
of system values will be used as input one, and the 
difference of the retrieved main loop input sequence to 
the step impact as the output one. 

The identification matrix for the recycle loop is 
represented in table 2. 
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Table 2. Identification matrix for the recycle loop 

0,0031 0,0255 0,0528 0,0827 0,1103 0,1356 0,1571 

0,0992 0,2558 0,3944 0,5125 0,6106 0,6908 0,7555 

0,0177 0,0404 0,0669 0,0914 0,1143 0,1338  

0,0288 0,0187 -0,002 -0,032 -0,061   

0,0290 0,0677 0,1110 0,1518    

-0,049 -0,112 -0,183     

0,0012 0,022      

 
As a result we obtain the transfer function of the 

recycle loop with the sampled time-delay 

 9

. .

0, 030814( 6,143)( 4, 026)( 0, 004275)
( )

( 0, 551)( 0, 6342)( 0, 6907)
r in

z z z
G z z

z z z

  


  
. (24) 

DTF zeroes: 1 6,143zz   ; 2 4,0226zz   ; 

2 0,004275zz     

DTF poles: 1 0,551pz  ; 2 0,6342pz   ; 3 0,6907pz   . 
So considering the looped off roots it is obtained 

 5
. .

0, 2980( )
( 1,192)

s
r dW s e

s



. (25) 

Continuous time-delay value can be determined from 
the transfer function (25) and the recycle loop output 
sequence by iteration adjustments of the shift. 

As result the transfer function of the recycle loop 

 4,7
. .

0, 2980( )
( 1,192)

s
r rW s e

s



. (26) 

Thus, transfer functions of the main and recycle system 
loop were retrieved with a high accuracy. 
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Anisotropy-based control for discrete-time descriptor systems via state
feedback

A.A. Belov

Abstract— Linear discrete-time descriptor systems is a class
of systems, which consist of interconnected algebraic and
difference equations. This may result in noncasual behavior.
This paper deals with a class of such systems. The system is
affected by colored noise with non-negative mean anisotropy
a ≥ 0. The problem of optimal state-space control is solved.

I. INTRODUCTION
Descriptor systems also referred to as singular systems

[18], implicit systems [1], generalized state-space systems
[13], differential-algebraic systems ( [12], [11]) or semi-
state systems represents an interesting class of dynamical
systems since it combines differential equations and alge-
braic equations and generalizes the linear time invariant
model which is extensively used in linear control theory.
This class of systems has been used to model varieties of
systems like economics [7], chemical processes, mechanics,
electrical systems [4], etc. Descriptor systems have attracted
a lot of researchers from the mathematical and control
communities and a great number of fundamental notions and
results in control and systems theory based on linear time-
invariant systems with state space representation have been
successfully extended to the class of singular systems.

The H∞ control and LQG/H2 problems have also been
treated and interesting results were reported in the literature.
For the H∞ control, under the assumptions that the external
disturbances have finite power or finite energy, a control
law is designed to guarantee that the closed-loop system is
regular, causal and stable and at the same time assures the
disturbance rejection with a given level γ > 0 (see [16],
[24]).

For the LQG/H2 the system is considered to be under the
affection of white Gaussian noise. In literature this problem
is solved by two approaches. The first approach is based on
transformation initial system into non-descriptor form and
has some limitations to use [1]. The second approach deals
with factorization of transfer function of the system [18].

The problem is stated and solved below deals with the
systems which are affected by stationary Gaussian input
disturbances with bounded mean anisotropy a ≥ 0. This
assumption allows to construct control law which is not so
conservative as H∞ control and expands class of input distur-
bances unlike white Gaussian noise in LQG control problem
( [21], [22], [27], etc.). Algorithm based on minimization of
a-anisotropic norm of descriptor system [23]

This paper is organized as follows. Sections one deals
with definition of descriptor systems and its basic properties.

A.A. Belov is with the Institute of Control Sciences, Moscow, Russia
a.a.belov@inbox.ru

Section II is about anisotropy and anisotropic norm of
the descriptor system. Sections III deals with definitions
from anisotropic theory for standart systems. In section
IV anisotropy based control problem is stated and solved.
Section V demonstrates a numerical solution of the problem.

II. DESCRIPTOR SYSTEMS - DEFINITION AND
PROPERTIES

Consider linear disrete-time descriptor system:

Ex(k + 1) = Ax(k) + Bu(k), (1)
y(k) = Cx(k) + Du(k),

where x(k) ∈ Rn is the state, u(k) ∈ Rm is the control
signal, y(k) ∈ Rq is measurement. Matrix E ∈ Rn×n is
considered to be singular.

Definition 1: The pair (E,A) is called regular if there
exists scalar λ, such as det(λE −A) 6= 0.

Regularity condition of the pair (E, A) is necessary and
sufficient condition for existence and uniqueness solution
with consistent initial conditions [1].

Definition 2: Initial conditions x(0) which satisfy the
following equation

(
0 I

)
M−1x(0) =

h−1∑

i=0

N iB2u(i), (2)

are called consistent.
Lemma 1: If the pair (E, A) is regular, then there

exist two nonsingular matrices Q and M , such as

QEM = diag(I,N), QAM = diag(A1, I), (3)

where A1 ∈ Rr×r and N is nilpotent.
Definition 3: Descriptor system (1) is called causal,

if its solution x(k) depends only on u(k−1), ..., u(0) x(k−
1), ..., x(0) with consistent initial condition x(0). This takes
place if nilpotent N has index at least 1.

Definition 4: The generalized spectral radius for the
descriptor system(1) or for the pair (E,A), is defined by the
following equation:

ρ(E,A) , max |λ|
λ∈z| det(zE−A)=0

Definition 5: Let discrete-time descriptor system is
described by equation (1), then

1) The pair (E, A) is called regular if there exists
det(zE −A) is not identically zero for any z.

2) The pair (E,A) is called causal if deg(det(zE−A)) =
rank (E)
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3) The pair (E, A) is called stable if ρ(E,A) < 1
4) The pair (E, A) is called admissible if it is regular,

causal, and stable.
The control law is considered to be in the form

u(k) = Kx(k) + v(k), k = 0, 1, ..., L (4)

where K ∈ Rm×n is a constant matrix of appropriate
dimensions and v(k) - is new control input. Closed-loop
system is described by equation:

Ex(k + 1) = (A + BK)x(k) + Bv(k) (5)

Definition 6: Descriptor system (1) is called causal
controllable (Y-controllable) there exist state feedback of the
form (4) such as closed-loop system (5) is causal.

III. MEAN ANISOTROPY AND ANISOTROPIC
NORM

Let V ≡ (vk)−∞<k<+∞ is m-dimensional discrete-time
Gaussian white noise with zero mean and identity covariance
matrix: E vk = 0 , E

(
vkvT

k

)
= Im , −∞ < k < +∞ .

Consider m-dimensional stationary Gaussian sequence

W ≡ (wk)−∞<k<+∞ ≡ G⊗ V ,

generated from white noise V by generating filter G with
impulse response function gk ∈ Rm×m , k ≥ 0:

wj =
+∞∑

k=0

gk vj−k , −∞ < j < +∞ . (6)

The generating filter G is identified with its transfer function

G(z) ≡
+∞∑

k=0

gk zk , (7)

which is assumed to be in a Hardy space Hm×m
2 . That is, the

function is analytic in the open unit disk
{
z ∈ C1 : |z| < 1

}
of the complex plane and has finite H2-norm defined by

‖G‖2 ≡
(∑+∞

k=0 Trace
(
gkgT

k

))1/2

=

=
(

1
2π

∫
Ω

Trace
(
Ĝ(ω)

(
Ĝ(ω)

)∗)
dω

)1/2

where

Ĝ(ω) ≡ lim
r→1−0

G
(
r eiω

)
, ω ∈ Ω ≡ [−π; π] ,

is the angular boundary value of the function (7).
Definition 7: The mean anisotropy of the sequence

W = G⊗ V is defined to be

A(G) ≡ − 1
4π

∫

Ω

ln det
(

m

‖G‖22
Ĝ(ω)

(
Ĝ(ω)

)∗)
dω . (8)

Let F (z) ∈ Hp×m
∞ – linear time invariant system and

Z = FW , that is F (z) – analytic in unit disk of complex
plane and has finite H∞-norm ‖F‖∞ = sup|z|<1 σ(F (z)) =
ess sup−π≤ω≤π σ(F̂ (ω)), where σ( · ) – largest singular
value of F (z).

Definition 8: For a given a ≥ 0 a-anosotropic norm
of the system F is defined by

|||F |||a = sup
G
{‖FG‖2/‖G‖2 : G ∈ Ga} , (9)

Ga =
{
G ∈ Hm×m

2 : A(G) ≤ a
}

(10)

IV. ANISOTROPY-BASED CONTROL

A. Problem statement

Consider linear time invariant discrete-time descriptor
system:

Ex(k + 1) = Ax(k) + B1w(k) + B2u(k)
z(k) = C1x(k) + D11w(k) + D12u(k) (11)
y(k) = x(k) (12)

where x(k) ∈ Rn is state, w(k) ∈ Rm1 - disturbance,
u(k) ∈ Rm2 - control input, z(k) ∈ Rp1 - controllable
output. E, A,Bi, Ci, D11, D12, - are known matrices of
appropriate dimensions, rank(E) = nf < n. Assume that
the only prior information on the probability distribution of
the sequence W consists in the following: W is a stationary
Gaussian sequence whose mean anisotropy is upper bounded
by a known nonnegative parameter a. Specifically, the latter
means that W is produced from m1-dimensional Gaussian
white noise V with zero mean and identity covariance matrix:

Ev(k) = 0, E(v(k)vT (k)) = Im1 , −∞ < k < ∞
by an unknown generating filter G from class

Ga =
{
G ∈ Hm1×m1

2 : Ā(G) ≤ a
}

. (13)

Anisotropy-based control problem for descriptor systems
is similar to normal one [20] and can be formulated as below.
For given system (11) and nonnegative mean anisotropy a ≥
0 of input disturbance W find an admissible state-feedback
controller K ∈ K, which minimizes a-anisotropic norm of
closed-loop system:

|‖F(F, K)|‖a = sup
{
‖F(F,K)G‖2

‖G‖2 : G ∈ Ga

}
→ inf,

K ∈ K
(14)

It is asuumed that the system (11) causal controllable and
admissibilizable.

B. Solution of the problem

1) Saddle point type condition of optimality: For any
generating filter G ∈ Ga and admissibilizible controller
K ∈ K(F ) consider two following sets

K¦a(G) ≡ Arg min
K∈K

‖F(F,K)‖2, G ∈ Ga (15)

G¦a(K) ≡ Arg max
G∈Ga

‖F(F, K)‖2
‖G‖2 , K ∈ K (16)

The set (15) consists of all controllers which are solution
of weighted H2-optimization problem, corresponding to the
assertion that the input W of the closed-loop system is

14th International Student Olympiad on Automatic Control 
Saint Petersburg, Russia, 21-23 September, 2011

BOAC 2011 135



produced by a known generating filter G, i.e. W = GV .
Each controller K ∈ K(F ) minimizes output dispersion Z
of input disturbance W = GV . The set is defined by (16)
consists of generating filters forming stationary Gaussian
input sequences for closed-loop system with worst spectral
density.

Lemma 2: If controller K is fixed point of mapping
K¦a ◦G¦a, then it is a solution of the problem (14).

2) Worst case generating filter for closed-loop system: To
define the state-space worst case generating filter realization
we consider a normal difference system.

Let normal system be of the form:

x(k + 1) = Ax(k) + Bu(k) (17)
y(k) = Cx(k) + Du(k)

Transfer function of (17) if defined as

P (z) = C(zI −A)−1B + D.

Definition 9: The transfer matrix P satisfying
P ∗ΣP = Σ̄ for given nonzero Σ = ΣT ∈ Rq×q and
non-singular Σ̄ = Σ̄T ∈ Rm×m, where m ≤ q is called
weighted all-pass [29].

Definition 10: The transfer matrix (stable) is called
inner if P ∗P = Im.

The following lemma [29] summarizes the sufficient con-
ditions of a weighted all-pass transfer matrix with the state-
space reprezentation.

Lemma 3: The transfer matrix P (z) = C(zI −
A)−1B + D is weighted all-pass system with Σ and Σ̄, if
there exists a matrix R = RT , such that:

R = AT RA + CT ΣC (18)
0 = BT RA + DT ΣC (19)
Σ̄ = BT RB + DT ΣD (20)

Now we define descriptor discrete-time system of the
form:

Ex(k + 1) = Ax(k) + Bu(k); (21)
y(k) = Cx(k) + Du(k); (22)

It’s transfer matrix is defined by [15]

P (z) = C(zE −A)−1B + D

Let the system satisfies the following assumption [16]:

rank
(

A B
)

=
(

A B
C D

)
(23)

Lemma 4: The system (IV-B.2) is called inner if
there exists a matrix R̃ = R̃T with ET R̃E ≥ 0, such that:

BT R̃B + DT D = I (24)
BT R̃A + DT C = 0 (25)

AT R̃A + CT C − ET R̃E = 0 (26)
Proof
Now we write a state-space representation for the system

with transfer matrix P :

Ex(k + 1) = Ax(k) + Bu(k) (27)
y(k) = Cx(k) + Du(k) (28)

The conjugated tranfer matrix P ∗ has the following state
space representation

ET w(k) = AT w(k + 1) + CT y(k) (29)
v(k) = BT w(k + 1) + DT y(k) (30)

Substituting (29) to (27) we get:

ET w(k) = AT w(k + 1) + CT Cx(k) + CT Du(k)(31)
v(k) = BT w(k + 1) + DT Cx(k) + DT Du(k)(32)

Show if conditions (24)-(26) hold then system satisfy inner
condition

P ∗P = I

As ET RE > 0, let

ET w̃(k) = −ET REx(k) + ET w(k)

Then under this notation we obtain:
(

Ex(k + 1)
ET w̃(k)

)
=

Ax(k) + Bu(k)
AT w(k + 1) + CT Cx(k)− ET REx(k) + CT Du(k)

(33)
With

w̃(k + 1) = −REx(k + 1) + w(k + 1)

or

w̃(k + 1) = −R(Ax(k) + Bu(k)) + w(k + 1)

Now we get:

Ex(k + 1) = Ax(k) + Bu(k) (34)

ET w̃(k) = AT (RAx(k) + RBu(k)w̃(k + 1))+
CT Cx(k)− ET REx(k) + CT Du(k) (35)
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or
(

Ex(k + 1)
ET w̃(k)

)
=

(
A 0

(AT RA− ET RE + CT C) AT

)(
x(k)

w̃(k + 1)

)

+
(

B
AT RB + CT D

)
u(k)

(36)
Output equation has the following form:

v(k) = (BT RAx(k) + BT RBu(k)+
BT w̃(k + 1)) + DT Cx(k) + DT Du(k) (37)

or
v(k) = (BT RA + DT C)x(k)+

(BT RB + DT D)u(k) + BT w̃(k + 1) (38)

It’s easy to see if conditions hold (24)-(26), then system
is inner. This completes the proof.

Let uk = Kxk - is found control law, then closed-loop
system may be written as:

Ex(k + 1) = (A + B2K)x(k) + B1w(k); (39)
z(k) = (C1 + D12K)x(k) + D11w(k);

where the pair (E,A + B2K) is admissible.
Now we define Â = A + B2K, Ĉ1 = C1 + D12K

Theorem 1: Let system (39) is admissible, q ∈
[0, ‖F‖∞). Let the generating filter for the system (39) has
a state-space realization:

G =
[

E,
Â + BL BΣ1/2

L Σ1/2

]
(40)

where matrices L and Σ satisfy the following Riccati equa-
tion

ET RE = ÂT RÂ + qĈT Ĉ + LT Σ−1L (41)
Σ ≡ (Im − qDT

11D11 −BT RB)−1 (42)
L ≡ Σ(BT RÂ + qDT

11Ĉ) (43)

ET RE ≥ 0 Then the generating filter (40) is the worst case
one for the system (39).

Proof
First we find the worst spectral density of input distur-

bance. From the definition of H2-norm for descriptor system
we have [15]:

‖F‖2 =
1
2π

∫ π

−π

tr(F̂ ∗(ω)F̂ (ω))dω (44)

Then

‖FG‖2 =
1
2π

∫ π

−π

tr(
(
F̂ (ω)Ĝ(ω)

) (
F̂ (ω)Ĝ(ω)

)∗
)dω

=
∫ π

−π

tr(
(
F̂ (ω)Ĝ(ω)

)
Ĝ∗(ω)F̂ ∗(ω))dω (45)

=
∫ π

−π

tr(Λ(ω)S(ω))dω

where Λ(ω) = F̂ ∗(ω)F̂ (ω), S(ω) = Ĝ(ω)Ĝ∗(ω)

‖|F‖|2a =
{

supG
‖FG‖2
‖G‖2 : G ∈ Ga

}
={

sup‖G‖2≤1 ‖FG‖2 : Ā(G) ≤ a
}

Let us construct Lagrange function as

L = ‖FG‖22 − µ‖G‖22 − λĀ(G); (46)

Using definition of H2-norm (45) and definition of
anisotropic norm (14) for descriptor system, we have:

L =
∫ π

−π

(
tr(Λ(ω)S(ω)− µS(ω)) +

1
2
λ ln det S(ω)

)
dω;

(47)
Now we find extremum point of the function. The ex-

tremum condition is
∂L

∂S(ω) = ∂
∂S(ω){

1
2π

∫ π

−π

(
tr(Λ(ω)S(ω)− µS(ω)) + 1

2λ ln det S(ω)
)
dω

}

(48)

∂L

∂S(ω)
=

1
2π

∫ π

−π

tr

(
Λ(ω)− µIm +

λ

2
S−1(ω)

)
dω = 0

(49)
Hence

Λ(ω)− µIm +
λ

2
S−1(ω) = 0 (50)

Define
1
µ = q λ

2µ = σ

Then equation (50) is expressed as

qΛ(ω)− Im + σS−1(ω) = 0 (51)

Equation
S(ω) = σ(qΛ(ω)− Im)−1 (52)

defines spectral density for the worst case input distur-
bance. The spectral density of worst case input disturbance
can be defined accurate within the constant factor, so we
will consider that σ = 1 without loss of generality. Using
equation (52) for spectral density of input disturbance and
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earlier definitions move from frequency domain to time
domain. Then (51) with σ = 1 can be rewritten as

qF̂ ∗(ω)F̂ (ω) + (Ĝ−1)∗(ω)Ĝ−1(ω) = Im. (53)

Expression (53) can be represented in the form

[ √
qF̂ ∗(ω) (Ĝ−1)∗(ω)

] [ √
qF̂ (ω)

Ĝ−1(ω)

]
= Im. (54)

Define

Θ =
[ √

qF̂ (ω)
Ĝ−1(ω)

]

Then the closed loop system with the worst case generat-
ing filter satisfy the following factorization

Θ∗Θ = Im (55)

This mean that the system is inner one.
Note that the generating filter G is invertible and

G−1 =
[

E,
Â B

−Σ−1/2L Σ−1/2

]
(56)

Then the realization of the closed loop system Θ in time
domain has the following form

Θ =
[

q1/2F
G−1

]
=

[
Â B
Γ ∆

]
(57)

where

Γ =
[

q1/2C
−Σ−1/2L

]
∆ =

[
q1/2D11

Σ−1/2

]
(58)

Theorem 2: Let the system be controllable, then for
any nonnegative level of mean anisotropy a > 0, there exists
a unique pair (q, R) with scalar q ∈ (0; ‖F(F, K))‖−2

∞
and admissible solution R of the following Riccati equation

ET RE = ÂT RÂ + qĈT Ĉ + LT Σ−1L (59)
Σ ≡ (Im − qDT

11D11 −BT RB)−1 (60)
L ≡ Σ(BT RÂ + qDT

11Ĉ) (61)

with ET RE ≥ 0 such that

−1
2

ln det
(

m1Σ
tr(LPLT + Σ)

)
= a (62)

where P ∈ Rn×n - controllability Gramian of generating
filter G, which is solution of generalized projected Lyapunov
equation of the form

EPET = (Â + BL)P (Â + BL)T−
−PlBΣBT PT

l + (I − Pl)BΣBT (I − Pl)T (63)

P = (I − Pr)P (I − Pr)T

where

Pr = M−1

(
Inf 0
0 0

)
M Pl = Q−1

(
Inf 0
0 0

)
Q

Such filter is a worst case generating one.
3) Optimal controller: Fix an admissible controller K0

with worst case generating filter G0 ∈ G♦a . Consider
weighted H2-optimization problem

‖Fl(F, G0)‖2 −→ inf, K ∈ K (64)

Theorem 3: Let the system (1) is controllable.
Then optimal state feedback controller which solves H2-
optimization problem is defined as

K∗ = Γ1 + Γ2 (65)

Γ = (Γ1, Γ2) = −Π−1(BT
1 TÂ + DT

12Ĉ) (66)

where Π is defined from the solution of the Riccati equation:

ET TE = AT
∗ TA∗ + CT

∗ C∗ + ΓT ΠΓ (67)
Π ≡ (B∗ΓB∗ + DT

12D12) (68)
Γ ≡ −Π−1(BT

∗ TA∗ + DT
12C∗) (69)

where
A∗ =

(
A B1L
0 A + B1L

)

B∗ =
(

B2

0

)

C∗ =
(

C1 D11L
)

V. NUMERICAL EXAMPLE
Consider a descriptor system

Ex(k + 1) = Ax(k) + B1w(k) + B2u(k)
z(k) = C1x(k) + D11w(k) + D12u(k) (70)
y(k) = x(k) (71)

E =




1 0 0
0 1 0
0 0 0


 A =




0.35 1 −0.78
0.63 −0.11 0.97
0.54 0.3 0.1




B1 =




0.3
0.1
0.1


 B2 =




0
0
1




C1 =
(

1 0 0
)

D11 = 0.5 D12 = 1

System (70) is causal but not stable. Spectral radius of
dynamical subsystem is ρ = 1.2702.

H2-optimal control problem can be solved using results
from [18].

K2 =
(

0.0777 0.5038 0.6851
)
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TABLE I
ANISOTROPY NORM FOR CLOSED-LOOP SYSTEM

a 0.05 0.1 0.5 1.0 1.5
|‖F‖|a 1.1353 1.1628 1.5968 1.7528 1.7967

H2-norm of closed-loop systems equals ‖F‖2 = 0.9878
H∞-suboptimal controller can be found using results from

[24].
K∞ =

(
1.0847 0.5558 0.9316

)

‖F‖∞ = 1.8201
Results of anisotropy-based optimization of different lev-

els of mean anisotropy a ≥ 0 are presented in Table 1.
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Fig. 1. Controllable output z(k) with different controllers (mean anisotropy
a=0.3)

VI. CONCLUSIONS AND FUTURE WORKS

A. Conclusions

The state-space anisotropy based control problem is stated
and solved. It was shown that the solution of state-space
anisotropy-based control problem is defined from two related
descriptor Riccati equations - the first one is for state-space
optimal weighted H2-control and the second one is for the
worst case generating filter for given anisotropy level a ≥ 0,
one projection Lyapunov equation for computing of H2-norm
of generating filter and one equation of special case.
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Abstract – Control of the modulation rotation actuator of 

a GNSS-aided inertial system built on fiber-optic gyros is 
studied in the conditions of a mobile base subject to rolling 
and pitching motions. An optimal law for controlling the 
actuator is searched for on the basis of a certain previously 
surveyed quality criterion that minimizes estimate error 
variance for biases of accelerometers of the integrated 
system.  
 

I. INTRODUCTION 
he paper is concerned with the problem of controlling 
the modulation rotation actuator in the attitude and 

heading reference system (AHRS) built on fiber-optic 
gyros (FOGs). The AHRS makes use of velocity and 
position measurements from GNSS and is, in principle, a 
GNSS-aided inertial system (from here on called “the 
system”). 
 The paper offers a general problem statement for 
optimal control of the actuator on the basis of 
minimization of a certain criterion which determines the 
accuracy of the instrumental error estimates of the inertial 
sensors of the strapdown inertial measurement unit (IMU) 
of the system. 
For simplicity of the analysis, we consider estimation 
errors of the IMU accelerometer biases. 
Estimation of biases of the system’s accelerometer triad 
on a mobile base is not a new problem to solve. A number 
of publications, [1], [2], for example, give a brief 
consideration of the conditions which make it possible to 
observe the accelerometer biases and estimate them under 
rolling and pitching motions at sea. In particular, this is 
accomplished by modulation rotations of the strapdown 
IMU. However, the problem of optimal control of the 
modulation rotation has been given little consideration to 
in the literature. 
The results of the study are considered in this paper. 
 

 
A.P. Stepanov, S.V. Ignatiev, I.V. Semyonov are with Concern CSRI 

Elektropribor, JSC, Saint-Petersburg, Russia (e-mail: 
apstepanov@mail.ru, ignatyev_sergey@mail.ru, 
IVSemenov@yandex.ru).  

II. OPTIMAL LAW OF VARIATION OF MODULATION 
ROTATION ANGLE 

A. Estimation criterion 
As it has already been noted above, the estimates of 

accelerometer biases are supposed to be obtained through 
modulation rotation of the IMU by a certain law. In so 
doing, the estimates of the accelerometer biases are 
generated by the Kalman filter (KF) of the system. 

To estimate the optimal law of modulation rotation 
angle variation, we used the following criterion: 

 
))(())(())(( minarg TPTPTJ AyAx ∇ρ+∇ρ=∇ρ

ρ

,    (1) 

 
where ρ is the angle of modulation rotation; T∇  is the 

time interval on which the minimum ))(( TJ ∇ρ  is sought 
(note that only the last point of the interval T∇  is 
considered, i.e. we perform optimization at the point); 

)(, ρyAxP  are the elements of the main diagonal of the KF 
covariance matrix, which determine the accuracy of the 
accelerometer bias estimates. The sensitive axes of the 
accelerometers are in the plane orthogonal to the axis of 
rotation. 

Quality estimation of the law of ρ variation at 
minimization of criterion (1) involved a number of 
assumptions about the system error model given in [3]. 
To be more exact, we considered a fixed base. Besides, 
we did not consider diurnal variations the system errors, 
the errors of geographical coordinates, the errors resulting 
from compensation for the Coriolis acceleration in the 
system, the errors caused by inaccuracy in the knowledge 
of the gravity model, and the errors of the system vertical 
channel. 

Taking into consideration the above-said, the system 
error model has the following form: 

 

,H

.
δωϕγωβωα −

Δ
+⋅−⋅=

R
V

tg E
EN

,E
N

HN R
V

δωγωαωβ −
Δ

−⋅+⋅−=
 

,N
E

HE R
V

δωβωαωγ −
Δ

+⋅−⋅=
  (2) 

,EHNE annV δγα +⋅−⋅=Δ   
.NHEN annV δβα +⋅+⋅−=Δ   
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Here γβα ,,  are the system errors in the analytical 

simulation of the geograpic moving trihedron (GMT); 

NE VV ΔΔ ,  are the errors of the linear velocity vector 
components; ϕ  is the local latitude; R  is the radius of 
curvature of the spherical Earth; HNE nnn ,,  are the  

projections of the vehicle’s specific acceleration onto 
the GMT axes (in this case 

2m/s 81.9  ,0 === HNE nnn ); HNE δωδωδω ,,  are 
the projections of uncompensated of the FOGs and the 
so-called "computational" biases (in the body-fixed 
coordinate system (BFS)) onto the GMT axes 

⎥
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, NE aa δδ ,  are  the projections 

of the uncompensated accelerometer biases onto the GMT 

axes 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
Δ
Δ

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

00
yb

xb
b
hN

E

a
a

Ca
a

δ
δ

 (here, it is assumed that 

estimation of the errors zbaΔ  of the accelerometer zA  

has been performed); b
hC  is the matrix of transition from 

BFS to GMT  that takes the form 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −
=

100
0))(cos())(sin(
0))(sin())(cos(

tt
tt

C b
h ρρ

ρρ
. 

 In order to estimate the influence of the ρ variation 
on the estimation accuracy of accelerometer biases 

yx AA , , Equations (2) were solved numerically in the 

time domain (with use of MatLab). In this case, the errors 

xbaΔ  and ybaΔ  were generated by the KF with the state 

vector of the form: 
 

[ ]ybxbybxbNE
T aaVVX ΔΔΔΔΔΔ= ωωγβα   (3) 

 
This was accomplished with the use of the following 

measurements: 
 

,

,

VNNetprVN

VEEetprVE

VVNVNZ

VVEVEZ

ν

ν

+Δ=−=

+Δ=−=       (4) 

 
where VNVEK ,,ν  are the corresponding equivalent 

measurement noises. 
 Note that the absence of the bias estimate zbωΔ  in 

the KF state vector is due to the assumption about 
smallness of the error after the preliminary mode of the 
heading alignment is completed. 

 Further, the law of the ρ variation, optimal with 
respect to criterion (1), was estimated on the time 
intervals T∇ , using the corresponding elements of KF 

covariance matrix. In so doing, the intervals T∇  
changed successively before onset of the time 150=spT  

s. On each succeeding interval T∇ , the initial conditions 
for the KF were set depending on the results obtained on 
the previous time interval. Search for the minimum of 
criterion (1) was performed by the methods of nonlinear 
programming, using piecewise-polynomial approximation 
of the law of variation of the angle ρ(t). We accepted the 
3rd-order polynomial model of the ρ approximation on the 
time interval 0÷ T∇ of the form: 

 
3

3
2

210 kkkk ttt ⋅+⋅+⋅+=ρ .       (5) 
 
Two cases were considered in searching for the optimal 

solution (1): 
– search in the absence of any restrictions on the 

coefficients of the ρ polynomial; 
– search in the presence of some restrictions on the 

coefficients of the ρ polynomial. 
Based on the assumed performance of the system 

actuator and expediency, we put the following restrictions 
on the parameters of the approximating ρ polynomial: 

– angle variation range 0k  – 0º÷360º; 

– angular rate variation range 1k  – 10 º/s; 
– angular acceleration  variation range 2k  – 2 º/s2. 
The variation ranges of the polynomial coefficient 3k  

were chosen under the following assumption: 
23 1.0k k⋅= . 

 

B. Estimation results 
Given below are the results of minimization of 

criterion (1) in MatLab with the use of the library 
function of MatLab fmincon() (Fig. 1, 2).  

The following assumptions were made in the 
simulation:  

– the accelerometer biases are assumed to be constants 
equal to 0.01 m/s2 for each specific case for both 
accelerometers (in the presence of the Markov component 
with the correlation interval of about  300 s); 

– the gyro biases are assumed to be equal to 10 deg/h 
for all the three gyros (in the presence of the Markov 
component with the correlation interval of about  1000 s); 

– the velocity measurement noises are assumed to be at 
the level of 0.05 m/s. 

All this is reflected on the KF matrices of generating 
noises and measurement noises. 
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The analysis of the results obtained shows that 
– the absence of restrictions on the coefficients of 

polynomial (5) leads to practically an unrealizable law of 
ρ variation (by 3rd-order polynomial), as evidenced by a 
continuously growing value of the angular acceleration 
(the second derivation of the angle ρ);  

– certain restrictions imposed on polynomial (5) causes 
time limitation for the level of ρ variation, and the law of 
angle variation exhibit harmonic character. It should be 
noted, that the amplitude of the ρ variation can decrease, 
which is determined by gradual transition of the KF 
problem to the stationary regime characterized by a low 
value of the error variances of the estimates xbaΔ  and 

ybaΔ . It is also worth noting that the harmonic nature of 

the ρ variation still holds true while the parameters of the 
gyro and accelerometer noises change. 

The results of the problem solution aimed at searching 
for the optimal law of the ρ variation allow the following 
conclusions: 

– in order to provide optimal, from criterion (1) 
viewpoint, estimates of the “horizontal” accelerometer 
biases, the law of modulation rotation angle variation 
must have harmonic character; 

– as may be seen from the plot in Fig. 2, Fourier series 
approximation is the best approximation of the given 
dependence in the class of analytical time-continuous 
function; 

– the amplitude of the main harmonic of the angle ρ 
is of the order of 180 deg; 

– the criterion (1) doesn’t allow to determine the 
variation period of the main harmonic of the angle ρ. 

It should also be mentioned that even in the absence of 
the external heading correction and in the case that 
system operates as a gyroazimuth, the estimation 
accuracy of the “horizontal” accelerometer biases is 
practically at the same level. This fact is the evidence of a 
small effect produced by the errors of the azimuth 
channel on the estimation accuracy of the accelerometer 
biases at the optimal law of variation of the modulation 
rotation angle. 

Even if the instrumental errors of the IMU sensors are 
described inaccurately, the optimal law of modulation 
rotation angle variation provides the minimum variance 
of the accelerometer bias estimate errors. It was also 
found that the period (rate) of modulation rotation to the 
right of the point on the accelerometer error spectrum, at 
which the accelerometer noise differs from the white 
noise and the spectral density starts growing, is optimal. 

 

III. THE RESULTS OF THE LABORATORY TESTS 
We have conducted a number of full-scale experiments 

with a AHRS developed by Concern CSRI Elektropribor. 
It contains a programmable actuator that provides 
modulation rotation of the strapdown IMU. The 

Fig. 1a. Absence of any restrictions on the 
coefficients of the ρ polynomial. A curve of the 
optimal law of ρ variation of modulation rotation in 
the absence of any restrictions on the coefficients of 
the approximating ρ polynomial (blue curve (circles) 
– the search interval ∇T=25s; green curve (triangles) 
– the search interval ∇T=50s). 

Fig. 1b. Putting some restrictions on the 
coefficients of the ρ  polynomial. A curve of the 
optimal law of ρ variation of modulation rotation 
with the some restrictions on the coefficients of 
the approximating ρ polynomial  (blue curve 
(circles) – the search interval ∇T=25s; green 
curve (triangles) the search interval ∇T=50s; red 
curve (sinusoidal) – approximation of piecewise 
continuous functions by a sinusoid; light violet 
curve (horizontal) – 1800). 

14th International Student Olympiad on Automatic Control 
Saint Petersburg, Russia, 21-23 September, 2011

BOAC 2011 143



 

experiments were carried out both on a fixed base and a 
base subject to rolling and pitching motions.  

The conditions of the experiments are given in Table 1. 
 

                                    Table 1. Test conditions 
Modulation rotation parameters Rolling and pitching parameters Means of control 

Sinusoidal variation law 
 

Period – 120 s 
Amplitude – 1800 

Rolling motion – 150, 12 s 
Pitching motion – 150, 10 s 

Quadrant  
(scale division value – 6 arc sec) 

 
An external view  

of AHRS 

Other conditions: maximum temperature difference inside the AHRS – 50С 

 The accuracy of the IMU accelerometer biases was checked with a quadrant: the quadrant readings were compared with those of the system 
for roll and pitch angles, whose systematic error component is directly dependent on the value of the IMU accelerometer biases. 

 
The real data obtained in the experiments were 

postprocessed in MatLab. The simulated GNSS-aided 
inertial system had a 15th order KF. The corrector noise 
was also simulated. 

The analysis of the results of full-scale tests has shown 
– feasibility of precision estimation of the 

accelerometer triad biases in the rolling and pitching 
conditions at a specified optimal rotation; 

– estimation errors of accelerometer biases for all 
regimes of the experiments were no more than 0.2 mg. 

IV.  CONCLUSION 

1. An optimal law for specifying the angle of 
modulation rotation, which allows minimizing the bias 
errors of the IMU accelerometers, has been elaborated. 

2. The main parameters of the analytical function 
approximating the elaborated optimal piecewise-
continuous law of modulation rotation angle variation 
have been determined.  

3. A technique for determining the optimal period of 
modulation rotation, which decreases system errors 
depending on accelerometer biases, has been elaborated. 

4. Feasibility of high-accuracy estimation of 
accelerometer biases on a mobile base has been verified. 
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Abstract— For a network of interconnected nonlinear dynam-
ical systems with bounded disturbance an adaptive master-slave
output feedback synchronization problem is scrutinized. The
proposed structure of decentralized controller and adaptation
algorithm is based on speed-gradient and passivity. Conditions
of synchronization for nonidentical nodes are established. The
problem of convergence with preliminarily specified accuracy
is studied. The conditions ensuring achievements of the control
goal are given and proven.

I. I NTRODUCTION

A rapidly-growing interest is observed recently in control
of networks. There were several researches made in this area
during recent years, such as [1]–[4]. Despite a great interest
in control of networks, there are many unresolved problems.
For example, existing papers are dealing mostly with net-
works of disturbance-free systems [4]. Powerful passivity
based approaches are not developed for adaptive synchro-
nization problems for systems with disturbances. In contrast
to the disturbance-free case, convergence of trajectories of
the leader and the agents under influence of the bounded
disturbances is not possible. To avoid instability of the overall
system adaptation algorithms are regularized by means of
negative parametric feedback, similarly to [5]. In this paper
unlike the previous ones the problem of convergence with
preliminarily specified accuracy is studied.

II. PROBLEM STATEMENT

Consider a group of dynamic systemsS, that consists of
d interconnected subsystems:Si, i = 1, . . . , d. Let Si be
described as follows:

ẋi = Axi+Bui+ϕ0(xi)+

d
∑

j=1

αijϕij(xi−xj)+fi(t) (1)

wherexi ∈ R
n, ui ∈ R

1, aij ∈ R
1, yi ∈ R

l. Functions
ϕij(·), i = 1, . . . , d, j = 1, . . . , d are used to describe
communication among the subsystems andfi(t) is some
bounded disturbance in subsystemSi:

||fi(t)|| 6 dfi , (2)

We will also consider subsystems omitting all their con-
nections, subsystem without its connections we intend to call
isolatedsubsystem.

Suppose thatϕii(0) = 0, aii = 0, i = 1, . . . , d. Also, we
assume thatA,B,C è ϕ0(·) are well-determined, andϕij ,

i = 1, . . . , d, j = 1, . . . , d depend on a vector of unknown
parametersξ ∈ Ξ, whereΞ is known.

The leading subsystem is described as follows

ẋ = Ax+Bu+ ϕ0(x), y = CTx, (3)

where controlu is given.
We intend to achieve attraction of trajectories of all

subsystems to some neighborhood of the trajectory of the
leading subsystem. So, the control goal in this case is:

lim
t→∞

|xi(t) − x(t)| 6 ∆i (4)

The goal is to find decentralized controlui = Ui(yi, t), that
provides fulfillment of (4) for all possible values of the vector
of unknown parameters.

III. C ONTROL SYNTHESIS

Let’s denotezi = xi−x, ũi = ui−u, and then dynamics
of zi can be described as follows:

żi = Azi +Bũi + ϕ0(xi)− ϕ0(x) + fi(t)+

+

d
∑

j=1

αijϕij(xi − xj), ỹi = CTzi, i = 1, . . . , d. (5)

We take linear control of the auxiliary subsystem in the
following form:

ũi = θT

i (t)ỹi, θi(t) ∈ R
l, i = 1, . . . , d, (6)

whereθi(t) are adjustable parameters. For determiningθi(t),
the speed gradient algorithm is used. At first, let’s specify
the objective function:

Q(zi) =
1

2
zT

i Hzi, H = HT > 0, (7)

Taking derivative ofQ(zi) due to the isolated subsys-
tem (5):

ωi(xi, x) = zTH(Az+BθT

i ỹi+ϕ0(xi)−ϕ0(x)), i = 1, . . . , d,
(8)

which leads to an adaptation algorithm of the form:

θ̇i(t) = −gTỹi(t)Γiỹi(t),

but this algorithm doesn’t take into account the disturbance,
and is designed to achieve full convergence to the leading
system.
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Following [6] it is proposed to introduce the deadzone into
the adaptation algorithm:

θ̇i(t) =

{

−gTỹi(t)Γiỹi(t), Qi(xi(t), t) > ∆i

0 , Qi(xi(t), t) 6 ∆i.
(9)

whereΓi = ΓT

i > 0 - are matrices of sizel × l.

IV. L IPSCHITZ-TYPE NONLINEARITIES

Prior to continue we need the following definition: of
hyper-minimum-phase functions, which can be found in [7]–
[9]

Definition 1: Let W (S) = β(s)/α(s) be a rational func-
tion, β(s), α(s) are polynomials with real coefficients.
W (s) is minimum-phase, if its numeratorβ(s) is a Hurwitz
polynomial. W (s) is called hyper-minimum-phase if it is
minimum-phase and the numberlim

s→+∞

sW (s) is positive.

Let’s consider real matricesH = HT > 0, g, θ∗ of orders
n×n; l× 1; l× 1 respectively, and numberρ > 0 such that
holds:

HA∗+AT

∗
H < −ρH, HB = Cg, A∗ = (A+LIn)+BθT

∗
CT.

Denoteλ∗ = λmax(H)/λmin(H) condition number of
matrix H, where λmax(H), λmin(H) are maximum and
minimum eigenvalues of matrixH respectively.

Theorem 1:Assume thatϕ0(·) andϕij(·), i = 1, . . . , d,
j = 1, . . . , d are globally Lipschitz functions:

||ϕ0(x) − ϕ0(x
′)|| 6 L||x− x′||, L > 0,

||ϕij(x)− ϕij(x
′)|| 6 Lij ||x− x′||, Lij > 0,

Suppose that for someg ∈ R
l function gTχ(s − L)

is hyper-minimum-phase, where transfer functionχ(s) =
CT(sIn − A)−1B. Then exist suchH = HT > 0, θ∗ of
ordersn× n, l× 1 respectively and numberρ > 0, that the
following conditions hold:

HA∗+AT

∗
H < −ρH, HB = Cg, A∗ = (A+LIn)+BθT

∗
CT

(10)
Denote δi = ρ

2
λmin(H)
λmax(H) −

∑d
j=1 |αijLij |. If for any i =

1 . . . d the following condition is fulfilled:

δi > 0, (11)

then for anyi = 1, . . . , d adaptive control (6), (9) provides
achievement of the control goal (4) for all∆i, that satisfy:

∆i >
dfiλmax(H)

2ρδi
, i = 1, . . . , d (12)

meanwhile the vector of adjustable parametersθ is bounded
for all solutions of the closed-loop system (1), (3), (6), (9).

Proof. To prove this theorem we need two auxiliary
lemmas. First lemma is a variant of lemma from [4].

Lemma 1:For existence ofH = H∗ > 0 and θ∗, such
that HA∗ + AT

∗
H < 0, HB = CG, whereA∗ = (A +

LIn) + BθT

∗
CT, it is sufficient that functiongTCT(sIn −

A− LIn)
−1B is hyper-minimum-phase.

Second lemma is a modification of the theorem 2.19
from [6].

Lemma 2:Consider system that consists ofN intercon-
nected subsystems, where each one is described as:

ẋi = Fi(xi, θi, t) + hi(x, θ, t), i = 1, . . . , K, (13)

θ̇i(t) =

{

−Γi∇θiωi(xi, θi, t), Qi(xi(t), t) > ∆i

0 , Qi(xi(t), t) 6 ∆i.
(14)

wherexi ∈ R
ni , θi ∈ R

mi ,

ωi(xi, θi, t) =
∂Qi

∂t
+∇Qi(xi, t)

TFi(xi, θi, t),

hereQi(·) - is some objective function,N =
∑

ni, m =
∑

mi, x = col(x1, . . . , xl) ∈ R
N . Assume that for (13) the

following groups of conditions hold:
1) FunctionsFi(·) are continuous with respect toxi

and ti, are continuously differentiable with respect
to θi and locally bounded in timet > 0; functions
ωi(xi, θi, t) are convex byθi; there exist vectorsθ∗i ∈
R

mi and scalar continuous growing functionski(Q),
ρi(Q) such thatki(0) = ρi(0) = 0, ki(Q) → +∞ and
ρi(Q) → ∞ whenQ → +∞.

ωi(xi, θ
∗

i , t) 6 −ρi(Qi(xi, t)) (15)

and
Qi(xi, t) > ki(||xi − x∗

i (t)||),

wherex∗

i = argminxi
(Qi(xi, t)) andQi(x

∗

i (t), t) ≡
0

2) Functionshi(x, θ, t) are continuous and the following
inequalities hold

|∇xi
Qi(xi, t)

Thi(x, θ, t)| 6
l

∑

j=1

µijρj(Qj(xj , t)) + di

(16)
whereM − I is Hurwitz matrix,M = {µij}, µij > 0,
I is identity matrix,di > 0, and∆i in (14) satisfy the
inequalities:

ρi(∆i) > ri, (17)

where r = (I − M)−1d, r = col(r1, . . . , rl), d =
col(d1, . . . , dl).

Then all trajectories of the system (13), (14) are bounded
and the control goal

lim
t→∞

Qi(xi(t), t) 6 ∆i, i = 1, . . . , l

is met.
Consider the first group of conditions of Lemma 2. Local
boundedness fort > 0 is met, because for anyi = 1, . . . , d
right-hand side of the system (5) andQ(zi) are continuous
functions, not depending fromt, andf(t) is bounded. Con-
vexity condition is satisfied because right-hand side of (8)
is linear byQi. Let’s take functionQ → ρ · Q as ρi(·),
i = 1, . . . , d, from Lemma 2. It can be shown that existence
of θ∗ ∈ R

l and ρ, such thatωi(zi, θ∗) 6 −ρQ(zi), is
provided by hyper-minimum-phase restriction for function
gTχ(s). Indeed, according to the Lemma 1 ifgTχ(s) is
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hyper-minimum-phase then existH = HT > 0 and θ∗ such
that.

HA∗ +AT

∗
H < 0 HB = Cg,

whereA∗ = (A+ LIn) +BθT

∗
CT.

Fi = Azi +Bũi + ϕ0(xi)− ϕ0(x)

Taking derivative ofQ̇i due to error equation for theith
node (5), it can be shown that:

ωi(zi, θ∗) = zT

i H [Azi +Bũi + ϕ0(xi)− ϕ0(x)] =

= zT

i H(A+BθT

i C)zi + zT

i H [ϕ0(xi)− ϕ0(x)] 6

6 zT

i H(A+BθT

i C
T)zi + ||zT

i || · ||H || · L · ||zi|| 6

6 zT

i H(A+BθT

i C
T)zi + Lλmax(H)||zi||

2
6

6 zT

i H(A+BθT

i C
T)zi + L

λmax(H)

λmin(H)
zT

i Hzi =

=
1

2
zT

i [HA∗ +AT

∗
H ]zi, (18)

whereA∗ = (A+ LIn) +BθT

∗
CT.

Negativeness ofHA∗ +AT

∗
H implies existence ofρ > 0,

such thatHA∗+AT

∗
H 6 −ρH , and therefore the condition:

ωi(zi, θ∗) 6 −ρQ(zi), i = 1, . . . , d

is met.

Consider the conditions on connections between the sys-
tems (second group of conditions in Lemma 2). In our
particular case they can be written down as:

|∇ziQ(zi)
T[

d
∑

j=1

αijϕij(zi − zj) + fi(t)]| 6

6

d
∑

j=1

µijρQ(zj) + di i = 1, . . . , d,

whereM − I is Hurwitz matrix,M = {µij}, µij > 0, I is
identity matrix. The latter inequality can be rewritten as:

|zT

i H [

d
∑

j=1

αijϕij(zi − zj) + fi(t)]| 6

6
ρ

2

d
∑

j=1

µijz
T

j Hzj + di, i = 1, . . . , d (19)

Let’s estimate the left-hand side of (19):

∣

∣

∣

∣

∣

∣

zT

i H [

d
∑

j=1

αijϕij(zi − zj) + fi(t)]

∣

∣

∣

∣

∣

∣

6

6

d
∑

j=1

|αijLij| · λmax(H) · (||zi||
2 + ||zi|| · ||zj ||)+

+ |zT

i Hfi(t)| 6

6

d
∑

j=1

|αijLij| · λmax(H) · (||zi||
2 + ||zi|| · ||zj ||)+

+
1

2

∣

∣

∣

∣

δiz
T

i Hz +
1

δi
fi(t)

THfi(t)

∣

∣

∣

∣

6

6

d
∑

j=1

|αijLij| · λmax(H) · (||zi||
2 + ||zi|| · ||zj ||)+

+
1

2
δi||zi||

2λmax(H) +
dfi
2δi

λmax(H), i = 1, . . . , d,

whereδi > 0, i = 1, . . . , d, are some numbers.

It can be shown that the lower bound of the right-hand
side of (19) is:

ρ

2

d
∑

j=1

µijz
T

j Hzj + di >

>
ρ

2

d
∑

j=1

µijλmin(H)||zj ||
2 + di, i = 1, . . . , d

Thereby, it is sufficient to demand fulfilment of the fol-
lowing inequality:

d
∑

j=1

|αijLij | · λmax(H) · (||zi||
2 + ||zi|| · ||zj||)+

+
1

2
δi||zi||

2λmax(H) +
dfi
2δi

λmax(H) 6

6
ρ

2

d
∑

j=1

µijλmin(H)||zj ||
2 + di (20)

or



























dfi

2δi
λmax(H) 6 di

∑d
j=1 |αijLij | · (||zi||

2 + ||zi|| · ||zj ||)+

+ 1
2δi||zi||

2 6
ρ
2
λmin(H)
λmax(H)

∑d
j=1 µij ||zj ||

2,

(21)

wherei = 1, . . . , d.

Consider the following notations: z =

col(||z1||, ||z2||, . . . , ||z3||), ν
(2)
i , ηi are described as
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follows:

ν
(1)
i =



















0
. . . 0 . . . 0

...
...

...
0 . . .

∑d
j=1 |αijLij |+

1
2δi . . . 0

...
...

. . .
...

0 . . . 0 . . . 0



















,

(22)
here the non-null element is on the main diagonal in the i-th
row. Assuming thatαi,i = 0, we denoteν(2)i as:

ν
(2)
i =

















0 . . . 0 . . . 0
...

. . .
...

...
|αi1Li1| . . . 0 . . . |αidLid|

...
...

. . .
...

0 . . . 0 . . . 0

















.

As ηi let’s take:

ηi =
ρ

2

λmin(H)

λmax(H)











µi1 0 . . . 0
0 µi2 . . . 0
...

...
. . .

...
0 0 . . . µid











.

Using this notations we can state that for fulfilment of (19) it
is sufficient that for anyi = 1, . . . , d the following inequality
is true:

z
T(ν

(1)
i + ν

(2)
i ) 6 z

Tηiz, (23)

i.e. matrix ηi − ν
(1)
i − ν

(2)
i for any i = 1, . . . , d should be

positively defined.
Let’s take the following diagonal matrix asM = {µij}:

0 < µii < 1, µij = 0, i 6= j, i = 1, . . . , d, j = 1, . . . , d.

ThenM − I will be Hurwitz matrix.
Non-negative determinacy ofηi−ν

(1)
i −ν

(2)
i implies that:

µii

ρ

2

λmin(H)

λmax(H)
−

d
∑

j=1

|αijLij | −
1

2
δi > 0, i = 1, . . . , d,

or

µii >

(

ρ

2

λmin(H)

λmax(H)

)

−1




d
∑

j=1

|αijLij |+
1

2
δi



 , i = 1, . . . , d.

(24)
returning to the fact thatµii < 1, we get to the condition (11).

Now, consider (17), together with (24). Assumeδi =
ρ
2
λmin(H)
λmax(H) −

∑d
j=1 |αijLij |. Then (21), (24) can be rewritten

as:
{

dfi
λmax(H)

2δi
6 di < ρ∆i,

δi > 0,
(25)

which matches the conditions of the Theorem. Thereby, we
can apply Lemma 2, which proves the Theorem.�

Condition (12) of the Theorem 1 says that the higher the
disturbance level is, the bigger is the attraction area, which
is essential.

Remark 1:Let ρ∗ denote degree of stability of nominator
of functiongTχ(s−L). Using results of [9] it can be shown
that if function gTχ(s − L) is hyper-minimum-phase, then
as θ∗ andρ in (10) we can takeθ∗ = κg and anyρ : 0 <
ρ < ρ∗, whereκ > 0 is sufficiently big number. Thereby,
inequality (11) can be replaced with

d
∑

j=1

|αijLij| < γ, (26)

whereγ = ρ∗

2λ∗

.

V. CONCLUSIONS

In contrast to the disturbance-free case, examined in
previous works, in our case convergence of trajectories of
the leader and the agents under influence of the bounded
disturbances is not possible. So, to avoid instability of the
overall system, adaptation algorithms are regularized by
means of negative parametric feedback. In this paper unlike
the previous ones we have achieved solution of the problem
of convergence with prespecified accuracy.

VI. A CKNOWLEDGEMENTS

The work was supported by Russian Federal Program
"Cadres" (contract 16.740.11.0042) and by RFBR (project
11-08-01218).

REFERENCES

[1] Jinhu Lu, Guanrong Chen.A Time-Varying Complex Dynamical
Network Model and Its Controlled Synchronization Criteria // IEEE
Trans. Autom.Control, V. 50, N. 6, 2005.

[2] Yao J., David J. Hill, Zhi-Hong Guan, Hua O. Wang.Synchronization
of Complex Dynamical Networks with Switching Topology via Adap-
tive Control // Proc. 45th IEEE Conf. Dec. Control, 2006, 2819-2824.

[3] Zhou J., Lu J., Lu J.Adaptive synchronization of an uncertain complex
dynamical network // IEEE Trans. Autom. Control, vol. 51, no. 4, pp.
652-656, Apr. 2006.

[4] Dzhunusov I.A., Fradkov A.L.Adaptive synchronization of a network
of interconnected nonlinear Lur’e systems. Automation and Remote
Control, 2009, V.70, (7), pp.1190-1205.

[5] Fradkov A.L., Razuvaeva I.V., Grigoriev G.K.Passification Based
Adaptive Control Under Coordinate-Parametric White Noise Distur-
bances. Prepr. 8th IFAC Symposium NOLCOS 2010, Bologna, 2010.
pp.659-664.

[6] Druzhinina M.V., Fradkov A.L.Adaptive decentralized control of
interconnected systems // Proc. of 14th IFAC World Congress, 1999,
Vol.L, pp.175-180.

[7] Fradkov A. L.. Adaptive control in complex systems. Moscow: Nauka,
1990.

[8] Fradkov A.L., Miroshnik I.V., Nikiforov V.O.Nonlinear and Adaptive
Control of Complex Systems. Dordrecht: Kluwer Academic Publ.,
1999.

14th International Student Olympiad on Automatic Control 
Saint Petersburg, Russia, 21-23 September, 2011

BOAC 2011 148



[9] Fradkov A.L.Passification of nonsquare linear systems and feedback
Yakubovich-Kalman-Popov Lemma // Europ. J. Contr. No 6, 2003,
pp. 573-582.

14th International Student Olympiad on Automatic Control 
Saint Petersburg, Russia, 21-23 September, 2011

BOAC 2011 149


	Papers.pdf
	Borgul_Zimenko_Pyrkin_BOAC_MOTOBOT.pdf
	INTRODUCTION
	The Bicycle Model
	Coefficients of the linearized equations
	The parameters of regulator
	The experimental results
	References


	Papers.pdf
	Borgul_Zimenko_Pyrkin_BOAC_MOTOBOT.pdf
	INTRODUCTION
	The Bicycle Model
	Coefficients of the linearized equations
	The parameters of regulator
	The experimental results
	References





